[LINEAR ALGEBRA - Solved Exercises 2|

(Real and complex finite-dimensional vector spaces)
Nicolae Cotfas, version 16 Feb. 2022 (for future updates see https://unibuc.ro/user/nicolae.cotfas/ )

PARTIAL EVALUATION A

B Exercise 1

Prove that
B = {'Ul = (1,0), Vo = (1,1)}
is a basis in the vector space R2.
Find the dimension of the space
V={x = (21,22,23) ER® | 21 +22—23=0}.
B Exercise 2

Find the eigenvalues of the linear operator
A:R3—>R37 A($17$2,$3):($2,$1,2£L’3)7
and describe the corresponding eigenspaces.
Find the eigenvalues of the linear operator
A:C? — C? Az, 22) = (—22,21),
and describe the corresponding eigenspaces.
B Exercise 3

Is the linear operator
A:R3 — RS,
A(l’l, xo, x3) = (21,‘1 + xo, 229, 3$3),
diagonalizable 7

In R, find dim(W; + W), where
W, =span{(1,-1,0,2),(0,1,1,1),(1,0,1,3)},
W, =span{(1,0,0,0),(1,1,1,1),(0,-1,0,2)}.
Find the eigenvalues of the operator A~!, where
A:R3 — R3,
A(.Tl,xg,l’g) = (1’2 + I3, X1 + r3,T1 —+ 1’2),
and describe the corresponding eigenspaces.

Let f(x) = 2?0 — 22715 + 1 and
A: C2 — Cz, A(Zl,ZQ) = (—22,21).
Find the eigenvalues of f(A), and describe the
corresponding eigenspaces.

B Some definitions, notations and results

1| Definition.
— {u e

V1,02, ..., Up } 1S &
linearly independent if
set of vectors

a1v1tasve+...+apv, =0

0412042:...:0[”:0

Definition. In a vector space over the field K=R or C,

def
span{vy, va, ..., Up } = {agv1 +agve+...+anv, | areK}

Definition.

V=span ‘B
B={v1,v2,...,0,} is a basis of V if and
B linearly indep.
Definition.
. . number
Dimension | def ) of vectors if V=#£{0};
of a vector 1s |dimgV = ¢ of 4 basis
space over K 0 if V={0}.
Definition.
The sum of
the subspaces is | Wy +Ws déf{wﬁ_wQ w1 €Wy }
Wi, Wa CV wa €W,

@ Definition.

|B| PARTIAL EVALUATION B

B Exercise 1

Solve the differential equations

y" + 2y — 3y = 0.
y' +2y +y=0,
y'+2y +3y =0,

B Exercise 2
Prove that the linear operator
A:C3 —C3, A(xy,xe,73) = (23, 72,71),
is self-adjoint, and find its eigenvalues/eigenvectors.
Prove that the linear operator
U:C*—C? U($1,$2):%(3?1+$2,$1—$2),
is unitary, and find its eigenvalues/eigenvectors.
B Exercise 3

Let s € {1,2,3,...}, d=2s+1, and H be the
complex Hilbert space of all the functions

Y :{-s,—s+1,...,s—1,s} — C
with the usual scalar product

(o) = > () bn).

n=-—s

Prove that the parity operator
I:H > H: =1y, (IIY)(n) =1p(-n),
is a self-adjoint operator.
Find the eigenvalues of I and the dimension of
the corresponding eigenspaces.

Prove that the Fourier transform
F:H—H: ¢ — F[Yl,

(Fk) =3 3 e Fms(n),

is a unitary transform.

Prove that the operators
Q:H—->H:vp—=Qp, (QY)(n)=ni(n),
P:H—H, P=FQF,

are self-adjoint, and find their eigenvalues and
the corresponding eigenfunctions.

Definition. In a Hilbert space H :

An operator A:H—H . _
is a unitary operator if ’ <A$’ Ay> — <$’ y> ‘ Va,yeH.

@ Definition. In the case of vector space over K=R or C,

e \cK and

e there exists veV, v#0
(eigenvector corresp. to )

such that .
The eigenspace corresponding to A is |{z | Az=Az} |

Theorem. In the case of vector space over K=R or C,
e A eK and

A is an eigenvalue

of a linear operator if
A V-V

Linear operator
A V=Y if
is diagonalizable

there exists an basis of V
consisting of eigenvectors of A.

Definition In a Hilbert space H :

An operator A:H—H
is a self-adjoint operator

if ’ (Az,y) = (z, Ay) ‘ Ve, yeH.

. . e )\ is a root of the equation
A is an eigenvalue ) . )
of a linear operator| < aj ;)\ az - ag
A V=V ai  a;—A - a |_g
a;’ ag' Ce az -\




B SOLUTIONS for PARTIAL EVALUATION A

RQ:{(ajl,mg) ‘$1,$2 GR}:{(JJl—xg)’Ul—FZ‘Q’Ug ‘$1,$2 ER}
={a1v1 +agve | a1, ag ER} =span{vy, va}.
a1(1,0)+a2( 1)=(0,0) = a;=az=0 = vy, lin. ind.
{($1,x2,$1+$2) |$1,(E2€R}
—{xl(l 0,1)422(0,1,1) | z1,z2€R}
:span{(1,0,1)7(0,1,1)}.
041(1,071)4-0(2(0,1,1):(0,0,0) = a1=a9=0.
Consequently, { (1,0,1),(0,1,1) }is a basis, and dimV=2.

In the canonical basis

0 1 0 0—-X 1 0 A =-—1
A= 1 0 0 . 1 0=\ 0 |=0 = X\=1
0 0 2 0 0 2—X A3 =2.
{o]|Az=—a}={(21, 22, 23) | (x2, 71, 223) = (=1, —22, —73)}
={(x1,—1,0) | z1 €R } =span{ (1,—1,0) }.
{z| Az=12}={(z1, z2,23) | (x2, 21, 223) = (21, T2, 23)}

={(z1,21,0) |21 €R }=span{ (1,1,0) }.
{z| Az =2z} ={(z1, 22, 23) | (x2, x1, 223) = (221, 222, 223) }
={(0,0,z3) |z3€R }=span{ (0,0, 1) }.

In the canonical basis

(0 -1 0-A -1 A =i
A(l 0 ) 1 0-) ’0 7 dp=—i
{z|Az=iz} ={(21, 22) | (—22, z21) = (iz1,122) }

={(z1,—121) | 21 €C } =span{ (1, —i) }.
{z|Az=—iz}={(21, 22) | (=22, 21) = (—121, —i22)}
={(21,121) | 21 €C }=span{ (1,1) }.

In the canonical basis

2 1 0 2-2 1 0
a=fo0 2 0] | 0 2a 0 |=0= TP
0 0 3 0 0 3-)\ 3T

{z| Az=22}={(z1, 22, 23) | (221 +2x2, 222, 3303) = (221,229, 223) }
—{(1,0,0)| a1 €R }=span{ (1,0,0) }.

{z| Az=3z}={(z1, 2, x3) | (221 +x2, 222, 3:03) =(3x1,3x2,3z3)}
={(0,0,z3) |z3€R } =span{ (0,0, 1) }.

There exist only two linearly independent eigenvectors of A.

The operator A is not diagonalizable.

(1,0,1,3)=(1,-1,0,2)+(0,1,1,1)
(1,1,1,1)=(0,1,1,1)+(1,0,0,0) =
(0,—1,0,2)=(1,0,1,3)—(1,1,1,1)=(1, —1,0,2)—(1,0,0,0)
= W) + W, =spam{(1,-1,0,2),(0,1,1,1),(1,0,0,0)}.
a(1,-1,0,2)+5(0,1,1,1)+~(1,0,0,0)=(0,0,0) = a=F=y=
(1,-1,0,2),(0,1,1,1),(1,0,0,0)} is a basis = dim(W;+Ws)=
In the canonical basis
0 1 1 0—x 1 1
A= 1 0 1 |]. 1 0=\ 1 |=0= ;\1:;2__
110 11 0-)A S

{z|Az=—2}={(21, x2, x3)|(x2t =3, x1H+ T3, 1+ T2) =
:{(xl,xg,fxlfzg) |£E1,I2€R}
=span{ (1,—1,0) (0,1, —1)}.

{z|Az=2}={(z1, 22, 23) | (x2tz3, 21 +23, 1+ 22) =
:{(ml,xl,xl) | 21 ER}:span{ (1,1,1) }1

For A\£0, Ax=)\r & A lx= )\x Consequently, A s the same
eigenspaces as A and the eigenvalues )\1 )\12 =—1, )\— %

The eigenvalues and eigenspaces of A are presented above (see A4).

Since Ax=Xz = f(A)z=f(\)z, the eigenvalues of f(A) are
f(i)=2—2i with the eigenspace span{ (1, —1i)},
f(—1)=242i with the eigenspace span{ (1,i)}.

(2 1, 21‘2, 21’3)}

SOLUTIONS for PARTIAL EVALUATION B

N422-3=0 = =L = ) =Cret+Cre .
)\2+2>\+1:0 = A=A =-1 = y(x):C'le_m—i—C’gxe_m.
N42X43=0 = Aj2=-1+iV2
= y(z)=Cre ? cosv2z+Cye " sin /22,
0 0 1 0-X 0 1
A=1 0 1 0 satisfies AT=A. 0 1-X O =0
1 00 1 0 0-—
N A=-1, {z | Ax=—x}=span{(1,0, — 1)}
Ae=X3=1, {x| Az=x}=span{(0,1,0),(1,0,1)}.
B 1y L
U= (*{5 \/i satisfies UUT =1. ‘/57 Lf A\ =0
V2 V2 V2 V2
N A =-—1, {z | Uz=—2}=span{(1, —v2—-1)},
Ae=1, {x | Ur=x}=span{(1,v2-1)}.
By using the change of variable m=—n, we get
(Mp, )= 2 Mp(n)p(n)= 32 (=n)e(n)=

n=-—s n=-—s

= 2 vm)e(=m)= > (m)llp(m)=(y,Ilp).

m=-—s m=-=s
We have I129) =1, for any v € H. For 1 #0,
Hy=X\p = IPY=XA¢Y = =AY = N=1 = A\j==1.
Bigenspace { | 1=} = {9 | (—n) =9(n)} has dim. s+1.
An even v depends on s+1 parameters: 1(0), (1), ...,1¥(s).

Bigenspace {1] I1=—} = {i[1b(—n) =
An odd v depends on s parameters: ¢ (—

—¢(n)} has dim. s.
0)=—(0) = 1(0) =0

s
(Flu). Flgl) = > FIIR) Pl
=5 D% ) S e o)
=i Y Y3 G p(m)
=X G ) ()
. = 3 T eln) =)
()= T 1= o .
G
(@b= 3 @)= 32 T ol
= % B neln)= 3 ) Q)= (4, Q).

(~@1,—@2,—w3)} PH=(FIQF) = F1QTF= FIQF - P,

For each me{—s,—s+1,...,s—1, s} the function

1)+ € du={ o o no

is an eigenfunction of @) corresponding to the eigenvalue m:
(Qdm)(n) =ndy,(n)=mdy,(n), for any n,

that is Q=m0 .

@ can not have more distinct eigenvalues than d=dim H.

The function FT6,, satisfies the relation
PF'6,=F'QFF'6,=F'Qd,,=m F165,,,

that is, an eigenfunction of P corresponding to m.

P can not have more distinct eigenvalues than d=dim H.

Om : {—s,—s+1,...,



