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Theorem ( Euler’s equation).

change linear equation with
r—ebt constant coefficients

EXERCISES

’ aoz™y ™ + ...+ an_ 12y +any=0 ‘

[ | Exercise 1

Find the general solution of the equations: Theorem (Primitives of a continuous function)
"o ’r_ — We have
y - —3y=0 Primitives of f are: F/(xv):f(x)’
y” - 221/ +y= 0. ( ) F: (a7 b) _HR’ that 1s
fi(a,b)—>R x
"o, _ z
v o2y 2y =0 continwous | F(@)=[ft)dt+C|| | a [f(t)dt) = f(x)
y’”+y”+y’+y*0 Zo dzi ‘g
{ — . 9
xo € (a,b) is fixed
B Exercise 2 for any x € (a, b).
Solve the equations Theorem (Separable equations).
y' —2xy = 0. The solution y(z) of f g f F(t)disC
Yy — 2xy = w. y'=f(z)g(y) | is defined by | g(u) o
y" — (L +22)y =0. o, Yo constants, g(yo) #0.
* Linear equation.
u W thod y'=f(x)y| has the general solution | y(x) = elwo SO
olve by two methods .
(z +y)dz + (z — y)dy = 0. Method of the var1.at10n of.parameter. )
’y’:f(x)y+g(x) ‘ admits a particular () =C(x) ofe FB)AE
B Exercise 4 solution of the form P
Solve by two methods Linear non-homogeneous equation.
/
=2 .
r_ general solution or| | general solution o a particular solution o
Zy/% - y;y Y = f(x)y+g(z) y'=F(x)y y'=f(x)y+g(z)
3 — T 4U1
B Exercise 5 Theorem (Ezact equations).
Find the equation of the form The function F:D—R,
1! / —
. Y +}‘11($)311 +5(7)y—2 . e %:%—5 F(w,y):f,y Pdz+Qdy,
admitting the solutions y () =2 and ys(z) ==, in a simply |_, |where 7: [a,b] = D is an arbitrary path
B Exercise 6 connected connecting a fixed point (xo,yo) with (z,vy),
Solve the equation xy —2y=0 domain D defines a function satisfying the relation
- by considering it as a separable equation; P(z,y)dz+Q(z,y)dy=dF
- by considering it as an Euler equation; Remark.

In D, the equation P(z,y)dz+Q(x,y)dy=0 can be written as
dF =0, and its solution is described implicitly by F(z,y)=C.

- by using the method of power series. Remark. By denoting ¥ ()= <y1 (x)) A (au am)

- by using the method of integrating factor;

UQ(I) a21 Q22
SOME DEFINITI'ONS, TH].EORE%\/IS and REMARKS yil =a11y1+a12Y2 can be writhen as
Theorem (Linear equations with constant coefficients). Yz =a21Y1+a22y2
The space of all the real solutions of Theorem.
aoy ™ +a1y™ D+ da,_1y +any=0 (1) The space of all the real solutions of Y’'=AY,
where ag,...,a, €R, is a real vector space of dimension n. where a;; €R, is a real vector space of dimension 2.

Definition. The polynomial

aj;—A a2
a1 az—A

is called the characteristic polynomial of Y'=AY.

Definition. The polynomial
PN =ag\"+a A" 4 - +an_ A an P(X)=
is called the characteristic polynomial of the equation (1).

Theorem (Particular solutions). Theorem (Particular non-null solutions) P(A\)=0 and
|y(x)=c* is a solution of (1) |« [P(X)=0 Y ()= (p> o (8) satisfies Y/=AY &4 /) )
q = .
Definition (Complex exponential). A < q ) A ( q >

’ eletB)7 — e0% o5 B+ e sin Sz ‘

_ 2
=A—(a11+a22)\ + a11a22 — a2a21

Theorem. If \; and Ay are the solutions of P(\)=0, then:

° /\17 /\2 eR
Theorem. General solution of  agy” +a1y'+asy=0. A (p]) —\ (pj) = Y()=C (p1> ML, (pz) e
Vo Sy p—— )= = .
P(A)=apA2+aiA+ay has the roots Ay o= _-Vii—twa: 2?574% . N 9 @ &
. 0 linearly independent
General solution: Moot BiER
e M £NMER = y(x)zcl e)\lz_|_02€>\2r. ] 12— Bi¢ Y(.%‘):Cl me{(p)e(a—i-ﬁi)z}
e ==X = y(z)=C1e M +Cyze. A(p):(a+5j) (p) = q
o Mio=axfi = y(r)=C1e*" cosfr+Cye* sin fz. q q

+CyTm { (g) e<a+ﬂi>w} .



B SOLUTIONS
B Exercise 1. We use T2 and T3.

N-20-3=0 = M\ =-1, A =3.

T3 = y(z)=Cre %+ Cye’e.
No2241=0 = A=Al =1

73 = ylz)=C1e"+ Corxe”.
N_2242=0 = Np=1=%i

T3 = y(x)=Cre*cosz+ Cye”sinx.
A24+1)A+1)=0 = M=-1, Ay3=+i

T3 = y(x)=Cre *+C5 cosz+ C5 sinzx.

B Exercise 2 We use T7.
The equation can be written successively as follows:
Yy =2xy, (Iny) = 2x Iny=2%+InC,
In (&)=a?, %—e , y(x):Ceg”2
We use T8 and T9. Looking for a particular solution
of the form y,(x)=

/7
L =9g,
y

C(x) e we get successively:

c’ e””z—l—QxCezz—Qa:C'e”’z:x, C’zxe_‘”z,

Clz)=[z e dr= -3 e~ and consequently Yp(x)=—

T9 = the general solution of ¢y —2zy==x is y(z) =Ce" —
The equation satisfied by z=v' is 2’ — (% +2x)z =0,

and it can be written successively:

Z=1402g, Inz=Ilnz+z2+InCy, z(z)=C1 ze®

Consequently, y/(z)=Cy ze®" and y(z)= 1y e 4+ Cs.

B Exercise 3

Method 1. The equation is exact in D=R?,

A(zty) _ 8(96—@)
T oy

By using T10 and the path
7:[0,1] = R?, A(t)=(at, yt)
connecting (0,0) with (x,y), we get

F(z,y)=[(z+y)dz + (x—y)dy

[(zt+yt)x + (xt—yt)y] dt

= O%HQ

t=

(x2+2xy—y2)%> ‘t .
— L +2ay—1?).

The equation can be written as (see R3)
d(x®+2z2y—y?) =0,

and its solution is described by
22 4+2zy—1y?=C.

Method 2. The equation can be written as

Yy
/Iyt 5t
y=u5 or Y=g

It is a homogeneous equatlon. By using the change of

function z(m)z@, that is y(x)= xz(x) we get
ztzz =2, [ Ldz= f1+2 s dz+1nCy
Inz=—3In(1+ 22 —2%) +1InCy,
%:\/1+%2722; m:%’
1+2%—z—2:%, that is 22+ 2zy—y?=C.
B Exercise 4
Method 1. We have

whence

yi = 2y2 yﬂl = 2yé " _ 4 A,
vy =23 =14 yh =2y =>{ ”— _yzgyﬁ{ v o
ys=-2y1 | ¥3=—"20 s s
whence y! +8y1 =0.
M48=0 = A\=-2, N3=1=+iV3.

Consequently
y1(x) =Cre™ 2% 4 Cqe” cos v/3z+C3e” sin 3z,
yg(x):%yi:...
o) = Ly = .
Method 2. The system can be written as Y’ =AY, where.
y1 () 0 20 -2 2 0
Y(z)=| y(x) |, A= 00 2,0 —=x 2 |=0
y3(x) -2 00 -2 0 =X\
= )\3+8:0 = A\ =-2, )\2,3:1ii\/§ and
« e} a 1
AlB|=-2|p8] satisfiedby |B]|=[-1],
Y Y Y 1
« « o 2
Al B =01+iv3) | B ] satisfied by [ 3] = 1+iV3
ol Y Y —1+i\/§
We use T13. The solution is
1
Y(2)=C1|-1 | e 2"+ CoRe 1+1f e(HVRZL 4 Cogm{...}.
1 —1+iv3

[ | Exercise 5 5

The functions a(z) and S(x must satisfy
a(x) +x f(x) = ON =—$ﬁ ) a(r) =2
2+2x a(z)+2% B(z)=0 2 22 B(x B(w):f—z.
B Exercise 6.
We get xy' —2y=0, %:%, Iny) =
Iny=2lnz+InC, In%=Inz? Z=a ( )=C 22
We use the change of variable/function y(z) — 2(t),
r=el, t=Inz, y(e!)=z(t), y(r)=z(Inz).
Since
d _ddt_14d_,td
dz — dt dz x dt dt?
the equatlon satisfied by z is
z'—22=0
and we get £ =2, (Inz)'=2, Inz=2t+InC, z(t)=Ce>.
Consequently, we obtain
y@)=Ce?re, y(a)=Ce",  y(z)=Ca?,

Written as %dxfi dy=0, the equation is exact

2 (2)=0=2 (_;)

oy \z ox Yy
By integrating along a path connecting (1, 1) with (z,y)
parallel to the axes of coordinates, we get

x y
F(z,y)=[2dt+[ 2t dt=2Int[{—Int[{ =In2?—Iny.
1 1
The solutions are described by the relation
Inz?~Iny=InC,
equivalent to y(z) = & and y(x) = Cz2

A power series
y(z)=ap+ay x+as x?+azz3+- - +a, 2"+ -
convergent in a certain interval (a, b), satisfies the
equation x4’ =2y if and only if
a1 z+2as 2?2 +3az 23+ Fna, "+ - =
=2a9+2a; x+2asx®4+2as 23+ - -+2a, "+ - -

that is, for
2 apg = 0
2 a; =aq
2a3=3a3  that is, for aqg=a1=a3=---a,=---=0.
2a, =na,
Consequently, y satisfies zy’ =2y if and only if y(z)=

ag T~.



