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Abstract (The definitions we use and our notations are presented in section D).

e The discrete Wigner function of a Gaussian function of discrete variable can be defined in terms

of the Wigner function of the corresponding Gaussian function of continuous variable

(see Nicolae Cotfas and Daniela Dragoman, J. Phys. A: Math. Theor. 45 (2012) 425305 and ).
o We arrive at a definition for the Gaussian states of discrete variable systems (discrete Gaussian states)

by extending this correspondence to all the Gaussian states of continuous variable quantum systems.
e So, evidently, among the discrete Gaussian states there are the pure Gaussian states described

by discrete Gaussian functions.
o Discrete vacuum |0), and the discrete coherent states |n, k)=D(n,k)|0) are discrete Gaussian states.
e Any pure state [¢) is a linear superposition of discrete Gaussian states: [¢) =2 3 |n, k)(n, k|¢).

n,k

e Any Gaussian state of a continuous variable system is the limit of a sequence of discrete Gaussian states.

e If detc=1, then the discrete Gaussian state with the covariance matrix o is a pure state.

e Function W, from Definition [4]is the Wigner function of a state: > W,(n, k)II(n, k)>0.
n,k

If the dimension
e The purity of a Gaussian state of discrete variable system with the covariance matrix o is

d of the Hilbert
space H of the approximately 1/v/deto.
quantum system ® The eigenfunctions of the density operator of a discrete thermal state with c=vI are
is large enough, almost independent on v. They can be regarded as discrete Hermite-Gauss functions.
then our e The discrete counterpart [Q, P] :i% of [q,p] :i% is approximately satisfied in a big
subspace of H, and this subspace contains the discrete Gaussian states.
o A discrete Gaussian transform maps a discrete Gaussian state into an almost discrete

Gaussian state.
SINGLE-MODE GAUSSIAN STATES OF DISCRETE VARIABLE SYSTEMS (odd-dimensional case d=2s+1)

B Gaussian functions of one continuous/discrete variable (x € (0, 0) is a parameter)

numerical data
suggest that:

&i%i?é?ln Ge:R =R, |Gulq) = e 54 has the Fourier transform |F[G,]= ﬁ G-
Discrete o
Gaussian ¢, :Zq—R, |gs(n)= > Gu ((n+ad) E) has the Fourier transform | Flg.]= ﬁ Gp 1
function a=—oo
thatis | Floal(k)= 3 Flag]((k+5d)/%)
B=—o0

M Single-mode Gaussian states

Definition.

A state p is a Gaussian state of a continuous variable quantum system

with the covariance matrix o= (Zn 012) >0 satisfying o+ih (01 (1)) >0

12 022

ip - . . 011 012 q—qo
if its Wigner function has the form 1 —(¢=q0 ppo) <Ju 022> (p—p())
Wp(Qa p)= vdete ©

where g, po €R are two parameters. In the case go =po=0, we write p, instead of p.

Definition.

A state p is a Gaussian state of a discrete variable quantum system (discrete Gaussian state)

with the covariance matrix o= (Ull 012) >0 satisfying o+ih (01 (1)) =0

012 022

a,f=—00

if its discrete Wigner function has the form | W,(n,k)=Ca > (—1)*? Wp((”"‘a%)\/ Z, (k+ﬁg)\/ 2§>

o o2\ [ntad—
—Z (ntad—qo HB%-Po)( M 12) ( 3 QO>

that is, the form W), (n, k) =Cy io: (-1)28 e o12 022) \k+B%—po
a,f=—00
! Version 24 Dec. 2021 (for future updates where qg, po €R are two parameters and Cy is a normalizing factor.

see https://unibuc.ro/user/nicolae.cotfas/ ) In the case go=po=0, we write g, instead of .
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E SOME PROPERTIES OF THE SINGLE-MODE DISCRETE GAUSSIAN STATES

Theorem.

For any k€ (0,00), the pure state

_ 1
Br= VAT Y 9

is a discrete Gaussian state
with the covariance matrix

10
=0 .|
Proof.

By using m the relation ( )
o0

s 2
Flgax (2k) = F 91 (2k)= ﬁ _Z o~ 5 (2k+ad)
C 1N o (Gk20d)? 1 NN a— oy (2k(2a+1)d)? =
B ﬁ oz:z—:oo ¢ : +72 :Z—:ooe ’
1 2 (khad)® 1 NN 27 (hfadtd)?
= e wd + e rd 2
V2 a=—00 Oé=2—:<>0

= (g2 (k) + g1 (R)
and the formula

o)
>, Eap= X Eapt+ X FEap
a,B=—00 a, B a, B
both even one eyen
or an
both odd other odd
[eS) [es)
= Y Einguant X Euigiiu—n

Hm=—00 pm=—00

we get (up to a normalizing multiplicative constant)
s . 00 .
ng (nJg) = é Z e AT o, Z e—%(n—m—&-ad)ze_

m=—s a,f=—o0

EZ (n4m+pd)>

S -
=15 o~ km Z o= 5 (n—m+(utn)d)® o — 5 (n+m+(u—n)d)*

—d

m=—s H,n=—00

L N~ = 2km §2 o= 57 (n—meA(un+1)d)2 o — 5 (nrm+(u—n)d)?
g e Ay e d e d

m=—s pm=—00

_1 i — 257 (nfpud)? ZS: —4zikm i — 257 (et nd)?

=4 e e e
p=—00 m=—s n=—oo

413 o B ) g o — 285 (et )
d e e
n=—00 m=—s n=—o00

= 77925 (1) Flg24](2k) + 7= 93,.(n) Flg3,] (2k)

= A goe(n) (92 (W) +95 (k) +

- 21d i e*%”[“(“ad)“‘%(kwd)?]

4 1 E e——"[fc(n+ad) +1 (k+ +Bd)]
V2kd o, = oo

1 =27 [k(n+ 2 +ad)?+ L (k+5d)?]

+\/2nd a 527006

Sl Y o Flenrdrad)+ Lk §450)°)
2rd Ao

L0\ (n+ad
00 2 (ptad k4B g
:\/21d > (—1)*Pe o 2)<0H k+ﬁ§

—1)*W,, ((n+ad) 2, (k+58)\ ).

i 94 () (92 () —gE(R))

)

Theorem.

For any k€ (0,00) and any
ng, ko €{—s,—s+1,...,5—1,s},
the pure state D(ng, ko)gx

is a discrete Gaussian state
with the covariance matrix o,,.

Proof.
The Wigner function of the state

P(m)
is Wy(n, k)=

27i

:D(no,ko)gn(m)ze_%"oko e d Fom g (m—ny),

S e R (ntm) ln—m)

m=—s

1 S 4mi
7 2 e dhme

m=—s

2mi

ko (n—m) e~

2;" ko(n—m)

X g (n—m—no) gr(n+m—no),
— AT (k—ko)m

gn(n_no_m) gﬁ,(n—ng—km),

:]/VgR (TL*TL(), k— ko)

al¥

—l)aﬁwp%((n—no+a%)\/%“,(k—ko-i-ﬁg)

a,f=—o0

Remark.

Particularly,

e discrete vacuum |0)=]g1),

o discrete coherent states |n, k)= D(n,k)|0)
are discrete Gaussian states
with the covariance matrix

(o)
I= .
0 1
Theorem.

Any pure state ¢¥:{—s,—s+1,...,s—1,5}—C
is a linear superposition of discrete Gaussian states

Proof. See ( )

=3 Y Ink)(nkl = |p)=3 Z \n,k><n,klw>~
n,k=—s n,k=—
Theorem.

Any Gaussian state p, of a continuous variable system
is the limit of a sequence of discrete Gaussian states o,

Po = lim Oc-
d—oo

Proof (incomplete 7).

Since lim Wpa(q p)=
> +p—

Wpo((n—kai)\r(k—}-ﬁ )\f) 0 for (a,8)%(0,0),

and consequently
W,, (n, k)~ Po (n\/%ﬂ’k 27”)
a]_lvj} }

0, for d large enough, we have

CqyW
But, the set
de{3,5,7,...}

{(”\/%k 27”) ‘ nke{—j,—j+1,..

is dense in the phase space.
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@ Theorem.
For any covariance matriz o Table 1: Variation of the purlty in four partlcular cases.
: 2__ 1 ’ o d tr o2
dlggo tr oz = NS m
3 0.52865
Proof (incomplete 7). 2 0 5 0.50099
For d large enough, we have 0 2 0.5 7 0.50003
W, (n, k)~ Ca W, (n, EN: %ﬂ) , 9 0.50000
and consequently 3 0.6632
s > ow? (n./%’f,k 27") 3 2 07071 5 0.7009
tro2=d > W2 (nk)~d—-""== 5. 2 2 ‘ 7 0.7064
s ( 5 W, (/T sz)> 9 0.7070
By considering a division of the rectangle 3 0.7020
[_d [or d / [_7 [2m /%} 1 V3 0.5773 5 0.5948
, 402 Wd’2 V3 6 ' 7 0579
into d* squares of area =& and regarding 9 0.5776
the integrals as limits of Riemann sums, we get
s 3 0.3389
> 2w (n/EF ) 7 5 0.2332
tr Q(%_%QT{' k= < _7T> 0.19948 '
( S 2w, (n/Fk )) -T 5 7 0.2080
nbm—s © ¢ 9 0.2017
d—o0 - Je2 Wi, (ep)dadp 4
(fuz Wy, (¢.p) dgdp)” — Vdeto’
Table 2: The spectrum of the discrete Gaussian
Theorem. state o, in the case det o =1.

o d Spectrum of the density operator g,

If deto=1, then the discrete
Gaussian state o, is a pure state: 3 1., —7.26023 % 10717, 4.48467 x 10~7

_ 2 __
deto=1 == tro;=1. - 5 L. 13888810710, 8.37904 10717,
(1 1) 587708 % 10~17, —6.19389 1018

1., 1.58% 10716, —7.84 %1017, —6.73 « 10717,

Proof (incomplete 7).

If det o =1, then there exist £ € (0, 00) 7 5.24 %1077, 3.19% 10717, —3.10 % 10~17
and a canonical transformation (rotation)
¢ \_( cost —sinb (g 3 1., 447648 %1077, 1.68388 % 10~17
p sin @ cos 6 P
of the phase space such that 1 3 5 1., —9.69875% 1017, 8.67892 % 1017,
_ cosf sinf % 0 cosf —sinf <3 10) —3.28385 % 10717, 1.97939 % 1017
=\ —sinh cosh 0 ~ sin 6 cosf |’ 1. 3921%10-6. 9.10 % 10-17. —-8.99 % 10—17
Consequently 7 4.99 %1017, —3.57 % 10~17, 2.98 1017

_ 1,72
W, (q,p)=2e” ) 2w, (¢/,p)
but, we know that the discrete Wigner function
W,,, corresponding to W, represents a pure

3 1., 2.17738%107'6, 3.20619 % 107

3 B\ 5 1., 2.70799 * 10716, 1.12761 % 10716,
state. —9.79558 % 10717, —2.03061 % 1017
V5 2
8] Definition. - L, 23751071, —1.31%107'%, 1175107,
. , —8.50 % 10717, -2.36 % 10717, —1.01 x 10~ 18
We call discrete thermal state any discrete
Gaussian state with a covariance matrix of the form 3 1., 2.28273 %1076 7.70378 x 1017
o=1I, = (’6 O) with v>1. 5 B\ 5 Lo 285697 1016, —8.77195 % 10~17,
v ( > 8.2357 % 10717, —4.52847 % 1017
The spectrum of g, is approximately described by -v5 2 16 16 16
) S o L, 26310716, —1.46 % 107'%, 1.30 107",
Ny = S p— (m) ; where n€{0,1,2,3,...,d—1}. —4.82% 10717, —1.63 % 1017, —4.67 1019
v+1
k=0

For example, in the case v=2, d=7, the spectrum is
0.6667, 0.2219, 0.0751, 0.0229, 0.0105, 0.0017, 0.0010,
and the numbers Ny, Ny, ..., Ng are

0.6669, 0.2223, 0.0741, 0.0247, 0.0082, 0.0027,0.0009.
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@ In the case d=61, the eigenvalues of [Q, P]—ifL are

—4.05333 10—151, —3.36139 % 10~ 144, —6.82471 * 10~ 14i, —2.30564 * 10—111, —0.00513798 i
9.31866 * 10~ 1, 3.14251 10~ 144, 6.89526 * 10~ 41, 1.41605 % 10~ 1, 0.01981621
7.48845 % 107154, 3.68406 * 10~ 44, 7.0783 % 10~ M4, —8.34352 % 1010 1, —0.07335991

—1.17774 % 10~ 154, —3.41122 % 10~ 144, —7.25619 * 10144, 4.73159 * 10~° 1, 0.260404 i

—3.78568 * 10154, —3.71574 % 10~ 144, 8.03083 x 1014, —2.58237 % 1078 17 —0.884571
1.14028 * 107144, 4.1543 % 107144, —8.1415 % 107144, 1.35662 * 10~ 1, 2.873161

—1.69386 % 10~ i, —4.48723 x« 107144, 8.70762 x 10~ 144, —6.86077 % 10774, —8.861911

—2.31158 % 1014, 4.08535 % 10144, —8.9346 * 10~ 14i, 3.34023 % 1064, 26.14381
2.23703 * 10~ 144, 4.78884 % 10~ 144, —9.94767 * 10~ 144, —0.00001565471, —170.9696 i
2.76156 10~ 144, —4.97772 % 10~ 144, 1.13415 % 10~ 134, 0.00007061831, 189.607 i
2.73091 % 10~ 144, —4.63059 * 10~ 144, —5.72182 % 10~ 134, —0.0003065371, —404.509 i

—3.32093 % 10144, 6.80431 % 10144, 3.61784 % 10124, 0.001279921, 944.7171

—1270.531

d

There exists a subspace, for example, of dimension 44 where [Q, P]~iZ-.

In the case d=11, the eigenvalues of the operator [Q, P] —1%, considered in the increasing order of their modulus are

A1 =—1. 4*10_8'
Ao=T. 9*10

)\3 =2x%10"
)\4:3.3*10—4
A5 =—3.9%1073i,
A6 =3.4%1072
Ay =—0.241,
As=1.331,

Ao =—5.451,
A10=19.991,
Al =—34.92i.

In the eigenbasis {e,} formed by the corresponding eigenvectors,

the matrices (|{en|g1)]) and (|{en |0s|em)]) for 0:<2 1) are

11
0.9999 0.8954 6«107'  0.2837 1x107'% 0.1059 1%107'* 0.0393 3x107'¢ 0.0164 3%107'7  0.0084
1%1071° 11071 5x107'% 54107 1x107Y7  1x107' 8x107'%  7%107'2  1x107Y7 3x107'? 110717  1x107'2
2x10~ 0.2837 24107 0.0899 3x107'% 0.0335 4%107!° 0.0124 1x107'% 0.0052 110717  0.0026
2%107 13 2x1071% 1410717 7x107™  3x107'® 24107 3x10717  1x107M  4x107Y7  4%1071% 110717 2x1071°
0.0079 0.1059 7%107'2 0.0335 1x10~* 0.0125 1%107'° 0.0046 4%10"'7 0.0019 3%107'®  0.0010
4x107%% [, | 1x107% 11077 5x107'¢ 2x107'7 2%107'¢  1x107Y7 8x107Y7 1x107'7 3x107'7 1x107'7  7x107'8
1x1071° 0.0393 2%107'2  0.0124 5x107'* 0.0046 5%107!¢ 0.0017 21077 0.0007 6%10~'®  0.0003
2x10716 2x10710  1x107Y7  8x107'7 4x107'7 3%107'7  7x107'®  2x107'7 4%107'® 8%107'® 3x107'7 5x107'8
0.0004 0.0164 11072 0.0052 2«107'* 0.0019 2%107'¢ 0.0007 1x107'7 0.0003 8x107'°  0.0001
6x10718 2x10717 1410717 8%107™  1x107!7 24107 1x10717 5x107'®  3x107'7 1x107'®  4x107Y7 5x10718
2x10717 0.0084 6%107'%  0.0026 1x10~** 0.0010 1%107'% 0.00037 2%10"* 0.0001 5%107'®  0.0000

The most significant elements of ({e,|g1)) and ({e, |0 | €m)) are those corresponding to small |\, | and |A,]|.

In the general case, let:
e A\, Ag, ..., \g be the eigenvalues of [Q, P]— 2777 considered in the increasing order of their modulus;
o |ey), |62), ... |eq) be the corresponding eigenvectors;
e d' < d be such that

Q, P %i%

in the subspace ’Hd/:span(ﬂel), lea), ... lea) y={ veH | (en])=0 for n>d }‘,

We approximate any linear operator A:H — H by the linear operator A’: H —H with the matrix elements

/ | (en]Alem) for 1<n,m<d
(enlAlem) = { 0 in other cases.




For H:H—H of the form_
H=aala+8(a")?+Ba%>+aaal
acelR

—(al a)(g ﬁ)(ﬁ) with S0

the analogy with the case of continuous variable and the
relation dlim 05 = po Suggest that
e el

e_§Hgge§H

A 0Gy9T for d large enough.

In certain cases (see Table 3), a good approximation is
obtained for relatively small values of d.

Table 3: Norm of e 25 g e3H — ps_or in the case of a phase
shift and the case of a single-mode squeezing transformation.

« B a d ”eiéHQaeéH*QSJST
5 0.1701
7 0.0932
) (2 1) 9 0.0489
4 1 1 11 0.0256
13 0.0135
15 0.0071
5 0.1605
7 0.1217
0 145 (3 2) 9 0.1057
2 2 2 11 0.0887
13 0.0729
15 0.0593

In the continuous case, the relation [§,p] =ik is satisfied in
a subspace dense in L?(R), but the corresponding relation
@, P) :i% is only approximately satisfied in a subspace Hg
of H, and only for d large enough.

The discrete annihilation and creation operators satisfy

[a,af] ~ 1 in Hg.

In the usual way one can obtain a discrete counterpart of the
Bogolubov transformations approximately satisfied in Hg.

For H:H—H of the form

acelR

15} a .
a)(” with GEE

[—1H,a]~i(aa+Bal)
[—iH,al]~i(—Ba—aal)

(@) w e

H=(al a)(

one gets the relations

™R

which can be written together as

S0 NEE

- page b -

In H4, by iteration, we obtain

()5
L () (5 (3

From the relation

1

1
Xyro—X _
et Ye = Y—I—i[X,Y]-&-a

(X, [X, Y]]+$[X, (X, [X, Y]]+ -

it follows that

e§H<g>e§Hz51 <g) in Hg,
where 5
. o .
o1 1 1 e—l<_ﬂ _a> 1 i
2\ 4 1 —i
_1< (B-B)i 2a+ﬂ_+6>
—o \2a+8+5 —(B-P)i

This matrix with real elements and det S =1 belongs to the
symplectic group Sp(2,R).
For example, the phase shift U =e'% a'a corresponds to

e Gip ¥
o cos$  sin?
7\ _gin® 4
sin § cos %
A . s (a0 (AT\2_ —i0 22
and the single-mode squeezing U=ei(c¥@)?-e77a%) ¢,

sin @ sinh s

cosh s—cosf sinh s > ’

g = cosh s+cosf sinhs
5,0~ sin 6 sinh s
This may explain why the discrete counterpart of the Gaus-
sian transform maps approximately discrete Gaussian states
into discrete Gaussian states.
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Theorem (Discrete thermal states). Remark.
For d large enough, the density operators
If v>1andp>1, then of all the discrete thermal states
® 0,0,=0,0, for d=3, and have almost the same eigenfunctions.

They can be regarded as a discrete

~ d large enough. .
® G0, 70,0, for g g version of the Hermite-Gauss functions.

Proof.
In the case of the parity operators, we get

4

H(n, k) TI(n', k') = e (" =Fn') T1(n—p/ k—k') T1(0,0).

We have
S S
0,0, = > Wo (nk)(nk) > W, (0, k)1 k)
n,k=—s v n' k'=—s H
= > X FONY W, (k) W, (', K)I(n—n'k—k)II(0,0)
n,k=—sn’ k'=—s Y H
= éz ( kz o5 (km—nl) WQ]TV (n, k) WQM (nm,k£)> II(m, ¢) I1(0,0)
m,f=—s \n,k=—s
and

0,0, = 2. Wo (n,E)I(nk) 55 We (n,K)II(n, k)

n,k=—s p n' k'=—
s s _ i (k' — fen
= nkgﬂn, klzzse i (k' —kn') W, (n, k) WQH“ (n', k") TL(n' —n, k' —k) 11(0, 0)

= 3 < S e'f (kmenl) W, (n,k) W, (n+m,k—|—€)> II(m, ¢) I1(0, 0).

By using n — —n, k — —k, the identity W,(—n,—k) =
W,(n, k) and the notation

Fim, )= Z o2 (km—nt) W, (n, k) WQHM (n+m, k+0)
n,k=—s Table 4. Variation of the difference

f(m’ E)—f(ﬁ, m)

in some particular cases.

these two relations can be written as

0,0, = > f(t;m) H(m, O)TI(0,0),

m=—s v ou o m { d flm, 0)—f(¢,m)

0,0,= > [f(m¢)I(m,¢)I(0,0). 5 —0.00041567 i

= 7 —0.0000111636 i

203 12 6.67928 + 10 |

The functions f(m,£) satisfy the relations 9 : * 1
11 1.71064 * 10~ 71

f(m, 0)= f(m+d, €)= f(m, (+d) for any m, (€ Z, 5 —0.000846551 i
flm, O)=f(=t;m)=f(l; —m)=f(=m, —0) 7 —3.34924% 10771

2.5 12 1.3713 + 1051

In the case d =3, we have f(m,{) = f(¢,m) for any m,{ € 1 6 66216* 10771,
{~1,0,1}, and consequently o, 0, =0,0,. : * !
In the case d > 3, we can have f(m,{) # f(¢,m), but the 7 —0.0000383665 i
numerical data suggest that 2 3 1 3 9 —2.29785 % 1076
11 —6.79155 % 10781

lim ( f(m,f)—f(ﬂ,m) ) =0.

d—ro0 7 —0.0001730111
77 .
In the investigated cases, the convergence is very fast. 2 5 1 3 9 —9.87889 x 107 "1
11 —1.34018 10771
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For d large enough, the discrete vacuum
0)=—L D15
0) \/m|91> (see [D15])
approximately satisfies the relation
al0)=

a=,/Z(Q+iP).

where a is the discrete annihilation operator

In the case d=3, we have

5.55112 % 10~ 17
al0) = 0
—5.55112% 10717

In the case d=5, we have

—0.0203313
0.0057757

al0)=| —2.77556 x 10717
—0.0057757
0.0203313

In the case d=11, we have

—0.0000547532 — 1.85212 10~ 1%
—0.0000747858 — 1.96854 % 10~ 18]
0.0000609102 — 4.42783 * 10—181
—0.0000447974 — 4.16755 % 1018
0.0000238314 — 1.90795 % 10~ 181

al0)=| —8.99888 x 10718 + 1.20371 x 10735
—0.0000238314 + 1.90795 * 1018
0.0000447974 + 4.16755 % 10181
—0.0000609102 + 4.42783 % 10~ 18]
0.0000747858 + 1.96854 * 10181
0.0000547532 + 1.85212 10~ 19

In the case d=21, we have

—8.82766 * 1078 — 5.81819 % 10~ 2%i
2.37575 % 1078 — 5.95229 % 1072}
—2.48875 % 10~ — 4.16377 % 10~2%;
2.34472 % 1078 — 2.1582 % 10~ 1%
—2.15409 % 10~8 — 8.29074 % 10~ 1%
1.90966 % 10~% — 2.35842 1018
—1.61127 % 10~ — 4.95373 % 10~ 18i
1.26189 * 10~8 — 7.60903 % 10~ 18i
—8.68622 % 109 — 8.25789 % 10~ 18i
4.42942 % 107° — 5.46052 x 10~ 18;
—3.37182 % 10717 4+ 01

—4.42942 % 1072 4 5.46052 * 10~ 18]
8.68622 * 102 + 8.25789 * 10~ '8
—1.26189 % 10~% + 7.60903 * 10~ 18i
1.61127 % 1078 4+ 4.95373 % 10~ 18j
—1.90966 % 1078 + 2.35842 % 1018
2.15409 % 1078 + 8.29074 * 1019
—2.34472 % 108 + 2.1582 % 10~ 1%
2.48875 1078 4+ 4.16377 * 10720
—2.37575 % 10~% + 5.95229 % 102
8.82766 * 1078 4+ 5.81819 * 10722

1
1
1
1
1
1
1
1
1
1

1
1
1
1
1
1
1
1
1
1

al0)

B 1In the case d=31, we have

—1.75698 % 10~ 11 — 3.13441 = 1018}
—1.01971 « 1011 — 7.66892 % 10~ 181
9.0788 % 1012 — 8.52369 * 10~ 181
—8.89096 « 10712 — 6.87123 x 10~ 181
8.59664 x 10712 — 5.71414 % 1018}
—8.22226 % 10712 — 7.17248 % 1018}
7.76246 % 10712 — 1.09477 * 10—171
—7.21462 % 10712 — 1.48722 % 10717}
6.57647 * 10712 — 1.64631 % 10~ 171
—5.84835 %« 10712 — 1.43307 %« 10174
5.03331 % 10712 — 8.98847 % 1018}
—4.13745 % 10712 — 2.6566 « 1018}
3.17109 % 10712 4+ 2.07228 * 10718
—2.14752 % 10~ 12 + 3.77019 « 10~ 18}
1.08399 * 10~ 12 4 2.66099 % 10~ 18}
—6.64054 + 10717 4+ 1.89107 % 10734
—1.08405 % 10712 — 2.66099 * 10~ 18]
2.14749 % 10~ 12 — 3.77019 % 10~ 18}
—3.17113 % 10712 — 2.07228 * 10~ 18]
4.13744 + 10712 + 2.6566 = 10181
—5.03331 % 10712 4 8.98847 x 10~ '8
5.84835 % 10712 4+ 1.43307 * 10~ 17}
—6.57648 « 10712 4+ 1.64631 % 10~ 174
7.21463 x 10712 4 1.48722 % 10171
—7.76246 % 10712 4+ 1.09477 %« 10174
8.22226 % 10712 + 7.17248 % 10~ 18}
—8.59664 % 10712 + 5.71414 % 10~ 18]
8.89095 % 10712 + 6.87123 % 1018}
—9.07881 % 10712 4 8.52369 x 1018
1.01971 * 10~ + 7.66892 = 10~ 18}
1.75698 % 10~ 4 3.13441 % 10~ 18}
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[D| SUPPLEMENTARY INFORMATION: Some definitions, notations and results

B Definition. Alternative representations of the
Hilbert space H of dimension d:

;{w {-s, s+1

H=C'= {z=(z0,21,....,24-1) | 2, €C }
{’(ﬂ {0, 1, .. d—l}—>C | w is a function}
{ w ng)C | 1,[) is a function }

S} —C | 'l/) is a function}

(ehty= > @ v(m)= ¥ o(n) b(n).

n=-—s

n€Lq

The canonical orthonormal basis is formed by

6—87 6—S+la ()
I (n) =0pm=

0s:{—s,—s+1,...,5—1,5} =C,

1 for n=m,
0 for n#m.

By using the notation |m)=|d,,), we have

(glm) =bjm

LY m)(ml=1}

m=—s

Alternatively, we can regard it as the set

{0m:Zyg—C | meZy }, where

Son(n) = a&:ﬂn_{

1 for n=m mod(d),
0 for m#m mod(d).

Finite Fourier transform F:H—H is

@Posmon Q:H—H,

wZZd—ﬂC
F[w];zdi—wc

FlY)(k)= 5 3 ¢ @5 (n)

nNEZLq

A density operator is o:H—H 0,
a Hermitian operator satisfying | tr o=1.

Mean value of an observable (A),=tr(pA)

Ain a state p: H—H

operator where 7 is the
’Q¢ =ny(n )‘ representative

modulo d
Momentum p. H—H, of n satisfying

[9]

operator
Translation 211 1)
operators H—H, yre dzm 4

Displacement

_mi ikQ .2
operators | D(n,k)=e~@"F e d FQ e~ P

Parity operators

operator —s<n<s.
P=FIQF s<n<s

Discrete

annihilation a:H—H, | a=,/5(Q+iP)

operator
Discrete

creation al:H—H, | af = V5 (Q—iP)

(n7 ke Zd)

(=s<n,k<s)

(n, k)=D(n, k)11 D(n, k)t

(n, ke Zd)

where ITtp(n) = ¥ (—n).

Weyl transform of
a linear operator

AH—=H is

AwtdeZd—>C,

A% (n, k) 2 tr(ATI(n, k)

; _ 1 gw
Wigner function of Wa:laxZq—C, Wa=75A",

a linear operator

AH—-H is

Wal(n, k) € L tr(AT(n, k)

Gaussian Gu:Za—R, | ge(n)= i": o 5 (md+n)?

function e
Complementary (e o
Gaussian ¢:Zq—R,| g (n)= 3 e~ 7 ((m+3)d+n)?
function m=—oo
17 | Discrete vacuum 0)= ——1
1 vacuu | > \/m|gl>

Discrete coherent states ’ |n, kY= D(n, k)|0) ‘

B Remark.
The definition of D(n, k) is not modulo d invariant:
D(n+d,k)=(-1)* D(n, k),
D(n, k+d)=(-1)" D(n, k),
but, the definition of II(n, k) is modulo d invariant.

M Lemma. For odd d=2s+1, we have:

2n=0 (modd) LgXlg—Lig X Zg
(3 (n,m)—(n+m,n—m)
n=0 (mod d) is a one-to-one map

i X eFTIm=g(k)| |5 X eF TR =30(k)

mEZLq mMEZLq

B Theorem.
Finite Fourier transform is a unitary transform:

F'=FT] | Fi[y)(k) = f Z T gh(n)
[23]| Pu(n)=§ 3= ke & H0=mgh(m)

k.m
=4

Q _Q <m|Q‘j> mj L

PIp | | (mlPli)=4 % ke kon)
k

27i

#4Qm) =e T+ m),

e rd'”Pz/J(m):w(m—n) e 2z{inp|m>:|77H‘”>

)
ot
o)
[V
N \:-.
i
Q
<
—
=
V)
3
T
3
<
~
3
N~—

[\V] DO
~ (=}
]
Q|

[\
03]

N
!

30 D(n,k)D(m,j):e—%<"7 k) D (n+m, k+7).
=D(—n,—k)=D"*(n, k),
L(H)= {4%%{ 1} with (A,B)=tr(AB)

operator
is a d?-dimensional complex Hilbert space.

HHI
DN |

S

i~

=

N‘

=

I




m )}
}
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are orthonormal bases in L(H).

{

AeL(H
(AT, B)

I(n, k)f

AeL(H) =

): H(n7k)’A>
Zé I(n, k), A)
=(A, BT At (n, k) =A% (n, k)
=M(n,k) | |Wai(n,k)=Wa(n, k)

[37] AcL(H) = | Waln,k)=1 ¥ e 57 (ntm| Ajn—m)
meLq
Pure state iz, P—
veH =Wy (n.k)= dmng Y(n+m)(n—m)
AH—-H —
linear operator n’kXE:ZJ/VA(nvk)—tTA

A BEL(H) =

tr(AB)=
n,k

250 AY(n, k) BY(n, k)
= X;CAW(n7 k)Wg(n, k)
:d’% Wa(n, k) Wxg(n, k)

08—

o
06—

. 02- .

08-
06-
04-

02-

40 20 20 40

Figure 1: The functions g; and g; in the case d=31.

—-0.05

T T T

1
S
=]

m ¢§§ tr(oypop)=d %Ww(m k) Wy (n, k)
=¥ " =({Ylp)[?
G = [(Ae=tr(e )= (| A1), |
Figure 2: The Wigner function of g; in the case d=31.
Qv (n, k)= (@) =" W,(n, k) B Remark. The corresponding discrete phase space is
43] [1%(n, k) =1 . ; i,
PY(n,k)=k (P)o=2_kW,(n,k) S={-s,—s+1,...,8—1,s}x{—s,—s+1,...,5—1,s}.
It is not Zyx7Z f le, the relati 43).
.A H)E{AGL:('H) | AT:A} with (A,B)=tr(AB) is not Zy X Zq (see, for example, the relations 43)
is a d?-dimensional real Hilbert space. B Theorem.
Resoluti
{ﬁﬂ(n, k)} is an orthonormal basis in A(H). ecs)?t%éon ]I:é k) (n,k|
. . identity (n,k)EG
AV LgxZyg—R is a real function,
A€ A(H) = ' : .
Wa:Z4gx7Zq—R is a real function. - i ( ) 3
56 || gx(n)= > Gkl (n+ad)/Z )| where |Gy(q)=e21
Puiees;c{ate =13 Wyln, k)=[p(n)|? a=—o0
k€Zq
Flgs]= =91
PSR =] T e k=IFl k)P
nelq o0
Fourier Flg.)(k)=>" Flc.]((k+Bd),/2=
57 Ik K
o(n)=1(n—a) (Wo(n, k) =Wy(n—a.k)| BT transtorm B=o0 ( 2
p(n)=eFry(n) = [W,(n, k) =Wy(n, k—b)] Flg3,)(2k) = = (92 (k) —g£ ()
Puq}"}ees/}t{ate = z Wy (n, k)2 =3 Up to a normalizing constant,
n,k€Z
S ‘ i [ Wl B)=g20(n) (92 (4) +9 1 (h)
59 ure state Bl<l f L igner E
pen 7 |MWelnkl<z, foranyn, function +93.(n) (92 (1)~ gL (k)
Even state _1 " )
smmuim = We0.0I=5 =Ce 3 (1 Wa, ((n+ad) 5 (45,5 )
0dd state 1 —
woem=—vtm = Wel00==3.

where W = Wigner function of G,
C,, = normalizing multiplicative constant.
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B Definition (in a particular representaton). 1 = 11 1o e o) = W (121 1) W (120 e
The tensor product of the Hilbert spaces - (‘DEH ’ vap(nina ki ko) w(na,k) We(nz, 2)‘
H,={:Zq, —C | ¢ is a function } of dim dy =2s1+1 Partial trace VeH,@H,, o=|T)(P|
H,={ ¢:Zq4,—C | ¢ is a function } of dim dy=2s9+1 of a [0)=>"Va|Va) ®|@a)
is the Hilbert space pure state @
= : i i (in terms of — —
”Hl @H,={ ¥:Z4, xZg,—C | ¥ is a function } ‘ Schmidt form) 01=tr,0 ;)\a [a){(Wal
where
(W, )= S Y Uln,m) ®(n,m) and Wigner H @M, 2H,0H,
n€ZLay MmELay function linear operator
(@) (n.m)=w(n) p(m) forany ©ETH of a
2 : w k)= w Na,k1,k
The canonical basis of H=H, ®@H, is pgztégl e, (1) nQ,IgéZ@ el maks fo)
{ ‘nm>5|n>1®|m>2 ‘ TLEZdl, meZUb}
{|n), | n€Zq4,} = canonical basis of H, — - -
where {|m), | m€&Zg,} = canonical basis of H,. A ® B(ni,na, k1, k2) =A(n1, k1) B(nz, k)
Parity operators (n1,k1 €Za,, n2,k2€Zay) ’WA@)B(nhnz, k1, k2) =Wa(ni, k1) Wa(na, k2) ‘
II k1, ko) =11 k1) ®IT k
(e o) M ) e ) [tr(o(ART)) =tr(o1 A)]
Weyl transform ~of a linear operator A:H—H is p:Hy —H; density operator
A:Zdl X Zd2 X Zdl X Zd2 —>(C, (spectral
— PU//‘iﬁCCLtiOTL v 0= Z )\J |§07> <(IOJ| chOrngSIthn)
A(ny,na,k1,ke) =tr(AIl(ny, no, ki1, k2)) of a state o T
and
Wigner function of a linear operator A: H—H is . W,(n1, ki) =3 W ( ko k
1 1, 1) — wi\ny,n2,~, 2)
Wa :Zdl XZdz X Zdl X Zd2 —C, ngneéffznctlon ¢ na,ka2
where
Wa(ni,nz.ki k) = - tr(ATI(ng, ng, ki, k) (W) =22 VAsles) @les)
B Lemma. B Definition.
tr(A® B)=trA trB, (AoB) = AT Bl For J:<z ﬁ)>0 with a,b, c€R, we define
B Theorem.
00 a b ni+ard
orthonormal basis Go(nma)= 3 e @(ntard notaszd) ( c> ( n;—s-a;d)
{ﬁ H(nl,ng,kl,kg)} is an m A(H1®H2) 7 7 @1 ,02=—00

and L(H,Q@H,).

1
0o —%(nrl-(&ri%)d natasd) (Z z><n1+(al+2)d>
e b)

AEL(H) = Wa(ninz e ks) = 7 (Mnyn Jo ko), 4)] 95 (om2)= - B0 natozd
v 0+ _R e et b (5 0) (L4 )
’AZZWA(nl,nzkl,kg)H(nl,ng,kl,kz)‘ 9o (n1,n2) ahog;_ooe 1 )
Wigner function of A:H,QH, —H,QH, is gF T (ny,ng)= io: e et g)d naents )d)< C) (Z;igz;igj>
Wa(ni,ne,ki,ke) = dldeE:Zd mz%de*%klml oy ka2 u Theorerr:?%‘:);;izir transform)
x<n1+m171n2+m22|A|n1—m1,ng—m2> 9o (n1,n2)= 2; ((m +a1d)\/7 (n2+a2d)\/7>
01,0 =—00
Wigner function of a pure state Ve H, ®H, is .

Wy (n1,n9,k1,k2) =

X \I/(n1+m1,n2+m2) \I/(nlfml,anmg) D) (g lé) <(I1 )

ari i F[gU](k ,k ): Z F[Gg] (k +ﬂ d) k +B on
d1d2 E E eiﬁklml 674472]927”2 1, k2 B1,B2=—0c0 ( 1 1 \/7 2 2 d)

m1E€ZLdy M2ELd,

q2

F[gﬂ}:ﬁgafl where Ga(‘]h‘]z):e

B Theorem (Wigner function).

ng (’I’L17 na, kl, k2) Qdm 920(77/17 n2> [920—1(k17 k2) + 9;00—1 (kla kZ) + gga 1 (kh k2) + ggo- 1 (kh k? }

+m 932 (n1,m2) [gao-1 (k1 k2) — g5y (K1, k2) + gor 1 (K1, k) — g0 (K, ko)

)
)
+ 57 900 (1,m2) [g20-1 (1, ko) + gay (R k) — 997 (ki ko) — 93,7 (R, )

+2d\/1ieta g;_U+(n1’n2) [92671(k17k‘2) - 930—1(]{;1,]@2) 920__1(]{'1, k2) +920'_1 klka) .

(o] (o]

=C, X > (_1)a1,61+a2,82WG0((nl+a1%)\/%7 (7124‘042%)\/%, (k1+51%)\/§7 (/fz-i-ﬁz%)\/%)

ay1,a2=—00 f1,B2=—00
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PROOFS D24
D20] 2n=0 (modd) <Qw|<p>:;Q¢(n)<p(n)
o= kd =Yy em) = Q=@
k£2m =  2n=2md =(¥|Q¢p)
nimd Pi=(F1QF)'=FIQF =P
n=0 (modd). (m|Ql7) (m)
Surjectivity = Tfl d;(m)
n+m=k n=(k+0)(—s =M 0.
—m=0 = { =(k—0)(—3$).
Imjectivity =) (m|P|j) = Pb,(m)
/ / | | D23
n mz 1 ) = 2n=2n/ _1 7o 2 k(m—n)
nem 1 q 2 ke d;(n)
k.n
2(n—n')=0 =1 S ke Frim—d)
2 )EZd D25 k
o= P y(m) = (e~ *F 17 ) (m)

D21

2(n—n')=2kd ( i

P — (Fie= 72 Fi)(m)

n=n'+kd =Ft(e T Fy)(m)
T =2 S e T hm (e QR Y) (k)

n=n' mod(d) Lo 2y, o2
=vaze’ "(F) (k)

_ 1 2mi —mn
1 . 2xi =1 1—(ei%k>d _ﬁge o HFDE)

1 pem 1 + 25 e
S PV PO R A S T A ()
o,
mi i = 2 k(m—n—
= 3 ¥ HTm_go(k) = L X eFThm=5(2k)=30(k). —éwe o o

D23

MmEZLq meZqg

I =
o)

§“E

|

3

s

<

s

FIFTY)l(n) =5 35 = T " FI[Y](k)

kEZq _ ¢
:é > e_%k”e%kmw(m) =¢(m—n),
km€EZLqg fﬂnPé‘ (ﬁ) 5 (g )
_ 1 27k (m—n) e d m =0m n
e d
m%:Zd ¢ k€Zq w(m) :5m+n(€)
[} -D21 o
=S S () L m=imen)
mez
—p(n). R (0 =g T (1)
2mi 27 foy
FHF)(n) =25 3 e @5 Fly)(k) e @ *Qlm) =e T km|m)
) k€Zq . » D26 .
=a, 20t ) SR e P () = (542 e P ) (m)
;M . Smi 7@71
= L & Zemum) =e Ir (e Er ) m)
meZLy k€Zg :ezkm (e—$nPw)(m)
: 6 p(m) d =e T g (m—n)
= mn m an , . .
. e P QARAQy () = (e 7F 0242 ) (m)
e B ("B (m)
_(oZk
Py(n)=(FIQF)y(n) = (e Fr99)(m—n)
:FT(QFw)(n) 26725(;”_’”;). (m—n)
_ LN oS =c @ ket ap(m—n)
e F
BT ar g
= Z ke ;‘kn( ¥)(k) T hQ o= NP — o*fnk o= 37 ”Pe%ka
5 gty DT pn K=o Hnk o5 o or
k,m€eZ -
:é E dl’%e%k(n—’ﬁl)w(m) U llekG _2mi,p 2mip
k,meZy D(n,k)=eamFe TP e T kQ,



D31

D32

3
S
=
=
)
i
CD\

=
S
=z
=
&
0o
NI
S
=
<
&

(A,B)= X
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|
¢
afl s st

I
®

n, k)4)(m)
HD(n k)T)(m—n)
(n, k)Tp) (n—m)
m D(am —k)y)(n—m)

3
e

(‘lg
S
S
=
ERRScffem
§E

I
@
aff ot af
3
ol
® ® ®
x
>
3
A/‘b\’.\

|
)

_ Fk(mﬂ) Sm(5+n)

o= Tink T‘km( ( (t—n)

e
2mi
6

Il
@
?
<.
I
3
/—\

2mi 2ri
e%k@ e_%nP

D(n, k)T—ed”ke FnP o= 2FkQ
U [p27]

i 2mi 27i
D(n, k)t =e=dnk o= 5 kQ o*F 0P

Tl ATm) (| Blm)

n,m=—s

P>

n,m=—s

— i (m|ATB|m)

= tr (A1 B).

(mlA[n) (n] Blm)

=tr(D(n, k)t D(m, ¢))
tr(D(—n, —k)D(m, 0))

:tr(eg(ne—km)p(ﬁ,[—vk))
nl— km)trD(m n,{— k)
=c (=km) S (a| D(m=n, (~k)|a)
U a
o5 (nt—km) Ee o=k § (a+m—n)
i (nf—km) Ze Fralt=k) 5 (n)

u

—deZ(nt- km) g, Ok
=d 6mn Oke

I
¢]
a3,

—

@

R\"

))
*dmiedjlm Y(l—n—m)

(I(n, k)

D34
AY(n, k

WA(n7 k):

D35

Wt (n k)

(m, £))=tr

(IT(n, k) II(m, £))
=2 (a|T(n, k)[b) (bITI(m, )l a)

=Y k=) 6 (atb)e
a,b )

_Z o 23 (k—8)(a—b) dan (a+b) dnm

,Ze 2 (k=) (2a—2n) Onm

¥ '
_e—%"(k_@ d 6k€ (snm
=d 8pm Oke-

—2Fla=b) 5, (a+b)

)=tr(All(n, k))
=tr(II(n, k)A)
:tr(H(n, k>TA)

Ltr(All(n, k))
=1A4Y(n,k)
= é(l’[(n, k), A).

1 AT(n k)
=1A4%(n,k)
=Wa(n, k).



D36

{7

D38

D40
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II(n, k)} =orthonormal basis in L(H)
¢
A:%<ﬁmmmﬁ>ﬁmmm
II

=2’3€% (II(n, k), A) I(n, k)
¥ [o31]

a€lqg s
S e Td b (npm|Aln—m).

Woln.k)=1 ¥ = F5m (ntm]gjn—m)

|
—SEFT () (] —m)

é e_%kmw(n—l—m)w(n—m).

QU= R
g
[¢)

24
N
3

N <= 1 <=1
Q=
H
S
=
N
=
/’_:1\
S
=
=

M&\H Ul -
ivglng
b
3
S
=
=
£}
=

QU

Ny
=
S

S =
s
sy
=

D41

tr(oy0p) =tr(|¥) (W) (#l)
=>_(n|Y) (W]e){pln)

=3l () 6] 0)

n

{ely) (Ple)
(3]} ]2

tr( 0 A) = ()] A)
= 3 (mlu) (] Alm)

= 2 (Wl Am)(mly)

D42

D43

P¥(n,k)=tr(PII(n,k))
=2_(m|PI(n, k)|m)

— 5> (mlPLj) Gl (n, k)lm)

m,J

=1 Y TP Um=i) 2R 6, ()

m,j,t
_1 7 2 2Eip(2m—2n) L2 k(2n—2m
=13 le7 ( ) eZq k( )
m,L

7 e i n(2k—20) o 25im(20—2k)

Sl
<
N

n,l
ge%n(zk—%)é Z e%m(%—%)

m

21
> 2mi
/ eTn(2k72£)5gk

4

Il
=<4 [g]-

D44

(A,B)= 3 (nlAlm) (n|Blm)

n,m=—s
s

= 2

n,m=—s

= % (mlABIm)

=tr (AB).

(m|AT|n) (n|Blm)
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See at page 13.

D46

U

Wa(n, k) are real numbers.
AY(n, k) are real numbers.

D47

k€E€Zq k€Zq mELq

X X e
MEZLg kE€EZq
21

do(m) ¢ (n+m)(n—m)

4mi

T p(n+m) (n—m)

> Wynk)=5 X % e T g(ntm) d(n—m)
i

I e
™M o

Za

3
m

I
==
22

=

D48
> Wylnk)=3 %

n€ZLq NELg meELq
(3 (n,m) — (a,b)=(n+m,n—m) bijective

bY Y e ket w@@

aGZd bEZq

= 3 e Thy(a) 3 e TR (D)

a€lq bEZd
=F[pl(k) Fly](k)
= [F[¥](k)]*.

D49

W, (n,k)=1 ) e FF M o(ntm) p(n—m)
melq

=1y e Ty (ntm—a)(n—m—a)
MEZLyg

=Wy(n—a, k).

D50

We(n, k)=1 zze—%km o(n+m) p(n—m)
meEslqg

:% Ze_4gikm

mEZLq

27r1

b(n+m) w(n_,’_m)

21n

e~ 1 b(n—m) ,(/}(n_m)

=4 S e Iy ) )
melqg

:W¢(n, k—b).

D52

We(n, k)= 3 o™ F " n+m) pn—m)
= <9017902>
where ©1(m)=1(n—m)
pa(m) e~ T Y(n-4m)

and \|901|| —Z|<P( = Zld}(n m)|*=||¢[|*=1,
lall2=3" lpa(m)[2 =32 [(n+m) |2 = [[][2=1
But, W¢(n,k)za<g017cp2>

Il <=

Wy (n, k)| =S {e1, 02)] < Sl 2l =5

> e TEm y(ntm) p(n—m)

D55

b> :5 éa\n,k)(n,kw)

e’ ke g(a—n)e™ Tk g(b—n)

1
d
( .
:i( o= g(a—n) g(b—n)

3
=
m
]

ékz * Tkt g(a—n) g(b—n)

y
= S Sola—b) gla—

n=-—s

= S dwola—n)a(b—n)

n—=-—s

=8 ZS: g(a—n)?

n=-—s

=8 ES: g(n—a)?

n=-—s

U« n—a—m

b 3 a(m)?

n—=-—s

=dab Hg||2

:5ab

= (a|I[b).

[
Mo

3
Il
|

»

n) g(b—n)

The periodic function

gK:R_)R7 gﬁ(l‘) = Z e_%($+ad)2

admits the Fourier expansion

Gult) = 3 are’ts
l=—o00
with
o K i
a = éfod o Zita $ 6—5( 27(36+ad)) d
a=—00
& i —k 2m
_ é Z f()d eszZze 2( d (m-i—ad)) dx
a=—00
By denoting ¢t =/ 2} (z+ad) and using the relation
[ et e~ gt = T %
we get

wm ey B sy

= 21df Ooefwtv Te5Vqt
Tomd J—
1 ==

= —— rkd
= ©

whence, we have the relation

1NN g o2
gn(x):m Zed € rd

{=—0c0

leading to
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o0
_ 1 27 gy — 202 D58
gx(k) == Z;_jme e wd
. _ oo By using [Dps6], [D57], the relation
—_1 8251 kn Z e (n+ad)2
“asts a=Te Flgax)(2k)= = 9.1 (2F)
—L 27i
 Ved n;—s o) -1 ioj o= 753 (2k+ad)?
=L P ga](k). V2 o
Sl P ek’ L ket
. . . \/ﬂ a=—00 m a=—00
The periodic function -
x s 2 _ 1 — 27 (ktad)? 1 — 27 (ktad+2)?
GhiRoR,  Gh(x)= Y ot =g 3 e Bkl 3 eHlrend
a=—00 =
admits the Fourier expansion _ \/%(g% (k) + g% (k))
S - and the formula
Gho(z) = 3 il s
with f=mee ﬂZ Eop= Z Eap + % Eop
a,f=—00 a
d _ 2xi S _ /27 (p4(a+1)d 2 both even one even
ce=ygJpe Ty e n( 7 (o4(ord) )) dz both odd other odd
a=—00
o d _2nigy —k(/2F (z+(a+3)d 2 0 oo
:% > Joe “re K( 7 lotord) )) dz. = > Bununt 2 Eutntiu—n

a=—00

By denoting t=/2F (z+ (OH— ) d) and using

Hm=—00 Hm=—00

we get (up to a normalizing multiplicative constant)

4mi

5 X BT (0 2 —ax 2
[ et gy = /T o Wa(n, )=} 30 o Im 55 o mmied oS
- m=—s o, f=—00
we get s ) 00 )
o L E f(oz+1/2)\/27r ngie(t,/%f(aJr%)d)e_mz dt :éz e~ fFkm > o= 5 (n—m+(u+n)d)® o — 5 (ntm+(u—n)d)*
27Td (a—1/2)Vv2 m=—s w,m=—00
S LT
_ (—1)° § f(a+1/2) 5 —1€t\/> e 0 %Ze Al o Z e~ 7 (n—m+(u+n+1)d) e*“T(n+m+(M*77)d)2
Vord |~ Ja—1/2)v2rd m=—s pm=—00
(_1)‘3&00 W ™ 2 _1 - —%T”(n+,ud)2 & —4mipm - 26 (— m+nd)?
= V2rd f—oo e_l ' Te_””t dt a EH:X—:ooe m;se n—z—:ooe
I DR Sy +1 § o 255 (n+ £ 41ud)? i —Amigm, Z o 255 (—me+ £ 4nd)?
2rd = = =
pn=—00 m=—s n=—oo0
whence , = 7792x(1) Flg21](2k) + 5 93,.(n) Flgz,:] (2k)
Giu(a) = A= 3 Tl (—1)femsal,
{=—00

Particularly, we have

= A gnen) (92 (0) + g5 (0) + oA g5 (n) (92 (K)—

Gh(m)= Giulm) = Ay S H (1) ot (A9 B) = X (abl A® Blab)
_ 1 28: ™ m(n+ad) ( )(n+o¢d)e 55 (n+ad)? :Za:<a'|A|a> Zb:<b‘B‘b>
2rd
n=-—sa=—00 =trA trB
=7 > e v S (—1)2 e zEalmiad)’ D66b
e o (L1091, (AR B) (02 @12)) = ((AQ B) (91 @11), p2@12)
whence - =((Ap1)®(BY1), p2@12)
Flgh)(n) = g 30 (~1)emzalrrod’ = (A1, p2) (Bibr, )
2 Ver o = (o1, AT@2) (1h1, Blty)
and we get = (p1®91, (AT pa) @ (BTy))
+ IR (2k+ad)? = (p1@91, (AT@ BT)(p2@1)2))
Flg3.](2k)= 7= > (—1)%e zalevte for any @1, 02 €M1, 1,92 €Ho
a:;ooo - “
:ﬁ S e e (2k+2ad)2fﬁ > o~ zra (2k+(2a+1)d)? (nk|(A®B)t|ml) = (nk|AT@ BT |mf)
a=—00 a=—00 (Matrices of the two operators coincide).
:\/% azi_:ooe 27 (k+ad)® _ \/% a:z_:ooe 2% (k+ad+£)*
== (92 () g1 (1)
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D72

D67

1 (k4 k) )

= ﬁ <H(Tl1, k1)®H(n2, kQ), H(Tl/l, ki)@ﬂ(né, ké»

= iz (I, k) ©TL(ns, ko) (115, k) ST, k)
gy tr([Ln, k)T k) @1, k)L, k)

= iy (T, k)T (n}, ) tr(IL(nz, ko)L, K5))

:(5“1“/1 5k1k/1 5n2n'2 5k2k§~

< dld H(nl,ng,kl,kg),\/dllidz

[§)

D68
WA (nl,ng,khkg) = ﬁtr(A H(nl, no, kl, kz))

= ﬁ <H(n1 an27k17k2)a A>

orthonormal basis

in A(H,@H, ).

{ dlldz H(n17n27k17k2)} is an

A: Z d11d2 <H<n17n27k17k2)714> H(n17n27k17k2)
ni,ne,ki,ka
= > Walningkike) (n1,n2,k1 ko)

ni,n2,k1,ka

Wa(ninaki k)= 74 d tr(AT(ny, na, k1, k2))
d1d2 Z <a1a2‘A|b1b2>
a1,a2,b1,b2

(b1b2|II(n1, k1) @11 (n2, ka)|araz)

_dmi _
:d11d2 3 <a1a2\A|b1b2>e k1 (a1—b1)
ai,az,by,ba
47ri
e
Ulnf?nl a1, ba=2n2—as
v > (ara2|A|2n; —ay,2n2—az)

= dids
al,a b ,bz
T amik a1—by) = 4k (aa—b2)
oy Fi(a1—b1) =G ka(az—bo
U mi=ai—ni, me=as—ns,
axi ani
——klml —*k’gmg
d d
d1d2 > doe @ e

m1€Lqy M2ELdy
x<n1+m1, No+mo \A|n17m1, No— m2>

D70
S YD D Ik L e

ml €ZLa; m2€Lay,
x<n1+m1, notma|o|ni—ma, ne—ms)

I o=
Wy (n1,n2,k1,k2) =

Wg(n17n27k17k2)

B s

mlGZd mo€ZLg,
X \Il(n1+m1, TLQ—F’/TLQ) \I/(nl—ml, n2—m2)

D71
Wy e (1 7712,/?1 ko) =

Z Z e iklml e—%kzﬂw

m1€ZLgy M2€Laq,

d1 da

(@14b1)02n, (a2+b2)

X Y(nitma) p(natma) Y(ni—ma) p(na—ms)
ZWw(nl,k'l) W(p(ng,kg)

=2 VAalVa) @1@a) =3V Aaltbapa) (Schmidt form)

U/ a
W) (¥|= ZV)\ Mo|Vatpa) (Vs
_ZV)‘ )‘b|¢a><wb|®|@a><(pb|

tr, W) (¥]= Z\/A Ao {@blpa) [tha)(Wp
—Z\M Ab Oab [ta) (V]
_Z )‘ |wa><wa|

H,QH, S QH,
linear operator
U« (spectral decomposition)

0=>_1; [V;)(¥,]
j
U (Schmidt form)

0= Zp] Z Y >‘aj>‘b W}a,(pa] ¢b ©b; |

a;,b;

¥ [om]
91=tr29=2pj Z)‘aj |1/’aj><waj|
J aj

0= Zp] YV Aay A |Va; Pay ) (Wb 00,

a;,b;

b (o]
W ij Z \/)\QJTWW’G ‘Pa wb LFb ‘

a777

¥ 2]

Z Wg(nlan27klak2):ﬁ

na,ka=—3s2

XZP;ZV%,AI; > > ST e @ e

so ) )
—dmigim, — %;‘ kama

aJ, 5 m1€Zd1 szZd2 ng,ko=—=s2

Xa,; (n1+m1) Pa; (natma) Yu, (n1—m1) @y, (n2—ms)

b (2]
= Zp]Z\//\a,)‘b > Z oAk

a;,bj m1€ZLg, N2=—52

X1q; (n1tm1) @q, (n2) Yp; (n1—m1) @y, (n2)

zp]z\W]Ab > e B (0 [0a,)

aj,b; m1EZL dy

Xtq; (n1+ma) iy, (n1—my)

N Tiv Oy _—
:dillzpjz)‘aj Z e 4 T ld]aj(nl—"_ml)waj(nl_ml)
i a;

m1€ZLg,

_Amip
— LSS A X e E I [, ) (W, =)

m1€ZLq,

J
U

_ami
:dill Soe dqlklml(nl—i-mﬂgl\nl—ml)
m1 €Zd,

:ng (nl, k‘l)
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D74 DS1

A @ B(ny, na, k1, ka) =tr(A® B T(ny, na, k1, ko)) See [14].
:tl"(A(X)B H(’ﬂl, k1)®H(n2, kz))
=tr((AT(n1, k1)) @(BI(ng, k2))) D82
r(AIl(n1, k1)) tr(BI(n2, k2)) See [14].
=A(n1 ) (ng,kg).

D75
Wags(n1,ng, ki, ko) = 777- A® B(ny, na, k1, ka)

= d11d2 fl(m, k1) B(”Za k2)
=Wa(ni, k1) Wg(ne, k).

Proof 1.

tr(o(A®I))=>_(ablo(A@T)|ab)

a,b
=2_ > _(able|nk)(nk| A®I|ab)

a,bn,k
—Z Z(ablelnk><n\A| ) (k[b)
—ZZ<ab|@|nb><n|Ala>

a,n b
72<a|91|n><n|14|a>
Z< l014]a)
:tr(gl A).
Proof 2. .
tr(o(A®I)) = > Wy(ni,ne, ki, k) A®IL(n1,ng, ki, k2)

ni,ne,ki,k2

= Z Wg(nlan27k17k2) m(nlan27klak2)

ni,ng,ki,ka

Y [pr4]

= 3 W,(n1,na, k1, ko) A(ny, k1) I(na, k2)

ni,n2,k1,k2

b Toa]

= Z Wg(n17n27k17k2) A(nlakl)

ni,m2,k1,k2

= > Wy(ni,na, ki, k) A(ny, ki)

ni,k1 no,ka

¥ Tom]

= 3 We,(n1, k1) A(na, k)

ni,k1

Y [pao]

=tr(o1 A).
@):@Z VAl ©le;)

WY (W=2" /A Akl i) (ke
EZ VA AR5 (k] ®10;) (k]

Wy (n1,n2, k1, k2) =3 V Aj Ak W\%‘)(tpk\ (n1, k1)
7,k
XWig)) (il (12, k2)

Y [pa9]
XI:CW\I/(”hﬂzJﬁ,kQ E\/WWM el (71, K1)
na ks xtr(|¢;) (k)

_Z VAN Wiy (onl (115 1)

D7

x(pr|p5)
*Z VAAWig)) onl (01, K1)
xékj

=2 Wig,yig,1 (1, k1)
J

I o= 2le5)es]
:Wg(nl, ]61)
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SOURCE CODES

The discrete Wigner function for given d and o, can be
computed by using the following program in Mathematica:

d=3; sigma={{2,1},{1,1}}; j=(d-1)/2

sigmali=sigmal[[1]1[[11]; sigma22=sigmal[[2]]1[[2]]; sigmal2=sigmal[[1]1]1[[2]11;

Eigenvalues[{{sigmall,sigmal2+I},{sigmal2-I,sigma22}}]

wlg_,p_]:= Exp[-(2 Pi/d) (sigma22 q~2-2 sigmal2 q p+sigmall p~2)/Det[sigmall

Cw=N[Sum[(-1) " (alpha beta) w[alpha/2,beta/2],{alpha,-30,30},{beta,-30,30} 1]

DiscreteWigner[n_,k_]:=N[Sum[(-1) " (alpha beta) w[n+alpha d/2,k+beta d/2],

{alpha,-30,30},{beta,-30,30}]/Cw]

MatrixForm[Table[DiscreteWigner([a,b]l,{a,-j,j},{b,-j,j}]1]

DiscretePlot3D[ DiscreteWigner[n, k], {n,-j,j}, {k,-j,j}, ExtentSize -> 0.5, AxesLabel -> Automatic,
ColorFunction -> Function[{x,y,z}, If[z >= O, White, Black]],

ColorFunctionScaling -> False, BoxRatios -> {1.2,1,2}]

For given d and o, the matrix of the density operator o can
be obtained by using the following program

d=3; sigma={{2,1},{1,1}}; j=(@a-1)/2

sigmall=sigmal[[1]1[[1]1]; sigma22=sigmal[[2]]1[[2]]; sigmal2=sigmal[[1]1]1[[2]1]1;

Eigenvalues[{{sigmall,sigmal2+I},{sigmal2-I,sigma22}}]

wlg_,p_]:= Exp[-(2 Pi/d) (sigma22 q~2-2 sigmal2 q p+sigmall p~2)/Det[sigmall

Cw=N[Sum[(-1) " (alpha beta) w[alpha/2,beta/2],{alpha,-30,30},{beta,-30,30} 1]

DiscreteWigner[n_,k_]:=N[Sum[(-1) " (alpha beta) w[n+alpha d/2,k+beta d/2],
{alpha,-30,30},{beta,-30,30}]/Cw]

rho:=Table[Sum[Exp[2 Pi I k (a-b)/d] DiscreteDelta[Mod[2 n-a-b,d]] DiscreteWigner[n,k],

{n,-j,3}.{k,-j,3}1.{a,-3,3}.{b,-5,j}]
MatrixForm[rho]

By using the program

d=3; sigmall=3; sigma22=2; sigmal2=Sqrt[sigmall sigma22-1];  j=(d-1)/2

wla_,p_]:=Exp[-(2 Pi/d) (sigma22 q~2-2 sigmal2 q p+sigmall p~2)]

Cw=N[Sum[(-1) " (alpha beta) w[alpha/2,beta/2],{alpha,-30,30},{beta,-30,30} 1]

DiscreteWigner[n_,k_]:=N[Sum[(-1) " (alpha beta) w[n+alpha d/2,k+beta d/2],
{alpha,-30,30},{beta,-30,30}]/Cw]

rho:=Table[Sum[Exp[2 Pi I k (a-b)/d] DiscreteDelta[Mod[2 n-a-b,d]] DiscreteWigner[n, k],

{n,-j,3}.{k,-j,3}1,{a,-3,33.{b,-5,3}]
Eigenvalues [rho]
MatrixForm[rho.rho-rho]

one can compute the eigenvalues of g, and see that |deto=1 = 02 = g, ‘ (05 is a pure state).

By using the program

d=3; nul=2; nu2=3; j=(d-1)/2

wlq_, p_,nu_]:= Exp[-(2 Pi/d) (q~2+p~2)/nu]

Cwlnu_]:=N[Sum[(-1)~(alpha beta) w[alpha/2,beta/2,nul],{alpha,-30,30},{beta,-30,30} 1]

DiscreteWigner[n_,k_,nu_]:=N[Sum[(-1)~(alpha beta) w[n+alpha d/2,k+beta d/2,nul,
{alpha,-30,302},{beta,-30,30}]/Cw[null

rho[nu_] :=Table[Sum[Exp[2 Pi I k (a-b)/d] DiscreteDelta[Mod[2 n-a-b,d]] DiscreteWigner[n,k,nu],

{n,-j,3r.,{k,-j,j}1,{a,-j,3%,{v,-j,j}]

A=rho [nui]

B=rho [nu2]

MatrixForm[A.B-B.A]

MatrixForm[Eigenvectors[A]]

MatrixForm[Eigenvectors[B]]

one can see that the density operators of two thermal states commute, and compute the corresponding common eigenvectors.
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The values from Table 3 have been obtained by using the program

d :=5; A := N[Pi/4]; B :=0; sigmai := {{1, 1}, {1, 2}}; j o= (- 1)/2

S := (1/2) {{1, 1}, {-I, I}} . MatrixExp[-I {{A, B}, {-Conjugate[B], -A}}] . {{1, I}, {1, -I}}
sigmaf := S.sigmai.Transpose[S]

Q := Table[N[n DiscreteDeltaln - mll, {n, -j, j}, {m, -j, j}]

P := Table[ N[(1/d) Sum[k Exp[2 Pi I (n - m) k/d], {k, -j, j}11, {n, -j, j¥, {m, -j, j}]
ap := Sqrt[Pi/d] (Q + I P)

am := Sqrt[Pi/d] (Q - I P)

H:=Aam . ap + B am . am + Conjugate[B] ap . ap + A ap.am
U := MatrixExp[(-I/2) H]

rhofin := Table[rhof([n, k], {n, -j, j}, {k, -j, j}H]
rhorho := U.rhoint.ConjugateTranspose[U] - rhofin
Print["S=", MatrixForm[S]]

Print["U=", MatrixForm[U]]

Print["sigma initial=", MatrixForm[sigmai]]
Print["sigma final=", MatrixForm[sigmaf]]
Print["rho initial=", MatrixForm[rhoint]]
Print["rho final=", MatrixForm[rhofin]]

MatrixForm[Abs [rhorho]]
Norm [rhorho]

with the density matrices computed by using the program in Fortran

PROGRAM DENSITY

INTEGER :: D=13

REAL :: sigl1=2.0

REAL :: sigl2=1.0

REAL :: sig22=1.0

INTEGER :: N,K,L,M, J, DELTA

REAL :: Rd, Cd, WIGNER

COMPLEX :: I=(0,1)

COMPLEX :: RHO

J=(D-1)/2

Rd=2%3.141592654/ (D*sigll*sig22-Dksigl2%*2)
Cd=0

DO 50 Lb=-100,100

DO 60 Mb=-100,100

Cd=Cd+(-1) ** (Lb*Mb) *EXP (-Rd* (sig22*Lb**2-2%sigl12+Lb*Mb+sigl1*Mb**2) /4)
60 CONTINUE

50 CONTINUE

DO 10 N=-7J,J

DO 20 K=-7J,J

RHO=0

DO 30 L=-J,J

DO 40 M=-7J,J
RHO=RHO+WIGNER(L,M,sigll,sig22,sigl12,Rd,D)*EXP (2%3.141592654*I*M (N-K) /D) *DELTA (N+K, 2*L,D)
40 CONTINUE

30 CONTINUE

RHO=RHO/Cd

IF (AIMAG(RHO) .LT.0) THEN

PRINT 5, ’ rhoi[’, N,’,’,K,’]:=’ ,REAL(RHO), ’> - I ’, -AIMAG(RHO)
ELSE

PRINT 5, ’ rhoil’, N,’,’,K,’]:=? ,REAL(RHO), ’> + I ’>, AIMAG(RHO)
END IF

5 FORMAT(A,I3,A,I3,A,F10.7,A,F9.7)
20 CONTINUE

10 CONTINUE

END
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INTEGER FUNCTION DELTA(Ia,Ja,Da)
INTEGER :: Ia, Ja, Da

DELTA=0

IF(MOD(Ia-Ja,Da)==0) DELTA=1
RETURN

END

REAL FUNCTION WIGNER(NDb,Kb,Sa,Sb,Sc,Rb,Db)

INTEGER :: Nb,Kb,Lb,Mb, Db

REAL :: Sa, Sb, Sc, Rb

WIGNER=0

DO 70 Lb=-100,100

DO 80 Mb=-100,100

WIGNER=WIGNER+ (-1)** (Lb*Mb) *EXP (-Rb* (Sb* (Nb+Lb*Db*0.5) **2-2xSc* (Nb+Lb*Db*0. 5) * (Kb+Mb*Db*0.5)
+Sa* (Kb+Mb*Db*0.5) **2) )

80 CONTINUE

70 CONTINUE

RETURN

END

[6]

The numerical data from Table 4 are obtained by using

d=29; nu = 2; mu = 3; m=1; 1=2

wlq_, p_, nuu_]:= Exp[-(2 Pi/d) (q"2 + p~2)/nuul; j=(d-1)/2

Cwlnuu_] :=N[Sum[(-1)"~(alpha beta) wl[alpha/2, beta/2, nuul,{alpha,-50,50}, {beta,-50,50}1]

DiscreteWigner[n_,k_,nuu_]:=N[Sum[(-1) " (alpha beta) w[n+alpha d/2,k+beta d/2,nuu],
{alpha,-50,50},{beta,-50,50}]/Cw[nuul]

flmm_,11_]:=Sum[Exp[-4 Pi I (k mm-n 11)/d]DiscreteWigner [n,k,nu]DiscreteWigner [n+mm,k+11,mu],

{n,-j,jr,{k,-j,j}]
flm,1]-f[1,m]

The matrix (|(e,|g1)|) has been obtained by using the program

d=11; kappa=1; j=(@d-1)/2

gaus[m_] :=N[Sum[Exp[-kappa Pi (a d+m)~2/d],{a,-50,50}]1]

gauss:=Table [gaus [m]/Sqrt [Sum[(gaus[n]) ~2,{n,-j,j}1],{m,-j,j}]
Q=Table[N[n DiscreteDeltaln-ml],{n,-j,j},{m,-j,j}]

P=Table[N[(1/d) Sum[k Exp[2 Pi I(n-m)k/d],{k,-j,j}1],{n,-j,j},{m,-j,j}]
Id=Table[N[DiscreteDelta[n-m]],{n,-j,j},{m,-j,j}]

QPPQ=N[Q.P-P.Q-I(d/(2 Pi))Id]
MatrixForm[Table[{n,Im[Eigenvalues [QPPQ] [[n]]] I},{n,1,d}]]
T=Table[Eigenvectors[QPPQ] [[d-n+1]1] [[k]],{k,1,d},{n,1,d}]
MatrixForm[Abs [MatrixPower [T,-1].Transpose [{gauss}]]]

and the matrix (|{e, 05| €m)]) for o= <? 1

) has been obtained by using the program

d=11; sigma={{2,1},{1,1}}; j=(a-1)/2

sigmall=sigmal[[1]]1[[1]]; sigma22=sigmal[[2]][[2]]; sigmal2=sigmal[[1]][[2]1];

Eigenvalues[{{sigmall,sigmal2+I},{sigmal2-I,sigma22}}]

wlq_,p_]:= Exp[-(2 Pi/d) (sigma22 q~2-2 sigmal2 q p+sigmall p~2)/Det[sigmall

Cw=N[Sum[(-1)~(alpha beta) wl[alpha/2,beta/2],{alpha,-20,20},{beta,-20,20} 1]

DiscreteWigner[n_,k_]:=N[Sum[(-1) " (alpha beta) w[n+alpha d/2,k+beta d/2],

{alpha,-20,20},{beta,-20,20}]/Cw]

rho:=Table[Sum[Exp[2 Pi I k (a-b)/d] DiscreteDelta[Mod[2 n-a-b,d]] DiscreteWigner[n,k],
{n,-j,jr,{k,-j,j31,{a,-j,j¥,{b,-j,j}]

Q=Table[N[n DiscreteDelta[n-m]],{n,-j,j},{m,-j,j}]

P=Table[N[(1/d) Sum[k Exp[2 Pi I (n-m) k/d]l,{k,-j,j}1],{n,-j,j},{m,-j,j}]

Id=Table[N[DiscreteDelta[n-m]],{n,-j,j},{m,-j,j}]

QPPQ=N[Q.P-P.Q-I(d/(2 Pi))Id]

MatrixForm[Table[{n,Im[Eigenvalues [QPPQ] [[n]]] I}, {n,1,d}]]

T=Table[Eigenvectors[QPPQ] [[d-n+1]1]1 [[k]1],{k,1,d},{n,1,d}]

MatrixForm[Abs [MatrixPower[T,-1] .rho.T]]
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The numerical data presented at have been obtained by using the program

d = 31; kappa = 1; s =

gaus [m_]
gauss

(a-1/2
:= N[Sum[Exp[-kappa Pi (a 4 + m)~2/d], {a, -50, 50}]]
:= Table[gaus[m]/Sqrt[Sum[(gaus[n])~2, {n, -s, s}]11, {m, -s, s}]

Q := Table[N[n DiscreteDeltal[n - m]l]l, {n, -s, s}, {m, -s, s}]
Table[N[(1/d) Sum[k Exp[2 Pi I (n - m) k/d], {k, -s, s}]1, {n, -s, s}, {m, -s, s}]

P :=
a := Sqrt[Pi/d] (Q + I P)
MatrixForm[a .
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