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EXERCISES

B Exercise 1
Find the general solution of the

y' — 6y +8y=0.
y" — 6y + 9y = 0.
y’' — 6y + 10y = 0.

B Exercise 2
Solve the equation

I2y// + y = O
B Exercise 3
Solve by two methods

(4zy + y)dx + (222 + x)dy = 0.

B Exercise 4
Solve by two methods
{9=
Yo = 3y1.
B Exercise 5
Solve the system of equations

Y1 =y —2y2
/
Yo = 251 + 2.
B Exercise 6
Solve the system of equations

@ {yi = 3y1 + Y2
!

Yo = 3Y2

equations:

SOME DEFINITIONS, THEOREMS and REMARKS

Theorem (Linear equations with constant coefficients).

The space of all the real solutions of
aoy(n)+a1y(n71)+ [N
where ag,...

+an—1y/+any =0
,an €R, is a real vector space of dimension n.

(1)
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Theorem (Primitives of a continuous function)

. We have
Primitives of [ are: F'(z)=f(z),
F: (a> b) _>R7 that 1s
f : (a, b) —R T
- = t)ydt+C T
continuous fO f() d(i(ff(t) dt) = f(x)
b) is fixed ’
2o € (a,b) s fixe for any € (a,b).

Theorem (Separable equations).

The solution y(x) of

y'=f(x)g(y)| is defined by

Yy
f 1du
Yo

Zo, Yo constants, 9(yo) #0.

f f@)dt+C

Remark
1 ;
y = [(ay)| BEBObe dy_ p(ay) | or[ £z, y)de—dy=0.]

Definition (Symmetric equations).

Zi;;g; is a solution of ’ P(z,y)dz+Q(z,y
P(p(t),(t)¢’

)dy=0] if
(O +Q(p(t), (1) (t) =

0, for any t.

Theorem (Ezxact equations).

9Q _ 9P

ox ~ Oy
in a simply
connected
domain D

Remark.

The function F:D—R,

F(x,y) :f7 Pdz+Qdy,
where v:[a,b]— D is an arbitrary path
connecting a fixed point (zg,yo) with (z,y),
defines a function satisfying the relation

P(z,y)dz+Q(x,y)dy=dF

In D, the equation P(z,y)dz+Q(x,y)dy=0 can be written as

dF'=0, and its solution is described implicitly by F(z,y)=

R4 | Remark. By denoting
Y (x)= (yl (z)

C.

A= ailp a2
yQ(Z) ’ a1 a2 )’

Remark.

In order to describe the space of all the real solutions
of (1), it is suficient to find some particular solutions

, Yn forming a basis in the space of solutions.

Y1, Y2, -
The general solution can be written as

y(l’) =01 y1<x)+02 y2<.7;)+ - +Cp yn(x)
where Cy, Cs, ..., C), are arbitrary real constants.

Definition. The polynomial
P()\) zao)\”—l—al)\"_l + .-
is called the characteristic polynomial
Theorem (Particular solutions).

’y(m) =eM is a solution of (

+a,—

1)\+an
of the equation (1).

1| [Py=0

Definition (Complezx exponential).

’ eletB)? — 00T o5 B+ e sin Sz ‘

Theorem. General solution of  agy”

P(\)=ap\?+aijA+az has the roots g
General solution:

./\17&)\26R = y(a:)

e =X\=)\ = y(z)=

o \io=axfi = y(r)=

Theorem ( Euler’s equation).

change

a2y ™ 4.t 1oy +any= 0\ —

2= 7 2a9

+a1y’ +azy=0.
alzt\/a174ag az

2(1()

=C; eA1$—|—02 et2?,
Cyer+Cyz e
C1 e*" cos fr+Coe™® sin .

linear equation with
constant coefficients

Y1 =a11y1+a12y2
Yo =a21Y1+a22Y2

can be written as

T8 | Theorem.

The space of all the real solutions of Y’'=

AY,

where a;; €R, is a real vector space of dimension 2.
Definition. The polynomial

aj;—A a
pN=|"" 12)\ =A?—(a11+a22)\ + a11a22 — 12021
az1 G2~
is called the characteristic polynomial of Y'=AY.
Theorem (Particular non-null solutions). P(\)=0 and

Y (2)= ({;) N £ (8

satisfies Y/ =AY &
) A1)

Theorem. If \; and Ay are the solutions of P(\)=0, then:

e A\, M€R

)
qj qj
linearly independent

] /\172:Oé:|:ﬂi¢R

A(8) = ()

= Y(I):Ol (pl) 6A11+CQ <p2) et
q1 q2

~ Y(@)=C1%e { (Z) e("“"Bi)’:}
o (2o

General solution can be
— found of the form
_[&a teor Az
Y(z)= <C3+C4JC) ¢
(only two of ¢; are indep.).



B SOLUTIONS
. Exercise 1. We use T2 and T3.
N—6A\+8=0 = A\ =2, \=4.

T3 = y(z)=C1e**+ Cyel®.
N—6A+9=0 = A =X =3

T3 = y(z)=0C1e3+ Cyxede.
N—6A+10=0 = A\o=3%i

T3 = y(z)=C1e** cosz+ Cye3*sinw.

B Exercise 2 We use T4, T2 and T3.
We use the change of variables:
T, r=et,
Y 2, =lInz,
Since y'(x)=z'(Inz)(Inz) =+ 2'(Inz),
y'(z)= (Inz),
in the new variables, the equation becomes
e?t (fe% z’+e% z”) +2=0,
that is

satisfying

L2 (Inz)+ 5 2"

— 2 4+2=0.
AF1=0 = Ajo=1+i3
i

Because A\2—

T3 = 2(t)=C)e? cos %+ Oy e? sin
and consequently,
y(z)=Cre's" cos(@ln z)+ Che's” sin(@ln x)
=C1 vz cos(éln z)+ Ca\/x sin(@ln x).
=C /x cos(V/3Iny/x)+ Co \/x sin(v/31ny/x).
B Exercise 3
Method 1. The equation is exact in D =R?:
O(4zy+y) _ 9(2z%4x)
Ty =l =S
By using T7 and the path
v:[0,1] = R%,  ~y(t)=(at,yt)
connecting (0,0) with (x,y), we get

F(z,y)= [(4zy + y)dz + (22 + z)dy

[(dzyt? + yt)z + (22212 + xt)y] di

t=1

|
e e )

4x2y§ + acy% + 2x2y§ + xy%) —o
=222y + zy.

The equation can be written as (see R3)
d(22”y + xy) =0,

and its solution, described by

222y + zy=C,
15 y:(a7b)_>R7 y(x):ﬁa

1

where (a,b) is an arbitrary interval not containing 0 or —=.

2

Method 2. We use T6. The equation, written as
y =
is a separable equation. Its solution is described by
d
J ?y:_ S/ Qi%ilmd:r +In|C|,

where [ % =a primitive of y»—)%
441 _ Y 4x+1
S dxr=a primitive of x+> 32T s

that is, by the relation
In |y|=—In|22%+2| + 1n|C|,
For = ¢{0, -4}, this relation can be written as

ly(z)| = y(r)= 5555

or 2z2+zx "

_C
222+

B Exercise 4
Method 1. We have
yi' = 3ys

yi = 3y2 1"
= —9y1=20.
{yé = 3y1. {yé = 3y1. o
T3 = yl(x):C’l 63m+02 e~ 37,

yi =3y2 = y2(x) =3y} (x)=C1e> —Cye3.

Method 2. The system can be written as Y’ =AY, where.
Y(r)= (yl(f”)> , A= (0 3) ,

ya () 30
0 = Mp2=33 and

o) (0)=2() = ()-6)
and conbeguentl}? gze ang '210 (2)) ) <_§> |

(e 3)—01 (De?%(-i

Cl 633:—‘1-02 e—3x,
(& e’ -y e 37,

In this case,
0—
3

(s

A

-

A
g
q

0—

that is
yi(z)=
ya2(z) =

Exercise 5. The system can be written as Y/ =AY, where.

SREORNIE)
2 1-X

y2(x)
‘:0 = Ao=1+2i and
(2 7))o () = (0)-(5)

By choosing the eigenvector 11)7 we get (see D2 and T10)

<y1(x)) =, Re { < _11> e(1+2i)a:} +CyJm { ( _11> e(1+2i)x}

Y2 ()

In this case,
1-x =2

e® cos2x e” sin 2z
=G (ex sin 2z ) +C (—em cos2x> ‘
that is
y1(z)=C1 e cos2x+Cse” sin 2z,
ya2(x)=C4 e sin 2z —Cy e” cos 2x.

Exercise 6. The system can be written as Y’/ =AY, where.
_(yi(x) (31
V(@)= (w(m)) A= (0 3)
We use T10. In this case,
37A 1 120 = A=M=3 and
0 3-x|" 1=A2me an
()[40 0)-o(() )
q q q 0
T10 = the general solution can be found of the form
_(cter s, . y1(z)=(c1+cam) €37,
Y(z)= <C3+C4JL‘) e, that is yo(z) = (c3+caz) €3%.
By direct substitution into the system, we get co=c3, ¢4 =0,
and consequently

x c1+cox 1 . x .
(B () or-a ()erse ()
that is
yl(I):Cl 631+CQI63‘T,
yo(2)=Co e3*



