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Abstract. This tutorial on the single-mode Gaussian states starts with a description of the mathematical
fundamentals. In the second part, we present in a concise way the main definitions/theorems,
and in the third part the proofs of the mathematical formulas.
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[ MATHEMATICAL FOUNDATIONS |
B TEMPERED DISTRIBUTIONS Theorem.

Vector space of fast decreasing functions Formally, F[1] = v2rhé

[ e wPtdg=21hé(p)

— 00

| p e C™(R) satisfying the relation can be written
SR)=qp:R—C limg 100 ¢* 0™ (q) =0, Vk,meN
. def . (m)
2| lim ¢,=0 <& lim su ’ k ’:0, Vk,meN.
e L F’qéﬂlﬁ q‘@n (9) @ (alp) =1
Vector space of tempered distributions

s SRy —C: | (f aetBY)=alf, o)+ B(f, ), w(a)zTéa(q)w(q)dq s
SRR en | S en=0 = i <f,<pn>=o} = = |l0)=] ol da
T s = [ ¢(q) 6(a) dg —oo

When it exists, the distribution

corresponding to a usual function é f — < _ S
f:R—C is defined by the relation —o0 {alb) <5“’5b> 0p(a)=0(a—b)

Theorem. By denoting | |a) =J, |, we formally get:

dayp)=wp(a) = |p(a)={(alp)

= |({a|by=d(a—Db)

Tjp) = f () lg) dq
. . . . def def 0
Dirac distribution | (04, ¢) = @(a)|and | (4, ¢) = ¢(0) = |1=[lq){q| dq
i Tawoa | 7 17
ultiplication of a distribution lef
by a function n(q) (when it exists) nfe) = ne) (n(q)da, )= < n(q)p ) —
o =(@)p(e) = (@) @) | = L1I) =nle) o)
Derivative of a distribution f (f',0) = —(f, ) S — (5 “
(@60, )= (a, qp) } - gla)=ala)
Change of variable (flaq+PB), ¢) d§<if © (LB)> =apla)={ade, )
’ el B GAUSSIAN FUNCTIONS OF ONE VARIABLE
B rOURIER TRANSFORM Definition. A Gaussian function is a function of the form
7 .  L(g—a0)?
Definition (F'*![y] exists only if the integral is convergent). g:RXR—R, g(g)=e 210
Fourier transform R ot o where k€ (0,00) and gg €R.
of ¢p:R—C FEUp)(p) = leh [eTrPip(q)dg Theorem. =
is Flp]:R—C, —00 [ e~ 310490 gg = [2m
Remarks. | F-1=Ft| | F~1[g]=F[g]| where ¢(q) < o(—q) —
; o : 7 3 T qebrle-0) gg—go. /22
Theorem. [ (Flgl) = P~ tap(@)] | and | Flo/)(p) = 1p Flg)(p) Jgeinm dg=qo\/3;
Theorem. ¢cS(R) = F*[p]eS(R). 7’0 q e—%ﬁ(q—%)qu:% I
... Fouri - def , , £ —oo
Definition. 70TiEL BT O | (F4114], )2 (1, P41 ) =
A P - AN +ipg n—3kq® g, 1 —11p?
[6] Theorem. [(FIf]y =F[—iqf]| and [E1r]=1p FL1)] J etenind dg= ey
(F[6a), )= 0a, I} Fl5,)= A o~Hoa B GAUSSIAN FUNCTIONS OF TWO VARIABLES
= \/lehfe—% 4y (q)dg F[(S] _ 217rh Definition. A Gaussian function is a function g:RxR—R,
~ - ~ ~ - ,l(, —po) a b q— qo0
Flo)= A = F1=F[1|=v2rhé = | E[l]=2xhs glgp)=e =T (50 Gon)
mh — o~ 3la(a—q0)*+2b(a—q0) (P—po)+c(p—po)?]
B DIRAC FUNCTION da(q) (a€R is a parameter) where o= (Z z> has real entries, o >0 and (qo, po) € R?.
Formally, that is, in a symbolical way Theorem.

2]

R2

or=] f@eda \ o) =T ola) da

petom e (3R

q—4o

27
Vdet o

(6 0) = p(a)

where the right hand side is not a true integral, but —3(a—q0 p—po)o (Z: Z‘; ) B
in many cases it behaves similar to an integral, and . Rf2 ae dgqdp=qo
def [ 0 for gq#a . ) ‘ 1 Yo q0
q—d4(q) = { 0o for gea © the Dirac function. f pe 9—do p—po (
Theorem R2 1 ( o
<5(q—a)7(p :<5 (q-|—a)> } 2 *E(CI*QO pP—po) o P — Do
: A e G| RS
—pl()= (50, ) la) =0t e
1 q—q
bead=(roe () | _ [ea=go@] | fpetoe oG
= Le(0)=( &0, ¢ 5(—q)=4(q) R2
laf o L 7—a
f e—g(q—qo p—po) & (
Sal@)=0(g—a)=0(a—q)=d4(a) = | du(g)=0,(0) Jap

P p°>dqdp=po
)dqdp:(@wé) =
>dqdp( 5 +p)

P = Po )dqdpz (3eis +a0p0) ¢§%

27
Vdet o

27
Vdet o

Vdet o

vV det




Definition.
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Fourier transform of ¢:R2—C is F[p]:R2—C

~ def i
FEQ](p1, p2) = o [ eTnratr2a2)y(qy o) dgydgy
RQ

Theorem
o q1 _1 N o~ P1
ol b <q2>](p1,p2)= 1 e Y

B HILBERT SPACE /2

def
62 é {(Oé(),al,(lg, )

o0
an €C, Z |Ozn2<oo}

(v, a1, 2, .., (Bo,ﬁuﬁz,-.-))def S Gin B

|6 |l HILBERT SPACE L*(R)

L*(R)=

{\I/:R%(C, T=3 a,¥

n=0

n=0

where

Theorem. ’S(R) CL*(R)CcS'(R) ‘

[6]

Theorem.

KZ%LZ(R)Z(O((),OQ,QQ,

an isomorphism

Theorem. The position and momentum operators

ng lgd—equ q)

satis
PV = —1h \I/ 7y

Theorem. The annihilation and creation operators

)HT;OO‘"\D“ I8 of Hilbert spaces
T Qla)=aa)
P=FtQF || A_F
=1 = d
0. Pl=ih Q _{OQ|Q><Q| q

B FOCK SPACE

F¥

where {|0),]1), [2),.

satisfy

Pernt=gern

dlllln> =\n |\Ijn—1>
dT|\Iln> =vn+1[V,11)
de|\Pn> =n|¥,)
[a,af]=1

{£ | anee, £ jan<oo}

..} is a fixed orthonormal system.

Theorem. The annihilation and creation operators

A1y def B ia
a|nzef— Viln—1) satisfy “ aJ A>T )
atn) = Vn+1|n+1) [a,a']=1

Theorem. The position and momentum operators

IIw

33

Qe
P

(a+ah)

A

at)

satisfy| 4= 77 (Q+i

Definition. Displacement operators

Coherent stat

Theorem.

[6]

D(\) & ra-xa AeC
:e—MeAdTe—/_\d A= 1 (q—|—pi)
R T
=er P9~ =D(q,p)|  (q,p)€R?

s A< D()[0) AeC

def
=D(q,p)|0) =|q.p) | (a:p)ER?
=i 3 S5 in) || ald)=A)

%gwwdﬂzﬂ

o [ la,p){q, p| dgdp=1
R2

o0
an€C, 3 Jon[*<oo } B LINEAR OPERATORS
=

When the series/integrals are convergent:

Definition.
(A, B AB-BA
tr A% §O<n|A\n>

(<]

(A, B) tr(ATB)

[+]

ALl S L AN T4 1AL A1 LA 4

n= O

Theorem.
|[4, BC]=B[A,C]+[4, BIC|
6] trA:jj(qIAI@ dq
| tr(AB)=tr(BA)|
8 W(g) =W () + &V () + 5 ¥ () + - =TV(g+a)
5| 5k o) = et
eABeA=B+L[A, B+ 4[A, A, B]]+
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SINGLE-MODE GAUSSIAN STATES

[POSITION AND MOMENTUM OPERATORS | [ DISPLACEMENT OPERATORS ]|

m Hilbert space B Displacement operators
(njm) = 5nm D(\) & ra’—xa A=—L (q+pi
— = q+p1
L2(R) = —spmnf(0) 1) 2] | 3° ) nf = T et sa Vo (1+PY)
n=0 e MaPa=451dgd
B Theorem. The annihilation and creation operators — e3Pl 79PerPR | T 2nk 14 0P
aln) % /m ln—1) . |ataln)=n|n) =enrd=al) A=), x=("
def satisty | © o o =e~#ATQR= p(A) D Yy
af|ln)  Vn+1|n+1) [a,a']=1
B Theorem. The position and momentum operators ® Theorem. : :
Qdef\/g( h 0, P|=ih D(g,p)¢(a) = e7 2P erP ¢pla—g)
= b) a“ra . N1 N LA -
Pt iy || Ao (alDlg,p)|p) ="+ )5(a—b—q)
2 a'=——=(Q—i
i D(A)D(X)=e M 2XD(A+X)
B Commutation relations
Q.P)=ih DW=DEN] (1).x=(2)
o (R \aer (O P 0 1 tr D(A)=27h (A p) Y
=(5)2(3) T o-(t ) @ Emamey MU
[6] Theorem. [S(®)c 2®)<5 ®)] | (D(a,p), D(w,y)) =27hd(q—=) 5 (p—y) |
Theorem. By extending Q and P up to S'(R), formally : F1D(q,p)F=D(=p,q)
Qla)=ala)
e A P PARITY OPERATORS
Ququ | | Q=Jda)aldg ©l| ‘
@ la >def6 . ;200( ) . @ B Parity operators
_ en? w q :eﬁaqw q def def ata
(a|QIb) = a 6(h—a) I1(A) = D(A)IID'(A) | where |II= (1)
B Theorem.
P=FtQF - =
<Q|C~L>:Q1 erad H¢(Q)=¢(—q) FZZH:(FT)Q
12 LT Vo ;
Pot i Pla)=ala) (g, p)¥(a) = e~ 71" y(2g—a)
= —1 o _ :
I >defFT‘ > = H:7L|p><p|dp <a|H(q,p)|b>Ze%p(a_b)(S@q—a—b)
p= fplp (5| dp | (2M(g, p), 21 (=, y)) =27hd(q—) 6(p—)
16 ia P p -
16| My =vie—a)| [ Fnf=n| [Fing.p)F=1(p.q)




D]

WEYL TRANSFORM, CHARACTERISTIC
AND WIGNER FUNCTION

H Definition.

Density operator = an operator ¢ such that {

06>0
tro=

m Definition.

Characteristic function def
of an operator O x[O](A) = tr(O D(A))
Weyl transform of s as def _(q
an operator O O™ (A)=2tr(O1I(A)) (A= <p)

Wigner function

of a state 0 Wol(A) = 550" (A) = ﬂlhtr(@H(A))
B Theorem. [ : A 20
0= [ X[O](A) D(—A)d?A | °A=dqdp
7o J XOIN) DEA) X = d dy

(=] [=]

(o] [e] []

—_

— —
|| o

1

= [ e #P(q+£[0lg— %) da

— 00,

0% (q,p)
W[Q](q p) e*%m<q+%‘é‘q7%> da

WI(ESE(q,p)=W[8](—p, q)

e #ATOX D(X) 2 X Xz@)

27rfL

=

(A)= 471rh
R2

1

5] [g] [g]

15

WI2l(8)=Wal(a.»)= ey | e~ #ATOX [0)(X) d2X

X[Bl(X)=x[8](z,y) = [ R XX W[g](A) d2A
RQ

B Theorem. If o=

[1){(¢] is a pure state, then:

(o}

W(al(q,p)== [ e w27 (g—z) P(g+z)do

700

= e et FRIp—y) FIu)(p-+y) dy

JWlal@) dp= g9 [ WIG(A) dg=| P (p)
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[ SINGLE-MODE GAUSSIAN STATES |

B Definition.
For two linear operators A and B !

Mean value of

an observable O ™ state 0

First-moments A\ def A
vector in state 9 (R)=tr(oR)=

4 matrix

Covariance <
in state ¢

B Theorem.

6] (@ (d)=q"| | R

B Theorem.

Ifo—(an U12> satisfy

oi; €R r
* andr=(')eR?
012 0922 c>0 ro

then the Gaussian function

Wlo(X)= m/dle?

e 2(X )Tg_l(Xfr)

@ is the Wigner function
of a quantum state o

In this case{

B Definition The quantum states described in the
previous theorem are called Gaussian states.
The state o from theorem, well determined
by o and r, is sometimes denoted by o(o,r).
B Theorem.
The characteristic function of o(o,r) is the

Xlo](A) =e3AT Qs A=

& a—|—%020.

r= first-moments vector in state 0
o= covariance matrix in state 0.

Gaussian
function

iATQr

B Definition.

B Theorem.
The purity of the
Gaussian state

_ 1
,U(Q(O'z I‘)) = QM
B Theorem.

Coherent state

-llqp :<é g),r:(§>.

B Theorem. Thermal state (where f=hw/(kgT))

Purity of a state g is | u(o) dc£tr(g2)

o(o,r) is

is a Gaussian
D(q,p \O)‘ state with

is a Gaussian
state with

H2N 0
o= ( 2 1+2N)
0 2

o—Bala nata
tr ( —/mfn) (1+N)a1'a,+1

ity = (%) Imom

m=0

l/th(N) =




GAUSSIAN TRANSFORMS

B Theorem.

] [&] [ef]

bt (2) pwr=(2)+(3)

For a= %(a—i—bi) €C and an operator O, we have:

H Theorem.

H=Aata+B(a")?+ Aaat +Ba? | A,

we have:

(o] [=] [4]

10’

For a state o and a transform with

BeC

(@)= ) @)

WOOU!)=....|

where S=..

B Theorem. For a Gaussian state o= (o, d) with

Wo](X)=—=

v det o

o= H(X—(R)T o (X —(R))

and a transform U= | with

H=i(\af+Aata+B(a")?)+h.c.
we have:

W[UoU(X)=.......

that is, UoUT is also a Gaussian state, namely

Uo(o,d)UT = o(SoST +d, Sd)

MNABeC
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H Definition.

Symplectic group def

Sp(2,R) %' { FeGL(2,R)

| FQFT=0Q}

B Theorem. Under the transformation R — R'=FR,

ramain

> I OH
o | Rip=e dR, | invariant

o | [Ry, Re| =i

B Theorem (Williamson).

FeSp(2,R),
24

there
exist

B Theorem There exists a one-to-o

ramain
invariant

<~ FeSp(2,R).

< FeSp(2,R).

such
that

_fd 0 T
O’—F<0 d)F

ne CO’/‘T@SpO’]’LdCTLC@

Ug +— S| such that UI

B

between the transforms of the form

U, —e 31 | with

H=oadata+p(a")2+Ba%+aaal

aclR
pseC

and the elements S of Sp(2,R).
B Theorem (Phase shift).

symplectic matrix

s At,\
e ifa'a

U9)= —

cosf sinf
Ro= ( cos 9)

(ir (OgéU(e):e*iﬁa = Ut(9) (Z) U(6) = < cosd

—sin@

—sind
sinf\ (q
cosf ) \p

symplectic matrix

Single-mode
B Theorem ( squeezing >

E=rel? | §(£)=ealt@)’ g% |

Re

Ye¢=coshr I +Re,

. cosy  sinwy
=sinhr <sin Y  —cos 1/1)

Proof.

coshr

St(€) (Z) S)= <ei¢ sinh 7

e'¥ sinh r a
coshr b/’
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' PROOFS|

’ Mathematical foundations

(Fle) (P)= A= i Je mP%p(q) dg
oo .
== [(=%p) e 7P%(q)dg f
LT Hdef g 4at
= Fl-1ae(@) () °- Vi o) () if -3
Fle)(p) =73 [oh710'(q) dg PEAYI@-aD = e-ah g )
> , /\Zﬁ@ﬁ-pl)
__\/2175 (e_hpq) ©(q) dq By ublng , we get
LA e,\aT—Aa:e—%[mt—,\a]e,\a*e—xa
=50 Flel(p) 2
—o-latalghal o—xa
(B o) =—(Flf. ) = (. Fle) =¥ e
Y P) = Yo )=\ LY i A i P inAl _ingD ind
i 7 i " S F(PQ—aP) — o—3[—74P, 5PQl o~ 9P o7 PQ
) =—(f. 5P Flel) = (—3p £, Fle]) =(F[-4a f], #) °r POl tab
(FLf] oy =" Floh) =—(f, (Fle])) o =e _l’ﬁei”; ent
= =—(f, Fl=ap(0)]) =(F[f], a¢(a)) = (zp F[f], ¥). =ezbleTnd enl™.
@2 J6
[t p—po)a(g:gg)dqdp tr A= z (n|Ajn) = 20<n|11Amn>
R2 o 00 0o n=
— [ o~ lala=a0)*+2b(a=00)(p=p0) +e(p10)*] Gy 2_)0 | J (nla){glAla){aln)dgda
® M g-a g p-pop T T AlaVdad
L2 > = | | X {aln)(nlg){alAla)dgda
=/ o~ 3laa* +2bap+ep’] goqp —oo—oon=0
: = [ [ (alg){g|Ala)dgda
:fe—%(q+§p)26*%(0*%>1’2 dqdp —%0 —%0
o g+iprq, prop =:£O;£O 6(a—q) (q|Ala)dgda
= [ e 3T dg [ e dp = [ {alAlg) dq
I D2
2 2am o0
- Vo \deto m tr(AB)= Zo<n|AB|n>
@3 0" 5
_1l(g— p)o (4790 =2 > (n[AIm)(m|B|n)
fqe 5(¢—qo0 p—po) (P_p")dqdp n=0m=0
R2 pr— =
_fq o3 [a(a—40)*+2b(g—q0) (p—po) +c(p—p0)°] dgdp m§0n§0<m|3|n><n|1‘l\m> tr(BA).

In view of Taylor’s formula:

b g=q@—q p—po—p o wd  a?d
€ dqq](Q):(H‘i’TT]“” o1 dq2+ )\P(Q)

= [(q+qo) e~ 190" +2ap+<™] dgqp

a ‘ U (g)+ V() + SV )+
a 2 1 p2),2 _
:f(quQO)efi(‘”g”) e 5(e=t)r dqdp =¥(g+a)

2

Vg+iprra, pep 39 o
= [(g—p+ao)e 37" e 577" dgdp The derivative of the operator F(t) = et/ etF e~ tHA+E5)
R2 depending on the real variable ¢ satisfies the relation
}O ge 37 dg f e= %5520 dp F(t) = [A etB]e=t(A+B) which can be written as

F/(t)=t[A, B] (t). By starting from this equation written

_Q 7‘0 e aqz d 70 e7 dzza 2 . 1 1 A
a q 7oop as (In F)'=t[A,B] we get the relation f (In F) ’dtzft [A,B]dt
+q0 f =39 dg [ e %5e2P” dp leading to F(1) = e3[AB] that is e eB e~ (A+B) = e2[ L.B],
—00 —co

1 D2

— 27 2am __ 2
=4qo a dcta'_qox/detg'

’Position and momentum operators




AT

S
Qla)=Qb,=qda=0ad,=ala) (qla) = (q|Ft]a) = FT[54](q)
ASI 1 o0 i 1 i
) ) s == f ehpqda(p)dp: = er%d,
Q=01=0 | lg){gldg VAR e Ve
Oo N ) B )
= [Qlg)(gldg= [ qlq){q|dq. Pla)=F'QFF'|a) = FQ|a)
—o0 — :FTa|a>:aFT|a>:a|&>.
Ay

=]
|

e#2Qy(q) (

H‘,_.

s 1 Q)+ Yew
W)+ (Eag) (g)+ - :_loFflpMp\de:_{olﬁMﬁldp-

A15

’_"H :"\'-‘

2 >Q
Br\
I

¥

L
eh

(
By usin g , we get

N .
FORI() Tk MO ) () d P=Pl= [ P|p)(p|dp= [ plp)(p|dp.
m_ooe“’q p)dp i — ~od
:wlTh Te%Pqu[w](p)dp e—%aﬁwq):e(“(ﬁ;w(q) o
L ey S S R R
= e _[erT W) 4 — ()~ 9/(q) + 20" (q)
= —ihET[E[Y]](q) =il (q) —b(g—a).

=—ihg¥(q)

’Displacement operators‘

B4/
D(A)D(X)yp(a)=D(q, p)D(x,y)¥(a)

BY’ =e 7pqeﬁpa(D(x y))(a—q)
Qdéf\/é(fw—fﬂ) D(/\)dgfemT—Xa — e 2RPd o PAe— 25 Y o ry(a— D yp(a—q—x)
paef g(a ity = —er(PQ—qP) —e ?h(;y pT) o= zh(p+y)(q+z)eh(p+y)a¢(a q—1)
)\—m( ) :e—%ATQRdéfD(A). =e ?iqéjie 2ﬁ(P+U)(Q+w)eh(p+y)a¢(a q—z)
Byusing, we get: e D(A+X)y(a).

raf=Aa _o—3hal,—xalgral o —Aa BY
_ oA lat algha’ -2 Di(q.p)= (eF00-17) !
_ o B il g—Ra — e #(PQ=aP) = D(—q, —p)=D(—A)
e (PQ—aP) _ o= 3[-£aP.+pQlo—£aP o 1rQ -
o 5o palP.Q) 4P o kO 56 N L
o diria—haPaind wD(A)= | (alD(g,pla)da= | es?@+05(a—a—g)da
—0o0 — 0o
!/ oo .
b2 D(g, p)d(a)=(a| D (q D)) :6(q)7£oe%p“da:27rh5(q)6(p):27rh(5(A)
(alediraehaP kil |y) 57
=ezrrle” £1P (e1PQy)(a) (D(g,p), D(x,y))=tr (D' (q,p)D(,y))
=e2P(ehP2y)(a—q) =tr (D(=q, —p)D(z,y))
—e qehp(a—q)w(a q) :e%(qyfpr)trp(x_%y_p)
—e 2Pl eniP op(a—q) =2rhe2r (WP §(qg—x) §(p—y)

B =2mhdé(q—x)d(p—y)
a|lD by =e~2rP4 7P 5y (q B8

Pl —e— thqehpabé(ang) P?FTQ}% = FTPE=(FN2QF?=11Q1 }
—e~ 2 P(00) 050 §(q—h—q) HQHdJ(CI):QHw(_Q)_:T(IHw( a)=—qv¢(q)
=e2P(a+b)§(q—h—q) = F1D(q,p)F=F1 (ex@Q=aP)) |

eg(phatFTQF qhatF'PE)
— ot (PP+aQ) _ D(—p,q).

’Parity operators‘




02/ 05/

(I1(q, p), 211 (, y)) =4 tx(IT* (g, p) I(, y)) = 4tr<H< Pz, y))
15 (q) = a1 = a1 3 ) (n}v) = 3= o)) o _4tr<f§<q,p> Di—g )Dia. DD )
— 4te(D(— 2, —3)D{g, pILD(—q, —p)D(a, )11
f<q|ng0<— Ik |n><n\w>fng0<—1> (gln) (nl) —tta(1l{g—z,p—y)IT)
= 3 (1) (@) (T ) = 3 W (—) (W) —4 ] [ alli(g—, p—y)[b) (b]1T]a) dbda
n=0 n=0 —00 —00
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