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e Hilbert space C? b(~1) |
(1) [Vl = /(. ),
1 0 0
10-1)=[0],[d0)=[1],[01)=[0 is an orthonormal basis: 10-1){0-1[+[d0) (0o +101) {0 =T,

e Discrete Fourier transform F:C3—C?
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F has the distinct eigenvalues 1, —i, —1, and the spectral decomposition
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e Discrete Gaussian functions in C3.
For any k€ (0,00), we define g,:{—1,0,1} — R,
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e Position and momentum operators in C?
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e Translation operators e T QA= 0 1 0], e"3P=[100
0 0 e5 010
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e Displacement operators in C?
For (n,k)e{—1,0,1}x{—1,0,1}, we define the unitary operators
Di(n,k)=D(-n,—k)=D"*(n, k)
D(n, k) = ¢ 3k o’T+Q 5P (D(n,k),D(m,£)) =3 dpm Oe
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—° e D(n, k) D(m, £) = =5 R0 D (1, k+0)
D(n, k) (m) = e~ 5" 35 h(m—n) but (1)  D(n+3,k)=(—1)*D(n, k)
D(n,k+3)=(—1)"D(n, k)
The displacement operators
0 e3 0 010 0 e 5 0
D(-1,-1)=( 0 0 %], D(-1,00={0 0 1 ,D(l,l):(o 0 e%
~1 0 0 100 ~1 0 0
e 0 0 100 e 0 0
DO,-)=| 0 1 0 |, D@OO0O=(010], D(O,l)( 0 1 0
0 0 e % 001 0 0 e%
0 0 -1 00 1 0 0 -1
D(1,-1)=|e¥ 0 0|, D@0=(100], D@l=|es 0 0
0 e3 0 010 0 e% 0

form an orthogonal basis in the complex Hilbert space of all the linear operators

{A:C? — C?| Ais a linear operator }, (A, B)=tr(A'B)
and define a projective representation of the discrete Weyl-Heisenberg group.

e Discrete coherent states in C?

g(—1) W LS k) (n, k| =1
In,ky=D(n,k)|g)| where |g)=1] g(0) |= VL? 1+\/L§ nk=—1
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—g(—1) g(—1) —g(—1)
5 g(—1) g(—1) e T g(—1)
0,-1)= g(O) ) 10,0)= g(0) ], [0,1)= , g(O) )
e 5 g(1) g(1) e g(l)
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|17_1>: e%lg(_l) J |170>_ g(_l) ) |171>: e_%lg(_l)
e3g(0) g(0) e5g(0)
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e Parity operators in C?

00 1\ | (n)=v(-n),
(n, k)=D(n, k) ID(—n, —k), where II=[0 1 0| II(n,k)(m) = e« 20— 4)(2n—m),
1 00 <H(TL,]€),H(m,f)>:35nm5k5
The parity operators
1 0 0 100 1 0 0
n(-1,-1)=[0 0 —e% |, (-1 0)=<0 01|, m-1,n)=f0 o0 e?),
0 —e¥ 0 010 0 —e 5 0
0 0 e % 00 1 0 0 e7
mo,-)=( o0 1 o |, T10,0=(010], mo, )= o 1 o0 )
(e 0 0 (1 00 e=3 0 0
0 —e3 0 010 0 —e% 0
II(1,-)=| -5 0 0], H(1,0)<1 00|, IIL,D)=|—-e3% 0 0
0 0 1 001 0 0 1

satisfy the relations
5 > H(n,k)=I| trll(n,k)=1, M(n,k)*=L

and form an orthogonal basis in the real Hilbert space of all the self-adjoint operators

A((C?’):{A O3 3 | At — Al Tt is <H(7;L7 k), TI(m, €)) =3 Sy Ore
(A, B)=tr(AB) 3 kz_;_l (n, k)Y (I (n, k)| =Lz

e Convex set of all the quantum states =|{p: C? — C3 | ol =p, tro=1, 0>0}

1
ol=0 = Jo= Y Wyln, k)I(n, k)| where Wy(n,k)=3(II(n, k), 0) €R.

n,k=—1
21: W,(n,k)=1 quantum states can be described by
nk——1 e T using 8 real parameters W,(n, k).

The allowed values of the parameters W,(n, k) are only those for which ¢>0.
W,:{-1,0,1} x{-1,0,1} — R,

W(n, k)=5(I1(n, k), o) = gtr(eT(n, k))
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Discrete Wigner function of o is
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e Fractional Fourier transform in C3

F=[T0) (ol + (—1)*[1) (S1]+ (=1)F2) (F2|
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e Frame quantization

Based on the resolution of the identity |I=3 > |n,k)(n,k|

n,k=—1
Af : (C3 — (Cg
we associate a linear operator 1
p Ap=1 kz 1f(n,k) In, kY (n, k|

to any function f:{—1,0,1}x{-1,0,1} — C.
One can remark that:
f=1 = Af:I
A}:Af in the case f:{-1,0,1}x{-1,0,1} — R
A;>0 inthecase f:{—1,0,1}x{-1,0,1}— [0,00)
1
trAy=5 > f(n,k).
n,k=—1

e Discrete Hermite-Gauss functions

. . . 2,1.2
The self-adjoint operator corresponding to f(n,k)="=2 -2H<: , namely
H:C— C3
1 2,1.2
Ho) 55 5 o k) K

is Fourier invariant,

F|n,k) =|k,—n) = FH=HTF,
and can be regarded as the Hamiltonian of a 3-dimensional oscillator.
The common eigenfunctions of F and H

1 / 1 1 / 1
? 1_7? _\% §1 1+751
0)=Fo)=| BV/1+ 7| W=EB=| 0 [ 2=F)=|-%\/1-5

1
1 1 1 1

can be regarded as a 3-dimensional version of the Hermite-Gauss functions.
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e Discrete thermal states in C?
n2 2
The self-adjoint operator corresponding to f(n, k) :e_%, namely

1 n2+k’2
Q:% > ez |n,k)(n, k|
n,k=—1

where k€ (0, 00) is a parameter and C' a normalizing constant, is Fourier invariant,
F|n,k) = |k,—n) = Fo=(F,

and can be regarded as the density operator of a discrete thermal state.

The common eigenfunctions of F and p

WG = Wit
O =F0=| /1| W=R)=| 0| R=R=| -3/l 5
Wi-2 V2 5«T§?%
represent the pure states forming o, namely o= 22: (m|olm) |m){m|.

m=0
e Four mutually unbiased bases in C3

Definition. Two orthonormal bases {|vo), [¢1), |©2)}, {|¥0), |¢1), [12)} are called unbiased if
(ulvn) =L, for any m. ke {0,1,2).

The orthonormal bases
2mi

(/1 0 0 e"s 0 0

1o, 111],10 eigenbasis of V=D(0,1)=| 0 1 0 ],

L\ 0 0 1 0 0 e%

( 1 1 1 001
< \/% 1|, ig ezi : i?) ejfl eigenbasis of U=D(1,0)=(1 0 0],
\ 1 e 3 es 010
( 1 1 1 0 0 es

X \/% % |, Lg e_}: : \/% 217Ti eigenbasis of UV=|e% 0 0 |,
{ 1 e 3 es 0 1 0

( 1 1 1 0 e 5
SHEle T |5 12. v A B eigenbasis of UV<=1le%s 0 0

\ e s es 0 1 0

are mutually unbiased bases.
These bases can be regarded as the eigenbases of four mutually complementary observables !
e Kravchuk orthonormal basis of C?

1 _ 1 1
2 V2 2
Ro1)= % , [Ro)=| O , R = —\%
1
2 7 2
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e Remarkable unitary operators C? — C?

U unitar there exists
(UUT—Iy) A self-adjoint  such that U=el4
B (AT=A)
e 1 oF
: 1 - 4_
Fourier F_7§ L 1 1%i with F*=I
es 1 e 3
i 1 i
2 A2 2
Kravchuk K= —\%2 10 —\/Lé with K3?=I
P
v 0 —i 0 -1 0
S= 0 0 —i with i 00]|=S"| 000]|S
i1
5 7 0 - 0 00 00
| e 0 0 001
Translation operators eT QA= 0O 1 0|, e"3P=[10 0
0 0 &% 010
Displacement operators
0 e5s 0 010
D(-1,-1)=1 0 0 e3], D(-1,00=10 0 1|, D(-1,1)=
-1 0 0 100
e5 0 0 100
DO,-1)={ 0 1 0 1, D(0,0)=(0 1 0|, D(0,1)=
0 0 e 001
0 0 -1 001
D(1,-1)=[es 0 0], D(,00=|100], D(,1)=
0 e_%l 0 010
Gell-Mann unitary operators e,  where
010 0 —1 0 1 0 0
AM=1100], o=11 0 0], X3=(0 -1 0],
000 0 0 0 0 0 O
00 —i 000 00 O
AM=100 0], X=|00T1], X=[0 0 —i
i 0 0 010 0i O
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e Remarkable self-adjoint operators C* — C3

(Af=A) (UUT=1)
-1 00 0 -1 1
Position and momentum operators Q= 0 0 0], P:FTQF:\/Lg 1 0 -1
0 01 -1 1 0
Hermitian generators of the SU(2) irreducible representation
~10 0 0 =10
J.=Q=( 0 00]=S[i 0 0]Sf o .
0 01 00 0 3 s 2
) K=| -4 0 —-iL
0 5 0 00 0 x/g . _@
J,=KQK'=| &5 0 &5 [=S8]|00 —i|S'  where N
0 L 0 0 i 0 v vV
i : S= 0 0 —i
0 —-= 0 0 0 1 i1
ooV 5 5 0
J,=K'QK=| -5 0 |=s|0 00 St
0 —% O —i 00 00 1
Parity operators Il(n, k)=D(n, k) IID(—n,—k), where I=[0 1 0
100 100 LOOS 0 o
m(-1,-1)=(0 0 —e5 ], I(-1,00=100 1|, II(-1,1)=|0 0 —e¥
0 —e3 0 010 0 —e™5 0
0 0 e % 001 0 0 e%
[o,-1)=1 0 1 0 ,  11(0,0)=10 1 0|, I1(0, 1) 0 1 0
es 0 0 100 e 5 0 0
0 —e % 0 010 0 —e% 0
I(1,-1)={—-es 0 0], I(L,O)=(100], (1, 1)= -3 0 0
0 0 1 001 0 0 1
Gell-Mann Hermitian generators of SU(3)={U:C3—C? | U"'=U", detU=1}
010 0 —1 0 1 0 0 001
AM=(100], o=(i1 0 0], X3=]0 =1 0], AM=10 0 0
000 0 0 O 0 0 0 100
00 —i 000 00 0 10 0
)\5:000,/\6:001,)\7_00—1,)\8:%010
i 0 0 010 0i 0 00 —2
Operators defined by using the finite frame quantization

A self-adjoint

U =e* unitary

1
Ap=3 33 f(n.k)nk)(n, k| defined by f:{-1,0,1}x{~1,0,1} —R.

n,k=—1
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e Density operators

A self-adjoint operator tro=1

0:C — C3 — tr o> <1
is a density operator 3tro?—2tro’<1.
A self-adjoint operator tro=1

0:C3 —C? — tr o<1
describes a boundary state 3tro®—2tro*=1.
A self-adjoint operator tro=1

0:C — C? = tro’=1

describes a pure state Jtro®—2tro’=1.



