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Abstract. A remarkable discrete counterpart of the Gaussian function of one
continuous variable can be defined by using a Jacobi theta function, that is, as the sum
of a convergent series. We extend this approach to Gaussian functions of two variables,
and investigate the Fourier transform and Wigner function of the functions of discrete
variable defined in this way.

1. Introduction

The Gaussian functions play a fundamental role in mathematics and its applications.
By using the (non-normalized) Gaussian function of continuous variable g, : R — R,

9x(q) = e 59 where k€ (0, 00) is a parameter, (1)

one defines [1-5] the periodic Gaussian function (Fig. 1) of discrete variable g, : Z — R,

g)= 3 gu((n+ad) 5= 5 e Fomen’ @
The function g, obtained by using a method similar to Weil [6] or Zak [7] transform, is
a generalization of Mehta’s function fy [1]. In this article, we investigate only the case
when d=2j41 is a positive odd integer. The function g, can be written as

=00 (). ®)

where #5 is the Jacobi function

oo

93(2, 7_) _ Z eim-a2 e27riaz (4)

a=—00
having several remarkable properties among which we mention

) 1 =2 z 1
93(2,17')—Fe ™ 04 (;,;) (5)

In the continuous case, the Fourier transform of g, computed with the usual definition

Flo)p) = “P1y(g (6)

Ik
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Figure 1. The functions g, g and W, in the case /f:%, d=31.

satisfies the relation

Flg)=—

ﬁ k-1

The discrete Fourier transform of g, , computed by using the definition

satisfies a similar relation, namely [3] [5]

1
Flg.|=—g.-1.
[ N
The Wigner function of g,, computed with the usual definition

[e.e]

Wo(q,p) dﬁf% / e Y (q—x) P(g+a) da, (10)

—00

is a product of Gaussian functions,

W, (a,p) = 92(q) gax—1(p)- (11)

1
VKT
The discrete Wigner function of g, computed [5] by using the definition

of 1 J P T
Wy (n, k)‘izfam;je—%kmwn—m) Y(n+m) (12)

is the sum of four products of Gaussian like functions (Fig 1)
Wgn(nv k) = ﬁ ok (TL) (gQIi_l (k) +g;,§—1 (k))
g () (gon s () -8k 1 (K)).

where the periodic Gaussian function of discrete variable g : Z — R,

g (=3 g ((n+(a+ D)D) /B)= 3 e Forlori? (14)

a=—00 a=—00

(13)
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is a kind of translated Gaussian function (Fig. 1). The relation (I3) can be written as

0
W k)=Ce 3 (=1 Wy, ((n+ad) 5 80 5) . (15)
a,f=—o00
where C}, is a constant. Thus, there exists a simple relation between the discrete Wigner
function Wy, of a Gaussian function g, of discrete variable and the Wigner function
W,,. of the corresponding Gaussian function g, of continuous variable.
Our purpose is to present a version for functions of two variables of these results.

2. Gaussian functions of two discrete variables

Let o= (Z I;) be a matrix with real entries and such that o> 0.

By using the Gaussian function of two continuous variables g,:RxR—R,

a b q
golan, @) =e * (5 ) (%) _ o blag?+2baia+ogd) (16)

we define the periodic Gaussian function of two discrete variables gy :7Z X7 — R,

- — % (n1taad nmﬂ)(z 2) (n1+a1d)

8o (n1,ng) = Z e na—+azd (17)
a1,02=—00
and other three complementary periodic Gaussian like functions
[eS) T (g n a b n1+(a1+l)d
g;-O(n17 n2> _ Z o 7 (mHait3)d  notazd) (b C) ( n2+a2d2 )’
a1,02=—00
00 _T(n o oL a b ni+aid
)= 3 e ™ (nitard oK 2+2)d)(b C)(n2+(a2+%)d)’ 1)

a1 ,002=—00

0o e—%(nﬁ-(aﬁ%)d "2*'(‘12"‘%)60(2 lc)) (n1+(a1+l§3)‘

gf’(nl,ng): Z na2+(az2+3
a1,02=—00

=)

3. Discrete Fourier transform

In the continuous case, by using the definition

. 1 oo 00 ~
f[w](plapz)d:f%/ /e (p1q1+p2q2)¢(Q17Q2)dQ1dQ2, (19)

—00 —00

we get the known relation
q1 — p1
F [e_%(ql q2)0(q2)] (P1,p2) = ! e_%(p1 p2)o 1(1’2)
that is, we have

'F[gcr] =

1
o—1.
Vdet o g
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In the discrete case, the Fourier transform is usually defined as

J J

def 1 2"” n n
Fy](k1, k) = 7 D> e mEhm)yn) ny). (22)

ni=—jne=—j

Lemma 1. We have

Flgo)ku ko) =7k > g0 (ot i)y 2, (ko o) %)

B1,82=—00
o )kl = B1 21 21
Flg:0)(k, ko) =1 e > (F1)7 gen ((k‘ﬁ-ﬁld)\/ T (katBad) 7) )
B1,B2=—00
—1)k2 = 2 2 (23)
Flgl |0 ko) =S22 5 (1% g1 (ki +510)\ /3, (ot ) )
B1,82=—00
_\kq+k S
N e Y e S (CRE N NUSSUNE
1,P2=—00
Proof. The periodic function of two continuous variables
Golqr, o) = Z e~ 7la(a+a1d)*+2b(q1+ard) (g2 +azd)+c(g2+azd)?] (24)
a1,a2=—00
can be expended into a Fourier series
go(qh q2) = Z Crmymy e%(mlfIl-i‘mﬂH), (25)
mi,mo=—00
where
d o0
N , :i/ — 2 (m1q1+mag2) o~ 7lalgi+a1d)?+2b(q1+ard) (g2 +azd)+e(g2+azd) ]dqldq2
mim d
0 1,000 =—00

By using (20) and the change of variables ¢ =y14/ o —a1d, Go=Y2/ 1 —ad, we get
0 (a1+1)V2nd (ag—l—l)\/ﬂ
Umymy = ﬁ Z f f =270 (my (y14/ s d)+ma (y21/ =—02d)) —%[ay%+2by1y2+cy§]dyldy2
€1,02=-%9 o \/Ird  azvand

_ -1 (M
=3 d f f e_@(mlym/ 3 +m2y2\/ 6_5 ay1+2by1y2+cy2 dyldyQ d(m1 ma) o (mz ) .
s

oo —oo \/detae
Consequently, we have
> i “T(my mo)o—t (T
Glgna=he 5 emmima 5 I () o)

mi,ma=—00
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5
and the relation
. o et (1)
8o (n1,m2) =——F Z e d (mimitmanz) o m2
dv/det o oo
0o . T _ k1 + p1d
_ 1 ZJ: Z ;”((k1+51d)n1+(k2+52d)n2) e_g(kl'f‘ﬁld ko+pB2d) o 1 (k; +6;d)
dvVdet o
k1,ko=—j B1,B2=—00
J
- d\/éeta i kz _e d (k1n1+k2n2 o1 (]{71, ]f2) /—detaF_l[goil](nl’ n2)
1,R2=—]
equivalent to F[g,|(k1, l@)zﬁ Z Go1 ((/’gﬁLﬁlal)1 [ 22 (ko+Bad) /%ﬁ),
2_—00
The other three relations can be obtalned in a similar way. For details see [§]. O
Theorem 1. The discrete Fourier transform of g, satisfies the relation
1
Flg,|= o1 27
8= =8 (27)
Proof. This is just the first relation from Lemma 1, written in a different way. O
Lemma 2. We hcwe
F[g20](2k17 2k2) = (g2cr 1 (]{71, k2) + g% 1 (kh k2) + gzo 1 (]fl, ]{72) + g20 1 ]{?1, ]{32
Flg, ] (2k1, 2ks) = ,
(28)

Flgor](2k1, 2ks) = MLﬁ (@01 (k1s ko) + g3 (krs ko) — gob s (kis ko) — g5 (kK

Y

)

(@01 (K1, k) — g3 (ky, ko) + ol (B, ko) — g5.0 (K, Ks))
)

))

Flgs, 12k, 2ky) = 2\/56? (gzrl(kl, ko) — gg—oofl(kla ko) — g2 T (ks ko) + gt (R ke)

Proof. The relations

Flges)(2h1, 2he) = s BZ__ 9o (2 +51d)\ /5, (2hs-+ o) [22)

Pleil)0h 2k =57kes 30 () oo (Gt a3 (2o 5 i)
_ S 2 2 2
Flgor|(2k1, 2ks) = mm&z:_w(—l)ﬁ 9(20)*1<(2k1+51d)\/7’(2k2+52d)\/7>’

Pltr (ko) =g 30 (1 oy (k)5 (bt ) %)

B1,B2=—00
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can be written as

Flewl2h, 2= e 5 g (it 3 o205

1,82=—00
Flg5,](2k1, 2ka) = 2\/5‘3? , BZ—: (=1 gag ((k1+51%l)\ 2 (katBad), /27”) ,
Flga; 12k, 2k) = 2\/50? 5 BZ— (—1)7 gag ((k1+61%)\/ 25 (ka+B22)4/ 27”) :
F[g§g+](2k1,2k2)=2\/§eﬁﬁ P2 (=17 gao ((k:1+51§),/2§, (k2+ﬁ2%l)\/27”) ‘

By separating the even case from the odd case for 8; and f,, we get (28)). O

4. Discrete Wigner function

The Wigner function of g,, computed by using the formula

def 1 —2i(p1x T
Ww(Q1>Q2>P1>P2):F/ /e Apiortes 2)¢(Q1—I1>Q2—932)¢(Q1+I1,Q2+9§2)dI1d932>(29)
is a product of Gaussian functions,
1
Weo (@1, G2, P1, P2) = m 920(q15 G2) Gao—1(P1,D2)- (30)

Lemma 3. If f is such that the series are convergent, then

Bi fe.B)= S flutnp—n)+ Y flutrntlu—n). (31)

Hm=—00 HsT=—00

Proof. After separating the sum as

Yo feB)= > flas)+ DY, flp) (32)
«a, B a, 8

a,f=—o0
both even one even
or and
both odd other odd

we use the substitutions (o, 8)=(u+n, p—n) and (o, 8)=(p+n+1,p—n). O

In the discrete case, we use for the Wigner function the definition

e 1 4 4 _4mi
Ww(nl,nmkl,kz)d:fﬁ Z Z e i (klm”kzmz)@b(nl—ml,ng—mg)w(nl—l—ml,nﬁng).(?ﬁ)

mi=—j ma=—j
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Theorem 2. The Wigner function Wg, of g, is an algebraic sum of 16 products of
Gaussian like functions, namely

ng (nla na, kla k2)
= Wﬁ 820 (11, M2) [g20*1(k517 ko) + g;;)q(kh ko) + gg;ll(kl, ka) + g;;il(kl, k2)}

i 820 (11, 12) [@ao—1 (K, k2) — 83,1 (ks ) + gor 1 (K, ko) — g3, (R, o) (34)
+2d\/ﬁ gg:(nb%) [gzafl(k‘l, ko) + g;fﬂ(kl, ko) — gg:ﬂ(kl, ko) — g;;il(k‘l, k‘z)}
+2d\/ﬁ g;;(nh na) [g%fl(/ﬁ, kq) — g;;f]fl(klv kq) — gg;l(kla ko) + g;_o.—tl(kla kz)} .

Proof. By using Lemma 3, we obtain

J

_ 1 — 47 (k k
ng(n17n27k17k2> =% Z (k1mi+kama)
mi,ma=—j
0
% Z e~ % (n1—=mitan d)2 Zb“ (n1—=mita1 d) (ne—motB1 d) (nz—fmz—hBld)

a1,B1=—00
o

% Z e—%(nﬁ"ml‘fﬂzd)z e—%T”(nl-lml-l-azd)(nz-l-‘mz-lﬂzd) e—%(nz—l—‘mz—h@zd)z

o2, fo=—00
7 00 0o

:diz 3 o= 15 (kimi+kams) 3 3 o~ G (m—mita1d)® o~ (nrtmitazd)?
ml,m2=—j a1,ap=—00 f1,Ba=—00
x o~ 2 (ni=mitard) (n-matBid) o— 25 (nitmitasd) (nztmatBad) o= (na-matfid)? o= (nztmatB2d)?
j 47r1 > > am 2 am 2
:d% O (k1mi+koms) S S e~ T (m—miH(p+m)d)* o—F (nrtmaH(p1—m)d)
mi,me=—j H1,M1=—00 [2,2=—00
e~ — 257 (ny—maHp1 +m1)d ) (n2—mat(p2+n2)d) o— 257 (natmaH s —m1 )d) (natmaH pa —n2)d)
o~ G (na-maH{(pa+n2)d)? o—F (natmat{uz—n2)d)?
1 ! — 4% (kymy +kama) s s — 2T (ny—maHp1 +m+1)d)? — 2 (nitmaHpr —m )d)?
22D DR > >, e d e
mi,me=—j H1,M1=—00 [2,12=—00
e~ — 2% (ny—maHpa +m +1)d )(n2—maH(p2+n2)d) o— B (nytmaHps —n1 ) d) (notmaH e —n2)d)
o~ T (n-maH(pa+n2)d)? o—F (natmat(pe—n2)d)?
i 00 00
_|_dL2 Yoe — 47 (kima+kamo) > D o~ 7 (m=mat(pa+m)d)? o—F (natmat{pur —n1)d)?
my,ma=—j H1,1=—00 [2,2=—00
e_%TW(”1_m1+(“1+771)d)(”2—m2+(#2+772+1)d)e B (n1tmaH 1 —m ) d) (notmaH pz —n2)d)
o= F (n2mmat(pa+m+1)d)* o= F (notmat(pz—12)d)?
1 ! — 22 (kyma+kama) - - — 4 (n1—maHpr +m+1)d)? \— S (nitmaH p1 —n1)d)?
22D DR > >, e d e
mi,ma=—j H1,M1=—00 p2,N2=—00

e_ZbTﬂ(n1~m1+(M1 +m1+1)d) (ne—maHpz+n2+1)d) e—2"7”(nl-l-rml-i—(m—7]1)d)(n2-|-’m2-|-(/12—772)d)

e~ 7 (ne—mat{p2+n2 +1)d)? e~ 7 (natmat{(p2 —n2)d)?
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j 47i S S 2a7r 2am
:d% Z e__(k1m1+k2m2) Z Z (n1tu1d)? ——(Tm—md)
my,ma=—j W1, =—00 p2,72=—00
e a A7 (nytuuy d) Rtz d) e~ AT (1 d) (ma—2d)
o~ 5 (n2tu2d)? o= 2 (ma—rp2d)?
‘7 4mi s S 2am 2am 1 2
_|_d12 Z e~ aq (kimitkomo) > S e T (nHprt3)d)? (=24 (ma—~(mtg)d)
mi,ma=—j H1,M1=—00 [2,2=—00
e~ A7 (n1Hpa+3 ) d) (nohizd) e—‘“’T”(ml—(m%)d)(mz—md)
— 2T (ngrtpta d) — 2T (ma—n2d)?
j 4ri ) ) 2a7'r
d12 Z e—T(klﬂn-‘rkzmz) Z Z (m—l—md) (M1—7]1d)
mi,ma=—j H1,M1=—00 U2,N2=—00
e—%T”(n1+u1d)(n2Hu2+%)d) e~ 407 (ma—n1 d) (ma—(n2-+5 )d)
e~ 2T (noH paty )d)? e—QCTW(mz (n2t+5)d)?
j 47r1 S > 2am 1 2a7r
4712 Z e~ (kimit+kamz) Z Z o= 25 (niH(patg)d)? o= (mi—~(m+3)d)?
mi,ma=—j H1,MI=—00 [12,1)2=—00

o~ (nHpat3)d) (naH(pat)d) o= 25 (ma—(ni+3)d) (ma—(n2+3)d)

o= 25 (noH{(pr3)d)? o= 257 (ma—(n2+5)d)?

= 189, (n1,n2) Flgas](2k1, 2ks) + 1837 (n1, n2) Flg3)](2k1, 2k)
+1807 (n1,n2) Flg)r](2ky, 2ks) + Lg3.F (n1, no) Flg3, ] (2ky, 2ks).

By using Lemma 2, we get (34]). O

5. Discrete-continuous correspondence

The function g, corresponds to g,, namely
g-(ni,n2)= > go ((m+oud)y/2, (na+asd) /3 ) . 35
a1,00=—00 < ) ( )
The relation (27)) can be written as
Flg,](ki, ko) = i Flgo) ((ki+51d)\/ 27, (ka+Pad) /2T ) 36
L Fadl( VA Vi) 6o

that is, the discrete Fourier transform F[g,] of g, is the Gaussian function of two discrete
variables corresponding to the continuous Fourier transform Flg,| of g,.

By using (I1), (I8) and ([B0), the relation (34]) can be written as

Wga (n17n27 kl; k2>:Co— Z Z (_1)01614‘06252
a1,60=—00 f1,fa=—0 (37

Wy, (0§ B ) . (409 e 0:9) ).

where C, is a constant. Thus, the discrete Wigner function Wy of g, can be obtained
directly from the corresponding continuous Wigner function W, of g,.
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6. Concluding remarks

Some remarkable discrete versions of the Gaussian functions, the corresponding Fourier
transform and Wigner function can be defined as the sum of a convergent series
involving the continuous counterpart. We have investigated the Gaussian functions
of two variables, but the definitions and the obtained results can easily be extended to
three or more variables.
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