
Overview on UNITARY IRREDUCIBLE REPRESENTATIONS OF SU(2)
Nicolae Cotfas, version 30 Nov 2019 (for future updates see “Documente” at https://unibuc.ro/user/nicolae.cotfas/ )

• The Lie algebra of the group SU(2)=

{
g

∣∣∣∣ g† = g−1

det g = 1

}
=

{
g=

(
a b
−b̄ ā

)∣∣∣∣ a, b∈C
|a|2+|b|2=1

}
is the real 3D vector space su(2)=

{
u

∣∣∣∣ u† = −u
tru = 0

}
=

{
u=

(
iz −ix+y

−ix−y −iz

) ∣∣∣∣x, y, z∈R}
endowed with the additional operation [u, v]=uv−vu.

• If we identify the vector spaces R3 and su(2) in the way

(x, y, z) ≡
(

iz −ix+y
−ix−y −iz

)
,

O(3) is the group of transformations R : su(2) −→ su(2) satisfying the condition

det (Ru) = detu,

and the mapping SU(2) −→ SO(3) : g 7→ Rg, Rgu = gug†

is a morphism of groups with the kernel formed by ±I. The one-dimensional subgroups

gx(t)=

(
cos t

2 −i sin t
2

−i sin t
2 cos t

2

)
, gy(t)=

(
cos t

2 sin t
2

− sin t
2 cos t

2

)
, gz(t)=

(
ei

t
2 0

0 e−i
t
2

)
of SU(2) with the infinitesimal generators

Ix=

(
0 − i

2

− i
2 0

)
, Iy=

(
0 1

2

−1
2 0

)
, Iz=

(
i
2 0
0 − i

2

)
correspond to the rotations around Ox, Oy, Oz, respectively.
• The self-adjoint operators J

(j)
x , J

(j)
y , J

(j)
z :C2j+1−→C2j+1 defined by

J
(j)
z |δm〉 = m|δm〉

(J
(j)
x ± i J

(j)
y )|δm〉 =

√
(j ∓m)(j ±m+ 1) |δm±1〉

(*)

satisfy the relations [J
(j)
x , J

(j)
y ]=i J

(j)
z , [J

(j)
y , J

(j)
z ]=i J

(j)
x , [J

(j)
z , J

(j)
x ]=i J

(j)
y .

• In the case j= 1
2 , the operators defined by (*) are

Jx=

(
0 1

2
1
2 0

)
=i Ix, Jy=

(
0 i

2

− i
2 0

)
=i Iy, Jz=

(
−1

2 0
0 1

2

)
=i Iz

and gx(t)=etIx =e−itJx, gy(t)=etIy =e−itJy , gz(t)=etIz =e−itJz .
• In terms of the Euler angles,

SU(2)=
{

e−iαJze−iβJxe−iγJz
∣∣ 0≤α<2π, 0≤β≤π, −2π≤γ<2π

}
=


(

cos β
2 ei

α+γ
2 −i sin β

2 ei
α−γ
2

−i sin β
2 e−i

α−γ
2 cos β

2 e−i
α+γ
2

) ∣∣∣∣∣∣
0≤α<2π,
0≤ β ≤π,

−2π≤γ<2π

 ,

and the mapping

Dj :SU(2) −→ L(C2j+1), Dj
(
e−iαJze−iβJxe−iγJz

)
=e−iαJ

(j)
z e−iβJ

(j)
x e−iγJ

(j)
z (**)

is an irreducible (2j+1)-dimensional unitary representation of SU(2).
• If d=2j+1 is odd, then Dj(−g)=Dj(g) and consequently, the relation (**) defines

an irreducible representation of SO(3).
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