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by indicating a basis.
Find the eigenvalues of the linear operator BA
AZR2—>R2, A($1,$2)=($2,$1).

) ) . B Exercise 2
Describe the eigenspaces of the linear operator
A:R2 —R2 A(zy,20) = (22, 21). Prove that the linear operator
B Exercise 3 A:CP—C* Az, x2,23) = (23, —22, 21),

Prove that {I,0s,0,,0.}, where is self-adjoint, and find its eigenvalues/eigenvectors.

Find the orthogonal projection of z=(1,2,3) on H.

PARTIAL EVALUATION A [B] PARTIAL EVALUATION B
B Exercise 1 B Exercise 1
In R3, find the dimension of the subspace Let us consider in R? the subspace
V={x=(21,79,73) ER® | 21 —22—23=0 }. H={z = (21,22,23)€R? | zo4a3=0}.
In R3, find the dimension of the subspace Find a basis of H.
W= 2= (21,20,23) € R? §1+£zi§3:8 } ] Find an orthonormal basis of H.
1—T2+T3=
B Exercise 2 Describe the orthogonal complement of H

I 10 (01 (0 —i (1 0 Prove that the linear operator
o 1) % \10)% i 0) 7 \0 -1)° U:C?—C?  Uwr,wn) = J5(w1—22, 21 +22),
is a basis in the complex vector space is unitary, and find its eigenvalues/eigenvectors.

./\/lz{ A:<a11 CL12> ajke(C}. Exercise 3
a1 Q22 On the Hilbert space

Find the coordinates of M = < 2 . 1=i > . Zo . 2
I+1 0 C3={z= xo, 21, 2 €C » with (z,9)= > Tn yn,
n=0

o
B Exercise 4 T2
¥ : .3 3
In the case of the real vector space R2, prove that we consider the linear ope_rirtior F Q i—> c,
A:R2 —)RQ, A(Ith) = (;El — T2, X1 +x2) T . e 3 1 e T
is not diagonalizable F il =3 1% L1 . il
In the case of the real vector space R2, prove that N 2 oo\e? Loes ?
B:R2 — Rz7 B(th) _ (581 + xz,xg) where e'*=cost+1i sint.
is not diagonalizable Compute F?, F3, F4 and F?023,

In the case of the complex vector space C?, prove that Prove that F is a unitary operator.
A:C2—>C2, A($1,$2)=(331—.132,ZC1 +$2)

is diagonalizable. Find the operator A™ : C? — C2. Prove that Ag=1 is an eigenvalue of F'.
Prove that A\; =—1i is an eigenvalue of F'.
B Some definitions, notations and results Prove that As=—1 is an eigenvalue of F.
Definition. ) . . .3 ..
S et} IS 8 [ ayvr+agvatotanv, =0 Find an orthonormal basis in C® containing
linearly independent if only eigenvectors of F.
set of vectors ar=as=...=qa, =0

Indicate the spectral decomposition of F'.

Definition. In a vector space over the field K=R or C,

span{vy, va, ..., U } def {a1v1+agva+...+anv, | ap €K} ]i)Aeﬁnition. Ijaﬁilb;[rt space H :
n operator A:'H— if [(Ax. Au)— v
43 1 1 y AY) =T, Y T,y€ H.
e .
Definition is a unitary operator ’ { )=(z,9) ‘
S EE— ) . | V=span‘B
B={v1,v2,...,0,} is a basis of V if and @ Definition. In the case of vector space over K=R or C,
5 linearly indep.
. AeK d
Definition. A is an eigenvalue ° hE an
Di . number ¢ o linear oberator if | there exists veV, v#0
imension ¢] of vectors if V# {0}; of a linear operator (eigenvector corresp. to \)
of a vector _is | dimg) of a basis 7 AV =V h that
space over K 0 it V—{0}. such tha V=AV]
Definition. The eigenspace corresponding to A is | {z | Ax=Az } |
The sum of dof w1 €W,
the subspaces is | Wy+Wy'= {w1 tws cW. } Theorem. In the case of vector space over K=R or C,
Wi, W CV w2 2
@ Definition. . iGK aﬂgl o ;
. - - e )\ is a root of the equation
Llnim?];)ge{}ator if there exists an basis of V A is an eigenvalue ) ) )
is diagbnalizable consisting of eigenvectors of A. of a linear operator| < | |a1 ;)\ 2a2 o ag
Definition In a Hilbert space . : AV=V a:l a2—:)\ L a:" =0
An operator A:H—H . : . : :
is a selIf)'-adjoint operator if ’ (Az, y) = (z, Ay) ‘ Vo,yeH. af ag cooag—AX




B SOLUTIONS for PARTIAL EVALUATION A

V:{(x2 + .’11'37.7}27.'173”37273 € R}

={z2(1,1,0)+23(1,0,1)|z2 3 € R} =span{(1,1,0),(1,0,1)}.

Since (1,1,0) and (1,0, 1) are lin. independent,
it follows that dimV = 2 (a plane in R3).
W = {(—z3,0,z3)|zs € R} = span{(—1,0,1)}

dimW=1 (a line in R?).
In the canonical basis {(1,0),(0,1)}, the matrix of A is
0 1 -2 1
A_(l E ‘ 1 _)\‘_O:>/\_i1.

{(x1,22) | A(z1,22)=1(21,22) } = span{(1,1)},
{(1‘1,.1‘2) | A(xl,l‘g):—l (331,.%‘2)} = span{(l, —1)}.

Oéo]I‘i‘OllO'w—FOéQO’y—f—OégO'Z:O = aqy=a1=az=a3=0.
As M=C*, we have dim M =4, so that {I,0,,0,,0.} is a
maximal set of linear independent ”vectors”, hence a basis.

M=1+o0,+0y+0..

In the canonical basis {(1,0),(0,1)}, the matrix of A is
1 -1 1-x -1 .
A_<1 1). ’ ) 1/\‘_0:)\_1i1§éﬂ£.
So the linear operator A defined on the real vector space R?
has no eigenvalues; in particular it cannot be diagonalizable.

In the canonical basis {(1,0),(0,1)}, the matrix of B is
B= é } . 16>\ 1i)\‘—0$/\1—)\2—1.

The allgebraic multiplicity of the root 1 is 2.

But { (z1,22) | B(x1,22)=1(z1,22) } = span{(1,0)}, so

geometric multiplicty is 1#2 = B it is not diagonalizable.

In the canonical basis {(1,0),(0,1)}, the matrix of A is

A:G _11> II_A -1 =0=\A=1+ieC.

1 1-A
{(z1,22) | A(z1, 22) = (1+1) (21, 22) } = span{(1, —1)}
{(21.22) | Alw1,@2)=(1=i) (21, 22) } = span{(L,D)}.
This shows that all the roots of the characteristic
polynomial belong to C, and for each of them, the
algebraic and geometric multiplicities are equal (to 1).

Therefore A is diagonalizable. More exactly,

S1A8—<1+1 0.), where S_< 1. 1>
0 1—i —i i

is the change of basis matrix from the canonical basis
{(1,0),(0,1)} to the basis {(1, —i), (1,i)}. Consequently,

1+i 0 1+i 0

2 __ -1 1
A7=5 0 1—i>s S( 0 1—1)5 )
and

w10\ ol o) 0 .
A_S(O 11) S _S< 0 (1) S-1.

= (V2et ¥ )= (Ve T, )

N[

where (1+i)" S—1=

N N[—=
DO =e

B SOLUTIONS for PARTIAL EVALUATION B

Since H={ (z1,22,23) | x2+23=0}
={ (z1,22,—22) | x1,22€R}
:{ .231(1,0,0) X9 ( 1 —1) | X, .T,‘QER}
=span{ (1,0,0), (0,1,-1) }

and «(1,0 O)Jrﬂ(O,l,f )=(0,0,0) = a=F=0,

the set {v1=(1,0,0), v2=(0,1,—1) } is a basis in H.

Since (v1,v2)=0, the basis {v1, va} is orthogonal.

=(1,0,0), “2—”53\\_(0 _%)}

The set {ul— Hv M=

is an orthonormal basis in H.

Since Ht ={x=(x1,29,73) | (2,9)=0, for any y€H}
={x=(x1,22,23) | (z,v1)=0, (x,v2)=0}
={z=(x1,22,23) | 1=0, x3—x3=0}
={ (0,x2,22) |22 €R}={ (0,1,1) | R}

{(0,1,1)}is a basis in the one-dimensional space H*.

In Dirac’s notation, the orthogonal projector on H is
=) (ur|+|uz) (uzl-

Consequently, the orthogonal projection of x=(1,2,3) is

Plz) = |u1) (us|x) +[uz) (uz|2)
:|u1>_%|u2>:(17070)_(07%7_%):(17_%7%) .
0 0 1 0—A 0 1
A=|0 —1 0] satisfies AT=A. 0 —-1-X 0 [=0
1 0 0 1 0 0-X
N A =1, {z | Ax=x}=span{(1,0,1)},
m )\2:/\3—_1a {1’ | Aa:Z—I}:span{(O,l,O),(1,0,—1)}.
1 1\ L
U= \{5 ﬁ) satisfies UUT =1. \/51 1 \/%\ =0
V2 V2 _ V2 V2
N )\1:%—1-#2, {z | Uz=Mz}=span{(1, —i)},
)\2:%—%, {z | Ux=Xz}=span{(1,i)}.
0 0 1 e 1 e %
F?’=(0 1 0], F?==>|1 11 =Ft
I \/5 . o 9
1 0 0 e_217s” 1 ez;‘
F4:(F2)2=]I and F2O23:(F4)505F3:F3—FT
We have FF!=L
We have to prove that there exists vg#0 such
that Fvg=wvg. The equations of the system
(f% — 1‘[) x0+w1+(f% + 1@) To=1/3 0
To+a1+T2 =311
(—% + 1?) xo+x1+<—* - 1?) zy=1/3 1,
are not linearly independent because
—1-VvB-i: 14
1 1-v3 1 =0.
L4 R N R
We get
(V3 V3 1
(h-of)arone ()i 1
To+r1+20=v3 11 1
B10,11 1 1
In a similar way, we get v;=| 0 |, va=[1—-3
1 1

An orthonormal eigenbasis corresponding to F is

V2
“2**\%“}

0= rugm)s U=y
N 1 1 /1+ 3
V3 ~7 2 \fl
’/1+\f , U= (1) ,Ug = f,/l 7
/ i 1 1
1—% V2 5 1+%
The spectral decomposition of F is
F=luo)(uo| — ifur)(ur] — |uz){ua|.
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