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Abstract. This tutorial on the single-mode Gaussian states starts with a description of the mathematical
fundamentals. In the second part, we present in a concise way the main definitions/theorems,
and in the third part the proofs of the mathematical formulas.
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MATHEMATICAL FOUNDATIONS

A TEMPERED DISTRIBUTIONS

1 Vector space of fast decreasing functions

S(R)=

{
ϕ :R−→C

∣∣∣∣ ϕ∈C∞(R) satisfying the relation
limq→±∞ qk ϕ(m)(q) = 0, ∀k,m∈N

}
2 lim

n→∞
ϕn=0

def⇔ lim
n→∞

supq∈R

∣∣∣qk ϕ(m)
n (q)

∣∣∣=0, ∀k,m∈N.
3 Vector space of tempered distributions

S ′(R)=

{
f :S(R)−→C :

ϕ 7→ 〈f, ϕ〉

∣∣∣∣∣ 〈f, αϕ+βψ〉=α〈f, ϕ〉+β〈f, ψ〉,
lim
n→∞

ϕn=0 ⇒ lim
n→∞

〈f, ϕn〉=0

}
4 When it exists, the distribution

corresponding to a usual function
f :R→C is defined by the relation

〈f, ϕ〉def
=
∞∫
−∞

f(q)ϕ(q) dq

5 Dirac distribution 〈δa, ϕ〉
def
= ϕ(a) and 〈δ, ϕ〉def

= ϕ(0)

Definition.
6 Multiplication of a distribution f

by a function η(q) (when it exists)
〈η f, ϕ〉def

= 〈f, η ϕ〉

7 Derivative of a distribution f 〈f ′, ϕ〉def
= −〈f, ϕ′〉

8 Change of variable 〈f(αq+β), ϕ〉def
=
〈

1
|α|f, ϕ

(
q−β
α

)〉
B FOURIER TRANSFORM

1 Definition (F̂±1[ϕ] exists only if the integral is convergent).
Fourier transform

of ϕ :R→C
is F̂ [ϕ] :R→C,

F̂±1[ϕ](p)
def
= 1√

2π~

∞∫
−∞

e∓
i
~ pqϕ(q) dq

2 Remarks. F̂−1 = F̂ † F̂−1[ϕ]= F̂ [ϕ̌] where ϕ̌(q)
def
= ϕ(−q)

3 Theorem. (F̂ [ϕ])′= F̂ [− i
~qϕ(q)] and F̂ [ϕ′](p)= i

~p F̂ [ϕ](p)

4 Theorem. ϕ∈S(R) ⇒ F̂±[ϕ]∈S(R).

5 Definition. Fourier transform of
a distribution f 〈F̂±1[f ], ϕ〉def

= 〈f, F̂±1[ϕ]〉

6 Theorem. (F̂ [f ])′= F̂ [− i
~q f ] and F̂ [f ′]= i

~p F̂ [f ] .

7 〈F̂ [δa], ϕ〉=〈δa, F [ϕ]〉

= 1√
2π~

∞∫
−∞

e−
i
~ aqϕ(q) dq

 ⇒
F̂ [δa]= 1√

2π~ e−
i
~ aq

F̂ [δ] = 1√
2π~

8 F̂ [δ]= 1√
2π~ ⇒ F̂−1[1]= F̂ [1]=

√
2π~ δ ⇒ F̂ [1]=

√
2π~ δ

C DIRAC FUNCTION δa(q) (a∈R is a parameter)

1 Formally, that is, in a symbolical way

〈f, ϕ〉=
∞∫
−∞

f(q)ϕ(x) dq

〈δa, ϕ〉=ϕ(a)

⇒ ϕ(a)=
∞∫
−∞

δa(q)ϕ(q) dq

where the right hand side is not a true integral, but
in many cases it behaves similar to an integral, and

q 7→δa(q)
def
=

{
0 for q 6=a
∞ for q=a

is the Dirac function.

Theorem.

2
〈δ(q−a), ϕ〉=〈δ, ϕ(q+a)〉

=ϕ(a)=〈δa, ϕ〉

}
⇒ δa(q)=δ(q−a)

3
〈δ(αq), ϕ〉=

〈
1
|α|δ, ϕ

(
q
α

)〉
= 1
|α|ϕ(0)=

〈
1
|α|δ, ϕ

〉  ⇒
δ(αq)= 1

|α|δ(q)

δ(−q)=δ(q)

4 δa(q)=δ(q−a)=δ(a−q)=δq(a) ⇒ δa(q)=δq(a)

Theorem.

5 Formally,
F̂ [1] =

√
2π~ δ

can be written
as

∞∫
−∞

e−
i
~ pq dq=2π~ δ(p)

Theorem. By denoting |a〉≡δa , we formally get:

6 〈a|ϕ〉=〈δa, ϕ〉=ϕ(a) ⇒ ϕ(a)=〈a|ϕ〉

7

ϕ(a)=
∞∫
−∞

δa(q)ϕ(q) dq

=
∞∫
−∞

ϕ(q) δq(a) dq

 ⇒ |ϕ〉=
∞∫
−∞

ϕ(q) |q〉 dq

8 〈a|b〉=〈δa, δb〉=δb(a)=δ(a−b) ⇒ 〈a|b〉=δ(a−b)

9

I|ϕ〉def
= |ϕ〉=

∞∫
−∞

ϕ(q) |q〉 dq

=
∞∫
−∞
|q〉〈q|ϕ〉 dq

 ⇒ I=
∞∫
−∞
|q〉〈q| dq

10
〈η(q)δa, ϕ〉=〈δa, η(q)ϕ〉

=η(a)ϕ(a)=〈η(a)δa, ϕ〉

}
⇒ η(q)|a〉=η(a) |a〉

11
〈qδa, ϕ〉=〈δa, qϕ〉

=aϕ(a)=〈aδa, ϕ〉

}
⇒ q|a〉=a |a〉

D GAUSSIAN FUNCTIONS OF ONE VARIABLE

Definition. A Gaussian function is a function of the form

1 g :R×R−→R, g(q)=e−
1
2κ(q−q0)2

where κ∈(0,∞) and q0∈R.
Theorem.

2
∞∫
−∞

e−
1
2κ(q−q0)2dq=

√
2π
κ

3

4

∞∫
−∞

q e−
1
2κ(q−q0)2dq=q0

√
2π
κ

∞∫
−∞

q2 e−
1
2κ(q−q0)2dq= 1

κ

√
2π
κ

5
∞∫
−∞

e±ipq e−
1
2κq

2

dq= 1√
κ

e−
1
2

1
κp

2

E GAUSSIAN FUNCTIONS OF TWO VARIABLES

Definition. A Gaussian function is a function g :R×R→R,

1 g(q, p)=e
− 1

2 (q−q0 p−p0)

(
a b
b c

)(
q − q0
p− p0

)
=e−

1
2 [a(q−q0)2+2b(q−q0)(p−p0)+c(p−p0)2]

where σ=
(
a b
b c

)
has real entries, σ>0 and (q0, p0)∈R2.

Theorem.

2
∫
R2

e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp= 2π√

detσ

3

4

5

6

7

∫
R2

q e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp=q0

2π√
detσ∫

R2

p e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp=p0

2π√
detσ∫

R2

q2 e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp=

(
c

detσ+q2
0

)
2π√
detσ∫

R2

p2 e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp=

(
a

detσ+p2
0

)
2π√
detσ∫

R2

qp e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp=

( −b
detσ+q0p0

)
2π√
detσ

2
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Definition.

Fourier transform of ϕ :R2→C is F̂ [ϕ] :R2→C

2 F̂±1[ϕ](p1, p2)
def
= 1

2π~
∫
R2

e∓
i
~ (p1q1+p2q2)ϕ(q1, q2) dq1dq2

Theorem.

3 F̂

[
e
− 1

2 (q1 q2)σ

(
q1
q2

)]
(p1, p2)== 1√

detσ
e
− 1

2 (p1 p2)σ−1

(
p1
p2

)

F HILBERT SPACE `2

1 `2
def
=

{
(α0, α1, α2, ...)

∣∣∣∣ αn∈C, ∞∑
n=0
|αn|2<∞

}
2 〈(α0, α1, α2, ...), (β0, β1, β2, ...)〉

def
=
∞∑
n=0

ᾱn βn

G HILBERT SPACE L2(R)

1 L2(R)=

{
Ψ:R→C, Ψ=

∞∑
n=0

αnΨn

∣∣∣∣ αn∈C, ∞∑
n=0
|αn|2<∞

}
2 where Ψn(q)

def
= 1√

2n n!
√
π
Hn(q) e−

q2

2

3 〈Ψ,Φ〉def
=
∞∫
−∞

Ψ(q) Φ(q) dq

4 Theorem. S(R)⊂L2(R)⊂S ′(R)

Theorem.

5 `2→L2(R) : (α0, α1, α2, ...) 7→
∞∑
n=0

αnΨn is an isomorphism
of Hilbert spaces

Theorem. The position and momentum operators

6
Q̂Ψ(q)

def
= qΨ(q)

P̂Ψ
def
= −i~ d

dqΨ
satisfy

P̂ = F̂ †Q̂F̂

[Q̂, P̂ ]=i~

Q̂|a〉=a |a〉

Q̂=
∞∫
−∞

q|q〉〈q| dq

P̂ e
i
~aq=a e

i
~aq

Theorem. The annihilation and creation operators

7
â

def
= 1√

2~ (Q̂+iP̂ )

â†
def
= 1√

2~ (Q̂−iP̂ )
satisfy

â|Ψn〉=
√
n |Ψn−1〉

â†|Ψn〉=
√
n+1 |Ψn+1〉

â†â|Ψn〉=n |Ψn〉
[â, â†]=1

H FOCK SPACE

1 F def
=

{ ∞∑
n=0

αn|n〉
∣∣∣∣ αn∈C, ∞∑

n=0
|αn|2<∞

}
where {|0〉, |1〉, |2〉, ...} is a fixed orthonormal system.

Theorem. The annihilation and creation operators

2
â|n〉def

=
√
n |n−1〉

â†|n〉def
=
√
n+1 |n+1〉

satisfy
â†â|n〉=n |n〉

[â, â†]=1

Theorem. The position and momentum operators

3
Q̂

def
=
√

~
2 (â+â†)

P̂
def
= −i

√
~
2 (â−â†)

satisfy

[Q̂, P̂ ]=i~
â= 1√

2~ (Q̂+iP̂ )

â†= 1√
2~ (Q̂−iP̂ )

Definition. Displacement operators

!4

D(λ)
def
= eλâ

†−λ̄â

=e−
|λ|2
2 eλâ

†
e−λ̄â

=e
i

2~pqe−
i
~ qP̂ e

i
~pQ̂

=e
i
~ (pQ̂−qP̂ ) =D(q, p)

λ∈C
λ= 1√

2~ (q+p i)

1
πd

2λ= 1
2π~dq dp

(q, p)∈R2

5 Coherent states
|λ〉def

= D(λ)|0〉
≡D(q, p)|0〉 def

= |q, p〉
λ∈C

(q, p)∈R2

Theorem.

6 |λ〉=e−
1
2 |λ|

2
∞∑
n=1

λn√
n!
|n〉 â|λ〉=λ|λ〉

7
1
π

∫
C
|λ〉〈λ| d2λ=I 1

2π~
∫
R2

|q, p〉〈q, p| dqdp=I

I LINEAR OPERATORS

Definition. When the series/integrals are convergent:

1 [A,B]
def
= AB−BA

2 trA
def
=
∞∑
n=0
〈n|A|n〉

3 〈A,B〉def
= tr(A†B)

4 eA
def
=
∞∑
n=0

1
n!A

n=I+ 1
1!A+ 1

2!A
2+ 1

3!A
3 + · · ·

Theorem.

5 [A,BC]=B[A,C]+[A,B]C

6 trA=
∞∫
−∞
〈q|A|q〉 dq

7 tr(AB)=tr(BA)

8 ea
d
dq Ψ(q)=Ψ(q)+ a

1!Ψ
′(q) + a2

2! Ψ′′(q)+· · ·=Ψ(q+a)

9
[A, [A,B]]=0
[B, [A,B]]=0

}
⇒ eA+B=e−

1
2 [A,B] eA eB

10 eÂB̂e−Â=B̂+ 1
1! [Â, B̂]+ 1

2! [Â, [Â, B̂]]+ ...

3
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SINGLE-MODE GAUSSIAN STATES

A POSITION AND MOMENTUM OPERATORS

Hilbert space

1 L2(R)≡F=span{|0〉, |1〉, |2〉, ...}
〈n|m〉=δnm∞∑
n=0
|n〉〈n|=I

Theorem. The annihilation and creation operators

2
â|n〉def

=
√
n |n−1〉

â†|n〉def
=
√
n+1 |n+1〉

satisfy
â†â|n〉=n |n〉

[â, â†]=1

Theorem. The position and momentum operators

3
Q̂

def
=
√

~
2 (â+â†)

P̂
def
= −i

√
~
2 (â−â†)

satisfy

[Q̂, P̂ ]=i~
â= 1√

2~ (Q̂+iP̂ )

â†= 1√
2~ (Q̂−iP̂ )

Commutation relations

4 [Q̂, P̂ ]=i~

5 R̂≡
(
R̂1

R̂2

)
def
=

(
Q̂

P̂

)
[R̂k, R̂`]=i Ωk` Ω=

(
0 1
−1 0

)
6 Theorem. S(R)⊂L2(R)⊂S ′(R)

Theorem. By extending Q̂ and P̂ up to S ′(R), formally :

7

8

9

10

Q̂ψ
def
= qψ

|a〉def
= δa

⇒

Q̂|a〉=a |a〉

Q̂=
∞∫
−∞

q|q〉〈q| dq

e
i
~aQ̂ψ(q)=e

i
~aqψ(q)

〈a|Q|b〉=a δ(b−a)

11

12

13

14

15

16

P̂ψ
def
= −i~ d

dqψ

|ã〉def
= F̂ †|a〉

⇒

P̂ = F̂ †Q̂F̂

〈q|ã〉= 1√
2π~ e

i
~aq

P̂ |ã〉=a |ã〉

I=
∞∫
−∞
|p̃〉〈p̃| dp

P̂ =
∞∫
−∞

p|p̃〉〈p̃| dp

e−
i
~aP̂ψ(q)=ψ(q−a)

B DISPLACEMENT OPERATORS

Displacement operators

1

D(λ)
def
= eλâ

†−λ̄â

=e−
|λ|2
2 eλâ

†
e−λ̄â

=e
i

2~pqe−
i
~ qP̂ e

i
~pQ̂

=e
i
~ (pQ̂−qP̂ )

=e−
i
~ ΛTΩR̂=D(Λ)

λ= 1√
2~ (q+p i)

1
πd

2λ= 1
2π~dq dp

Λ≡
(
q
p

)
, X≡

(
x
y

)
Theorem.

2 D(q, p)ψ(a) = e−
i

2~pq e
i
~pa ψ(a−q)

3 〈a|D(q, p)|b〉=e
i

2~p(a+b)δ(a−b−q)

4 D(Λ)D(X)=e−
i
~ ΛTΩXD(Λ+X)

5 D†(Λ)=D(−Λ)

6 trD(Λ)=2π~ δ(Λ)
Λ≡

(
q
p

)
, X≡

(
x
y

)
7 〈D(q, p), D(x, y)〉=2π~ δ(q−x) δ(p−y)

8 F̂ †D(q, p)F̂ =D(−p, q)

C PARITY OPERATORS

Parity operators

1 Π(Λ)
def
= D(Λ)ΠD†(Λ) where Π

def
= (−1)â

†â

Theorem.

2 Πψ(q)=ψ(−q) F̂ 2 =Π=(F̂ †)2

3 Π(q, p)ψ(a) = e−
i
~ 2p(q−a) ψ(2q−a)

4 〈a|Π(q, p)|b〉=e
i
~p(a−b)δ(2q−a−b)

5 〈2Π(q, p), 2Π(x, y)〉=2π~ δ(q−x) δ(p−y)

6 F̂ †ΠF̂ =Π F̂ †Π(q, p)F̂ =Π(−p, q)

4
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D
WEYL TRANSFORM, CHARACTERISTIC

AND WIGNER FUNCTION

Definition.

1 Density operator = an operator %̂ such that

{
%̂≥0
tr %̂=1

Definition.

2
Characteristic function

of an operator Ô χ[Ô](Λ)
def
= tr(Ô D(Λ))

3
Weyl transform of

an operator Ô Ow(Λ)
def
= 2 tr(ÔΠ(Λ)) Λ≡

(
q
p

)
4 Wigner function

of a state %̂ W [%̂](Λ)
def
= 1

2π~%
w(Λ)= 1

π~ tr(%̂Π(Λ))

Theorem.

5

6

Ô= 1
2π~

∫
R2

χ[Ô](Λ) D(−Λ) d2Λ d2Λ=dq dp
d2X=dx dy

%̂=2
∫
R2

W [%̂](Λ) Π(Λ) d2Λ W [%̂]= 1
2π~%

w

7

8

9

tr(Ô1Ô2)= 1
2π~

∫
R2

χ[Ô1](Λ) χ[Ô2](−Λ) d2Λ

tr(Ô1Ô2)= 1
2π~

∫
R2

Ow
1 (Λ) Ow

2 (Λ) d2Λ

tr(%̂Ô)=
∫
R2

W [%̂](Λ) Ow(Λ) d2Λ

10

11

12

Ow(q, p)=
∞∫
−∞

e−
i
~px〈q+ x

2 |Ô|q−
x
2 〉 dx

W [%̂](q, p)= 1
2π~

∞∫
−∞

e−
i
~px〈q+ x

2 |%̂|q−
x
2 〉 dx

W [F̂ %̂F̂ †](q, p)=W [%̂](−p, q)

13

14

15

Π(Λ)= 1
4π~

∫
R2

e−
i
~ ΛTΩX D(X) d2X X≡

(
x
y

)
W [%̂](Λ)≡W [%̂](q, p)= 1

(2π~)2

∫
R2

e−
i
~ ΛTΩX χ[%̂](X) d2X

χ[%̂](X)≡χ[%̂](x, y)=
∫
R2

e
i
~ ΛTΩXW [%̂](Λ) d2Λ

Theorem. If %̂= |ψ〉〈ψ| is a pure state, then:

16

17

W [%̂](q, p)= 1
π~

∞∫
−∞

e−
i
~ 2px ψ(q−x) ψ(q+x) dx

= 1
π~

∞∫
−∞

e
i
~ 2qy F [ψ](p−y) F [ψ](p+y) dy

18
∞∫
−∞

W [%̂](Λ) dp= |ψ(q)|2
∞∫
−∞

W [%̂](Λ) dq= |F̂ [ψ](p)|2

SINGLE-MODE GAUSSIAN STATES

Definition.

1 For two linear operators Â and B̂
[Â, B̂]

def
= ÂB̂−B̂Â

{Â, B̂}def
= ÂB̂+B̂Â

2
Mean value of

an observable Ô
in state %̂ 〈Ô〉≡〈Ô〉%

def
= tr(% Ô)

3 First-moments
vector in state %̂ 〈R̂〉

def
= tr(% R̂)≡

(
〈R̂1〉
〈R̂2〉

)
≡
(
〈Q̂〉
〈P̂ 〉

)

4
Covariance

matrix
in state %̂

(
〈Q̂2〉−〈Q̂〉2 1

2{Q̂−〈Q̂〉, P̂−〈P̂ 〉}
1
2{Q̂−〈Q̂〉, P̂−〈P̂ 〉} 〈P̂ 2〉−〈P̂ 〉2

)
Theorem.

5 〈Ô〉%=tr(%̂Ô)=
∫
R2

W [%̂](Λ) Ow(Λ) d2Λ

6
(Q̂n)w(Λ)=qn

(P̂n)w(Λ)=pn

〈Q̂n〉%=
∫
R2

qnW [%̂](Λ) d2Λ

〈P̂n〉%=
∫
R2

pnW [%̂](Λ) d2Λ

Theorem.

7 If σ=

(
σ11 σ12

σ12 σ22

)
satisfy

σij ∈R
σ>0

and r=

(
r1

r2

)
∈R2,

then the Gaussian function

8 W [%](X)= 1
π
√

detσ
e−

1
2 (X−r)Tσ−1(X−r)

9 is the Wigner function
of a quantum state %̂ ⇔ σ+ i

2Ω ≥ 0 .

10 In this case

{
r= first-moments vector in state %̂
σ= covariance matrix in state %̂.

Definition The quantum states described in the
previous theorem are called Gaussian states.
The state % from theorem, well determined
by σ and r, is sometimes denoted by %(σ, r).

Theorem.
The characteristic function of %(σ, r) is the

11 Gaussian
function χ[%](Λ)=e−

1
2 ΛTΩσΩTΛ−iΛTΩr

Definition.

12 Purity of a state % is µ(%)
def
= tr(%2)

Theorem.

13 The purity of the
Gaussian state %(σ, r) is µ(%(σ, r))= 1

2
√

det(σ)

Theorem.

14
Coherent state

|q, p〉=D(q, p)|0〉
is a Gaussian

state with
σ=

(
1
2 0
0 1

2

)
, r=

(
q
p

)
.

Theorem. Thermal state (where β=~ω/(kBT ))

15
νth(N)= e−βâ

†â

tr(e−βâ
†â)

= N â
†â

(1+N)â
†â+1

+ 1
1+N

∞∑
m=0

(
N

1+N

)m
|m〉〈m|

is a Gaussian
state with

σ=

(
1+2N

2 0
0 1+2N

2

)

5



- page 6 -

GAUSSIAN TRANSFORMS

Theorem.
For α= 1√

2
(a+bi)∈C and an operator O, we have:

1 D̂†(α)

(
â
â†

)
D̂(α)=

(
â
â†

)
+

(
α
ᾱ

)

2 D̂†(α)

(
Q̂

P̂

)
D̂(α)=

(
Q̂

P̂

)
+

(
a
b

)
that is D̂†(α)R̂D̂(α)=R̂+d d=

(
a
b

)
3 D̂†(α)D(Λ)D̂(α)=e−iΛTΩdD(Λ) Λ≡

(
q
p

)
4 χ[D̂(α)ÔD̂†(α)](Λ)=e−iΛTΩd χ[Ô](Λ)

5 W [D̂(α)ÔD̂†(α)](X)= .... X=

(
x
y

)
Theorem.

For a state % and a transform Û=e−iĤ with

Ĥ=Aâ†â+B(â†)2+Āââ†+B̄â2 A,B∈C
we have:

6 U†
(
â
â†

)
Û=e

i

 A B
−B̄ −Ā

(
â
â†

)
+

(
λ
λ̄

)

7 U†
(
q̂
p̂

)
Û=S

(
q̂
p̂

)
+

(
a
b

)
where S= ....

8 U†D(Λ)Û= ....

9 χ[Û ÔÛ†]= ....

10′ W [Û ÔÛ†]= ....

Theorem. For a Gaussian state %≡%(σ, d) with

W [%](X)= 1
π
√

detσ
e−

1
2 (X−〈R̂〉)Tσ−1(X−〈R̂〉)

and a transform Û=e−iĤ with

Ĥ=i(λâ†+Aâ†â+B(â†)2)+h.c. λ,A,B∈C
we have:

W [Û%Û†](X)= .......

that is, Û%Û† is also a Gaussian state, namely

Û%(σ, d)Û†=%(SσST +d, Sd)

Definition.
Symplectic group Sp(2,R)

def
= { F ∈GL(2,R) | FΩFT=Ω }

Theorem. Under the transformation R 7→ R′=FR,

• Ṙk=Ωk`
∂H
∂R`

ramain
invariant ⇐⇒ F ∈Sp(2,R).

• [R̂k, R̂`]=i Ωk`
ramain

invariant ⇐⇒ F ∈Sp(2,R).

Theorem (Williamson).
σ real,
σT =σ,
σ>0

⇒ there
exist

F ∈Sp(2,R),
d ≥ 1

2

such
that σ=F

(
d 0
0 d

)
FT

Theorem There exists a one-to-one correspondence

Ûs ←→ S such that U†s

(
q̂
p̂

)
Ûs=S−1

(
q̂
p̂

)
between the transforms of the form

Ûs=e−
i
2 Ĥ with Ĥ=αâ†â+β(â†)2+β̄â2+αââ† α∈R

β∈C
and the elements S of Sp(2,R).

Theorem (Phase shift). symplectic matrix

U(θ)=e−iθâ†â ←→ Rθ=

(
cos θ sin θ
− sin θ cos θ

)
Proof.
U†(θ)âU(θ)=e−iθâ⇒ U†(θ)

(
q̂
p̂

)
U(θ)=

(
cos θ sin θ
− sin θ cos θ

)(
q̂
p̂

)
Theorem

(
Single-mode
squeezing

)
symplectic matrix

ξ=reiψ S(ξ)=e
1
2 [ξ(â†)2−ξ̄â2 ↔

Σξ=cosh r I2+Rξ,

Rξ=sinh r

(
cosψ sinψ
sinψ − cosψ

)
Proof.

S†(ξ)
(
â

b̂

)
S(ξ)=

(
cosh r eiψ sinh r

e−iψ sinh r cosh r

)(
â

b̂

)
.

6
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PROOFS

Mathematical foundations

B3

(F̂ [ϕ])′(p)= 1√
2π~

d
dp

∞∫
−∞

e−
i
~ pqϕ(q) dq

= 1√
2π~

∞∫
−∞

(
− i

~ p
)

e−
i
~ pqϕ(q) dq

= F̂ [− i
~qϕ(q)](p)

F̂ [ϕ′](p)= 1√
2π~

∞∫
−∞

e−
i
~ pqϕ′(q) dq

=− 1√
2π~

∞∫
−∞

(
e−

i
~ pq
)′
ϕ(q) dq

= i
~p F̂ [ϕ](p).

B6

〈(F̂ [f ])′, ϕ〉=−〈F̂ [f ], ϕ′〉=−〈f, F̂ [ϕ′]〉
=−〈f, i

~p F̂ [ϕ]〉=〈− i
~p f, F̂ [ϕ]〉=〈F̂ [− i

~q f ], ϕ〉
〈F̂ [f ′], ϕ〉=〈f ′, F̂ [ϕ]〉=−〈f, (F̂ [ϕ])′〉

=−〈f, F̂ [− i
~qϕ(q)]〉=〈F̂ [f ], i

~qϕ(q)〉=〈 i
~p F̂ [f ], ϕ〉.

E2 ∫
R2

e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp

=
∫
R2

e−
1
2 [a(q−q0)2+2b(q−q0)(p−p0)+c(p−p0)2] dqdp

⇓ q−q0 7→ q, p−p0 7→ p

=
∫
R2

e−
1
2 [aq2+2bqp+cp2] dqdp

=
∫
R2

e−
a
2 (q+ b

ap)
2

e
− 1

2

(
c− b2a

)
p2
dqdp

⇓ q+ b
ap 7→ q, p 7→ p

=
∞∫
−∞

e−
a
2 q

2

dq
∞∫
−∞

e−
det σ
2a p2 dp

⇓ D2

=
√

2π
a

√
2aπ
detσ = 2π√

detσ
.

E3 ∫
R2

q e
− 1

2 (q−q0 p−p0)σ

(
q − q0
p− p0

)
dqdp

=
∫
R2

q e−
1
2 [a(q−q0)2+2b(q−q0)(p−p0)+c(p−p0)2] dqdp

⇓ q−q0 7→ q, p−p0 7→ p

=
∫
R2

(q+q0) e−
1
2 [aq2+2bqp+cp2] dqdp

=
∫
R2

(q+q0) e−
a
2 (q+ b

ap)
2

e
− 1

2

(
c− b2a

)
p2
dqdp

⇓ q+ b
ap 7→ q, p 7→ p

=
∫
R2

(q− b
ap+q0) e−

a
2 q

2

e−
det σ
2a p2 dqdp

=
∞∫
−∞

q e−
a
2 q

2

dq
∞∫
−∞

e−
det σ
2a p2 dp

−ba
∞∫
−∞

e−
a
2 q

2

dq
∞∫
−∞

p e−
det σ
2a p2 dp

+q0

∞∫
−∞

e−
a
2 q

2

dq
∞∫
−∞

e−
det σ
2a p2 dp

⇓ D2

=q0

√
2π
a

√
2aπ
detσ =q0

2π√
detσ

.

H4

Q̂
def
=
√

~
2 (â+â†)

P̂
def
= −i

√
~
2 (â−â†)

λ= 1√
2~ (q+p i)

⇒ D(λ)
def
= eλâ

†−λ̄â

=e
i
~ (pQ̂−qP̂ ) def

= D(q, p).

By using J̃9 , we get:

eλâ
†−λ̄â=e−

1
2 [λâ†,−λ̄â]eλâ

†
e−λ̄â

=e
|λ|2
2 [â†,â]eλâ

†
e−λ̄â

=e−
|λ|2
2 eλâ

†
e−λ̄â

e
i
~ (pQ̂−qP̂ ) =e−

1
2 [− i

~ qP̂ ,
i
~pQ̂]e−

i
~ qP̂ e

i
~pQ̂

=e−
1

2~2 pq[P̂ ,Q̂]e−
i
~ qP̂ e

i
~pQ̂

=e
i

2~pqe−
i
~ qP̂ e

i
~pQ̂.

I6

trA=
∞∑
n=0
〈n|A|n〉=

∞∑
n=0
〈n|IAI|n〉

=
∞∑
n=0

∞∫
−∞

∞∫
−∞
〈n|q〉〈q|A|a〉〈a|n〉dqda

=
∞∫
−∞

∞∫
−∞

∞∑
n=0
〈a|n〉〈n|q〉〈q|A|a〉dqda

=
∞∫
−∞

∞∫
−∞
〈a|q〉〈q|A|a〉dqda

=
∞∫
−∞

∞∫
−∞

δ(a−q) 〈q|A|a〉dqda

=
∞∫
−∞
〈q|A|q〉 dq.

I7

tr(AB)=
∞∑
n=0
〈n|AB|n〉

=
∞∑
n=0

∞∑
m=0
〈n|A|m〉〈m|B|n〉

=
∞∑
m=0

∞∑
n=0
〈m|B|n〉〈n|A|m〉=tr(BA).

I8 In view of Taylor’s formula:

ea
d
dq Ψ(q)=

(
I+ a

1!
d
dq+ a2

2!
d2

dq2 +· · ·
)

Ψ(q)

=Ψ(q)+ a
1!Ψ
′(q) + a2

2! Ψ′′(q)+· · ·
=Ψ(q+a).

J9

The derivative of the operator F̂ (t) = etÂ etB̂ e−t(Â+B̂)

depending on the real variable t satisfies the relation

F̂ ′(t) = etÂ [Â, etB̂ ] e−t(Â+B̂) which can be written as

F̂ ′(t)= t[Â,B̂]F̂ (t). By starting from this equation written

as (lnF )′= t[Â,B̂] we get the relation
1∫
0

(lnF )′dt=
1∫
0

t[Â,B̂]dt

leading to F (1) = e
1
2 [Â,B̂], that is eÂ eB̂ e−(Â+B̂) = e

1
2 [Â,B̂].

A Position and momentum operators
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A7′

Q̂|a〉=Q̂δa=qδa=aδa=a |a〉
A8′

Q̂=Q̂I=Q̂
∞∫
−∞
|q〉〈q| dq

=
∞∫
−∞

Q̂|q〉〈q| dq=
∞∫
−∞

q|q〉〈q| dq.

A9′

e
i
~aQ̂ψ(q)=

(
I+ 1

1!
i
~aQ̂+ 1

2!

(
i
~aQ̂

)2

+· · ·
)
ψ(q)

=ψ(q)+ 1
1!

i
~aqψ(q)+ 1

2!

(
i
~aq
)2
ψ(q)+· · ·

=e
i
~aqψ(q).

A11′ By using B6 , we get:

F̂ †Q̂F̂ [ψ](q)= 1√
2π~

∞∫
−∞

e
i
~ pqQ̂(F̂ [ψ])(p) dp

= 1√
2π~

∞∫
−∞

e
i
~ pqpF̂ [ψ](p) dp

= 1√
2π~

∞∫
−∞

e
i
~ pq ~

i F̂ [ψ′](p) dp

=−i~F̂ †[F̂ [ψ′]](q)=−i~ψ′(q)
=−i~ d

dqψ(q)

A12′

〈q|ã〉=〈q|F̂ †|a〉= F̂ †[δa](q)

= 1√
2π~

∞∫
−∞

e
i
~pqδa(p) dp= 1√

2π~e
i
~aq.

A13′

P̂ |ã〉=F †Q̂F̂F †|a〉=F †Q̂|a〉
=F †a|a〉=aF †|a〉=a |ã〉.

A14′

I= F̂ †F̂ = F̂ †IF̂ = F̂ †IF̂

=
∞∫
−∞

F̂ †|p〉〈p|F̂ dp=
∞∫
−∞
|p̃〉〈p̃| dp.

A15′

P̂ = P̂ I=
∞∫
−∞

P̂ |p̃〉〈p̃| dp=
∞∫
−∞

p|p̃〉〈p̃| dp.

A16′

e−
i
~aP̂ψ(q)=e−a

d
dqψ(q)

=
(
I− a

1!
d
dq+ a2

2!
d2

dq2−· · ·
)
ψ(q)

=ψ(q)− a
1!ψ
′(q) + a2

2! ψ
′′(q)−· · ·

=ψ(q−a).

B Displacement operators

B1′

Q̂
def
=
√

~
2 (â+â†)

P̂
def
= −i

√
~
2 (â−â†)

λ= 1√
2~ (q+p i)

⇒
D(λ)

def
= eλâ

†−λ̄â

=e
i
~ (pQ̂−qP̂ )

=e−
i
~ ΛTΩR̂ def

= D(Λ).

By using J9 , we get:

eλâ
†−λ̄â=e−

1
2 [λâ†,−λ̄â]eλâ

†
e−λ̄â

=e
|λ|2
2 [â†,â]eλâ

†
e−λ̄â

=e−
|λ|2
2 eλâ

†
e−λ̄â

e
i
~ (pQ̂−qP̂ ) =e−

1
2 [− i

~ qP̂ ,
i
~pQ̂]e−

i
~ qP̂ e

i
~pQ̂

=e−
1

2~2 pq[P̂ ,Q̂]e−
i
~ qP̂ e

i
~pQ̂

=e
i

2~pqe−
i
~ qP̂ e

i
~pQ̂.

B2′

D(q, p)ψ(a)≡〈a|D(q, p)|ψ〉
=〈a|e i

2~pqe−
i
~ qP̂ e

i
~pQ̂|ψ〉

=e
i

2~pqe−
i
~ qP̂ (e

i
~pQ̂ψ)(a)

=e
i

2~pq(e
i
~pQ̂ψ)(a−q)

=e
i

2~pqe
i
~p(a−q)ψ(a−q)

=e−
i

2~pq e
i
~pa ψ(a−q)

B3′

〈a|D(q, p)|b〉=e−
i

2~pq e
i
~pa δb(a−q)

=e−
i

2~pq e
i
~pa δ(a−b−q)

=e−
i

2~p(a−b) e
i
~pa δ(a−b−q)

=e
i

2~p(a+b)δ(a−b−q)

B4′

D(Λ)D(X)ψ(a)≡D(q, p)D(x, y)ψ(a)

=e−
i

2~pq e
i
~pa(D(x, y)ψ)(a−q)

=e−
i

2~pq e
i
~pae−

i
2~xy e

i
~y(a−q) ψ(a−q−x)

=e−
i

2~ (qy−px) e−
i

2~ (p+y)(q+x)e
i
~ (p+y)aψ(a−q−x)

=e−
i
~ ΛTΩXe−

i
2~ (p+y)(q+x)e

i
~ (p+y)aψ(a−q−x)

=e−
i
~ ΛTΩXD(Λ+X)ψ(a).

B5′

D†(q, p)=
(

e
i
~ (pQ̂−qP̂ )

)†
=e−

i
~ (pQ̂−qP̂ ) =D(−q,−p)=D(−Λ)

B6′

trD(Λ)=
∞∫
−∞
〈a|D(q, p)|a〉 da=

∞∫
−∞

e
i

2~p(a+a)δ(a−a−q) da

=δ(q)
∞∫
−∞

e
i
~pa da=2π~ δ(q)δ(p)=2π~ δ(Λ)

B7′

〈D(q, p), D(x, y)〉=tr (D†(q, p)D(x, y))
=tr (D(−q,−p)D(x, y))

=e
i

2~ (qy−px)trD(x− q, y − p)
=2π~ e

i
2~ (qy−px)δ(q−x) δ(p−y)

=2π~ δ(q−x) δ(p−y)

B8′

P̂ = F̂ †Q̂F̂ ⇒ F̂ †P̂ F̂ =(F̂ †)2Q̂F̂ 2 =ΠQ̂Π

ΠQ̂Πψ(q)=Q̂Πψ(−q)=−qΠψ(−q)=−q ψ(q)

}
⇒ F̂ †D(q, p)F̂ = F̂ †

(
e

i
~ (pQ̂−qP̂ )

)
F̂

=e
i
~ (pĥatF †QF̂−qĥatF †PF̂ )

=e
i
~ (pP̂+qQ̂) =D(−p, q).

C Parity operators
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C2′

Πψ(q)=〈q|Π|ψ〉=〈q|Π|
∞∑
n=0
|n〉〈n|ψ〉=〈q|

∞∑
n=0

Π|n〉〈n|ψ〉

=〈q|
∞∑
n=0

(−1)n|n〉〈n|ψ〉=
∞∑
n=0

(−1)n〈q|n〉〈n|ψ〉

=
∞∑
n=0

(−1)nΨn(q)〈Ψn|ψ〉=
∞∑
n=0

Ψn(−q)〈Ψn|ψ〉

=
∞∑
n=0
〈−q|Ψn〉〈Ψn|ψ〉=〈−q|ψ〉=ψ(−q).

F̂ 2[ψ](p)= F̂ [F̂ [ψ]](p)= 1√
2π~

∞∫
−∞

e−
i
~ pqF̂ [ψ](q) dq

= 1
2π~

∞∫
−∞

∞∫
−∞

e−
i
~ pq e−

i
~ qxψ̂(x) dxdq

= 1
2π~

∞∫
−∞

∞∫
−∞

e−
i
~ q(p+x) ψ̂(x) dqdx

=
∞∫
−∞
δ(p+x) ψ̂(x) dx=ψ(−p)=Πψ(p).

(F̂ †)2 = F̂ †F̂ †=(F̂ F̂ )†=(F̂ 2)†=Π†=Π.

C3′

Π(q, p)ψ(a)=D(q, p)ΠD(−q,−p)ψ(a)

=e−
i

2~pq e
i
~pa ΠD(−q,−p)ψ(a−q)

=e−
i

2~pq e
i
~paD(−q,−p)ψ(q−a)

=e−
i
~pq e

i
~pa e−

i
~p(q−a) ψ(q−a+q)

=e−
i
~ 2pq e

i
~ 2pa ψ(2q−a)

=e−
i
~ 2p(q−a) ψ(2q−a).

C4′

〈a|Π(q, p)|b〉=Π(q, p)δb(a)

=e−
i
~ 2p(q−a) δb(2q−a)

=e
i
~p(2a−2q) δ(2q−a−b)

=e
i
~p(2a−a−b) δ(2q−a−b)

=e
i
~p(a−b)δ(2q−a−b).

C5′

〈2Π(q, p), 2Π(x, y)〉=4 tr(Π†(q, p)Π(x, y))=4 tr(Π(q, p)Π(x, y))
=4 tr(D(q, p)ΠD(−q,−p)D(x, y)ΠD(−x,−y))
=4 tr(D(−x,−y)D(q, p)ΠD(−q,−p)D(x, y)Π)
=4 tr(Π(q−x, p−y)Π)

=4
∞∫
−∞

∞∫
−∞
〈a|Π(q−x, p−y)|b〉〈b|Π|a〉 dbda

=4
∞∫
−∞

∞∫
−∞

e
i
~ (p−y)(a−b)δ(2q−2x−a−b)δ(a+b) dbda

=4
∞∫
−∞

e
i
~ (p−y)(a+a)δ(2q−2x) da

=4
∞∫
−∞

e
i
~ 2a(p−y)δ(2q−2x) da

=2
∞∫
−∞

e
i
~ 2a(p−y)δ(q−x) da

=2δ(q−x)
∞∫
−∞

e
i
~ 2a(p−y) da

=2δ(q−x) 2π~δ(2p−2y)
=2π~ δ(q−x) δ(p−2).

C6′ By using C5 , B5′ , C1′ , C4′ , we get

F̂ †ΠF̂ψ(p)= 1√
2π~

∞∫
−∞

e
i
~ pqΠF̂ψ(q) dq

= 1√
2π~

∞∫
−∞

e
i
~ pqF̂ [ψ](−q) dq

= 1
2π~

∞∫
−∞

∞∫
−∞

e
i
~ pqe

i
~ qxψ(x) dqdx

= 1
2π~

∞∫
−∞

∞∫
−∞

e
i
~ q(p+x)ψ(x) dqdx

=
∞∫
−∞

δ(p+x)ψ(x) dx=ψ(−p)=Πψ(p).

F̂ †Π(q, p)F̂ = F̂ †D(q, p)ΠD(−q,−p)F̂
= F̂ †D(q, p)F̂ F̂ †ΠF̂ F̂ †D(−q,−p)F̂
=D(−p, q)ΠD(p,−q)=Π(−p, q).

D Weyl transform, characteristic and Wigner function
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D5′〈
a

∣∣∣∣∣ 1
2π~

∫
R2

χ[Ô](Λ) D(−Λ) d2Λ

∣∣∣∣∣ b
〉

=

〈
a

∣∣∣∣∣ 1
2π~

∫
R2

tr(ÔD(q, p))D(−q,−p) dqdp

∣∣∣∣∣ b
〉

= 1
2π~

∫
R2

tr(ÔD(q, p)) 〈a |D(−q,−p)| b〉 dqdp

= 1
2π~

∫
R4

〈x|Ô|y〉〈y|D(q, p))|x〉 〈a |D(−q,−p)| b〉 dxdydqdp

= 1
2π~

∫
R4

〈x|Ô|y〉e i
2~p(x+y)δ(y−x−q) e−

i
2~p(a+b)δ(a−b+q) dxdydqdp

= 1
2π~

∫
R3

〈x|Ô|y〉e i
2~p(x+y−a−b)δ(y−x−b+a) dpdxdy

=
∫
R2

〈x|Ô|y〉δ(x+ y − a− b)δ(y−x−b+a) dxdy

=
∫
R2

〈x|Ô|y〉δ(x− a)δ(y−b) dxdy

=〈a|Ô|b〉

D6′〈
a

∣∣∣∣∣2 ∫R2

W [%̂](Λ) Π(Λ) d2Λ

∣∣∣∣∣ b
〉

=

〈
a

∣∣∣∣∣ 2
π~
∫
R2

tr(%̂Π(q, p)) Π(q, p) dqdp

∣∣∣∣∣ b
〉

= 2
π~
∫
R2

tr(%̂Π(q, p)) 〈a|Π(q, p)|b〉 dqdp

= 2
π~
∫
R4

〈x|%̂|y〉〈y|Π(q, p)|x〉 〈a |Π(q, p)| b〉 dxdydqdp

= 2
π~
∫
R4

〈x|%̂|y〉e i
~p(y−x)δ(2q−x−y) e

i
~p(a−b)δ(2q−a−b) dxdydqdp

= 2
π~
∫
R4

〈x|%̂|y〉e i
~p(y−x+a−b)δ(2q−x−y) δ(2q−a−b) dydxdqdp

= 2
π~
∫
R3

〈x|%̂|2q−x〉e i
~p(2q−2x+a−b) δ(2q−a−b) dxdqdp

= 1
π~
∫
R3

〈x|%̂|2q−x〉e i
~p(2q−2x+a−b) δ(q− a

2−
b
2 ) dqdxdp

= 1
π~
∫
R2

〈x|%̂|a+b−x〉e i
~p(a+b−2x+a−b) dxdp

= 1
π~
∫
R2

〈x|%̂|a+b−x〉e i
~p(2a−2x) dpdx

=2
∞∫
−∞
〈x|%̂|a+b−x〉δ(2a− 2x) dx

=
∞∫
−∞
〈x|%̂|a+b−x〉δ(a− x) dx

=〈a|%̂|b〉

D7′

1
2π~

∫
R2

χ[Ô1](Λ) χ[Ô2](−Λ) d2Λ

= 1
2π~

∫
R2

tr(Ô1D(q, p)) tr(Ô2D(−q,−p)) dqdp

= 1
2π~
∫
R6

〈a|Ô1|b〉〈b|D(q, p)|a〉〈x|Ô2|y〉〈y|D(−q,−p)|x〉 dadbdxdydqdp

= 1
2π~
∫
R6

〈a|Ô1|b〉〈x|Ô2|y〉e
i

2~p(a+b−x−y)δ(b−a−q) δ(y−x+q)
dqdadbdxdydp

= 1
2π~
∫
R5

〈a|Ô1|b〉〈x|Ô2|y〉e
i

2~p(a+b−x−y)δ(b−a−x+y) dpdadbdxdy

=
∫
R4

〈a|Ô1|b〉〈x|Ô2|y〉δ( 1
2 (a+b−x−y))δ(b−a−x+y) dydadbdx

=
∫
R3

〈a|Ô1|b〉〈x|Ô2| − b+a+x〉δ( 1
2 (a+b−x+b−a−x)) dadbdx

=
∫
R3

〈a|Ô1|b〉〈x|Ô2| − b+a+x〉δ(b−x) dxdadb

=
∫
R3

〈a|Ô1|b〉〈b|Ô2|a〉 dadb

=tr(Ô1Ô2).

D8′

1
2π~

∫
R2

Ow
1 (Λ) Ow

2 (Λ) d2Λ

= 2
π~
∫
R2

tr(Ô1Π(q, p)) tr(Ô2Π(q, p)) dqdp

= 2
π~
∫
R6

〈a|Ô1|b〉〈b|Π(q, p))|a〉 〈x|Ô2|y〉〈y|Π(q, p))|x〉 dadbdxdydqdp

= 2
π~
∫
R6

〈a|Ô1|b〉〈x|Ô2|y〉e
i
~p(b−a+y−x)δ(2q−a−b) δ(2q−x−y)

dydqdadbdxdp

= 2
π~
∫
R5

〈a|Ô1|b〉〈x|Ô2|2q−x〉e
i
~p(b−a+2q−x−x)δ(2q−a−b)

dqdadbdxdp

= 1
π~
∫
R5

〈a|Ô1|b〉〈x|Ô2|2q−x〉e
i
~p(b−a+2q−2x)δ(q− a

2−
b
2 ) dqdadbdxdp

= 1
π~
∫
R4

〈a|Ô1|b〉〈x|Ô2|a+b−x〉e i
~p(b−a+a+b−2x) dpdadbdx

=2
∫
R3

〈a|Ô1|b〉〈x|Ô2|a+b−x〉δ(2b−2x) dxdadb

=
∫
R3

〈a|Ô1|b〉〈x|Ô2|a+b−x〉δ(b−x) dxdadb

=
∫
R3

〈a|Ô1|b〉〈b|Ô2|a〉 dadb

=tr(Ô1Ô2)

D9′

tr(%̂Ô)= 1
(2π~)2

∫
R2

%w(Λ) Ow(Λ) d2Λ

=
∫
R2

W [%̂](Λ) Ow(Λ) d2Λ.

D10′

Ow(q, p)=2tr(ÔΠ(q, p))=
∫
R2

〈a|Ô|b〉〈b|Π̂|a〉 dadb

=
∫
R2

〈a|Ô|b〉e i
~p(b−a)δ(2q−a−b) dadb

=
∫
R2

e
i
~p(2q−a−a)〈a|Ô|2q−a〉 da

=
∫
R2

e
i
~ 2p(q−a)〈a|Ô|2q−a〉 da

⇓ a=q+ x
2

=
∞∫
−∞

e−
i
~px〈q+ x

2 |Ô|q−
x
2 〉 dx.

D11′

W [%̂](q, p)= 1
2π~%

w(q, p)

= 1
2π~

∞∫
−∞

e−
i
~px〈q+ x

2 |%̂|q−
x
2 〉 dx.

D12′

W [F̂ %̂F̂ †](q, p)= 1
π~ tr(F̂ %̂F̂ †Π(q, p))

= 1
π~ tr(%̂F̂ †Π(q, p)F̂ )

= 1
π~ tr(%̂Π(−p, q))

=W [%̂](−p, q).

D13′ 〈
a

∣∣∣∣∣ 1
4π~

∫
R2

e−
i
~ ΛTΩX D(X) d2X

∣∣∣∣∣ b
〉

= 1
4π~

∫
R2

e−
i
~ ΛTΩX 〈a |D(X)| b〉 d2X

= 1
4π~

∫
R2

e−
i
~ (qy−px) e

i
2~y(a+b)δ(a−b−x) dxdy

= 1
4π~

∫
R2

e−
i
~ (qy−pa+pb) e

i
2~y(a+b) dy

= 1
4π~e−

i
~p(a+b)

∫
R2

e−
i
~y(q− a2−

b
2 ) dy

= 1
2e−

i
~p(a+b) δ(q − a

2 −
b
2 )

=e−
i
~p(a+b) δ(2q−a−b)

=〈a|Π(q, p)|b〉≡〈a|Π(Λ)|b〉.
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D14′

1
(2π~)2

∫
R2

e−
i
~ ΛTΩX χ[%̂](X) d2X

= 1
(2π~)2

∫
R2

e−
i
~ ΛTΩX tr(%̂D(x, y)) d2X

= 1
π~ tr

(
%̂ 1

4π~
∫
R2

e−
i
~ ΛTΩX D(X) d2X

)
= 1
π~ tr(%Π(X))

=W [%̂](Λ).

D15′ ∫
R2

e
i
~ ΛTΩXW [%̂](Λ) d2Λ

= 1
(2π~)2

∫
R4

e
i
~ (qy−px) e−

i
~ (qb−pa) χ[%̂](a, b) dadbdqdp

= 1
(2π~)2

∫
R4

e
i
~ q(y−b) e−

i
~p(x−a) χ[%̂](a, b) dqdpdadb

=
∫
R2

δ(y − b) δ(x− a)χ[%̂](a, b) dadb

=χ[%̂](x, y)
=χ[%̂](X).

D16′

W [%̂](q, p)= 1
π~ tr(%̂Π(q, p))

= 1
π~
∫
R2

〈a|%̂|b〉〈b|Π(q, p))|a〉 dbda

= 1
π~
∫
R2

〈a|ψ〉〈ψ|b〉e i
~p(b−a) δ(2q−a−b) dbda

= 1
π~
∫
R2

〈a|ψ〉〈ψ|2q−a〉e i
~p(2q−a−a) da

= 1
π~
∫
R2

e
i
~ 2p(q−a) 〈a|ψ〉〈ψ|2q−a〉 da
⇓ a=q+x

= 1
π~

∞∫
−∞

e−
i
~ 2px ψ(q−x) ψ(q+x) dx.

D17′

1
π~

∞∫
−∞

e
i
~ 2qy F [ψ](p−y) F [ψ](p+y) dy

= 1
2(π~)2

∫
R3

e
i
~ 2qy e

i
~ (p−y)aψ(a) e−

i
~ (p+y)bψ(b) dadbdy

= 1
2(π~)2

∫
R3

e
i
~y(2q−a−b) e

i
~p(a−b) ψ(a)ψ(b) dydadb

= 1
π~
∫
R2

δ(2q−a−b) e
i
~p(a−b) ψ(a)ψ(b) dadb

= 1
π~

∞∫
−∞

e
i
~p(a−2q+a) ψ(a)ψ(2q − a) da

= 1
π~

∞∫
−∞

e
i
~ 2p(a−q) ψ(a)ψ(2q − a) da

⇓ a=q−x

= 1
π~

∞∫
−∞

e−
i
~ 2px ψ(q−x)ψ(q+x) da

⇓ D16′

=W [%̂](q, p).

D18′

∞∫
−∞

W [%̂](q, p) dp = 1
π~

∞∫
−∞

e−
i
~ 2px ψ(q−x) ψ(q+x) dpdx

⇓ C5

=2
∞∫
−∞

δ(−2x)ψ(q−x) ψ(q+x) dx

⇓ C3

=
∞∫
−∞

δ(x)ψ(q−x) ψ(q+x) dx

=ψ(q) ψ(q)= |ψ(q)|2

∞∫
−∞

W [%̂](Λ) dq
D17′

= 1
π~

∞∫
−∞

e
i
~ 2qy F [ψ](p−y) F [ψ](p+y) dy

⇓ C5

=2
∞∫
−∞

δ(−2x)F [ψ](p−y) ψ(q+x) dx

⇓ C3

=
∞∫
−∞

δ(x)F [ψ](p−y) ψ(q+x) dx

=F [ψ](p) F [ψ](p)= |F [ψ](p)|2.

E Gaussian states of continuous variable

1 2

F Gaussian transforms
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F1′

eÂB̂e−Â=B̂+ 1
1! [Â, B̂]+ 1

2! [Â, [Â, B̂]]+ ...

Â=−αâ++ᾱâ ⇒ [Â, â]=α, [Â, [Â, â]]=0, ...

[Â, â†]= ᾱ, [Â, [Â, â†]]=0, ...


⇒

{
D†(α)âD(α)=eÂâe−Â= â+α

D†(α)â†D(α)=eÂâ†e−Â= â†+ᾱ.

⇒ D̂†(α)

(
â
â†

)
D̂(α)=

(
D̂†(α)âD̂(α)

D̂†(α)â†D̂(α)

)
=

(
â+α
â†+ᾱ

)
=

(
â
â†

)
+

(
α
ᾱ

)
.

F2′ q̂= 1√
2
(â+â†), p̂= 1

i
√

2
(â−â†) ⇒ ...

F3′ D̂†(α)e−iΛTΩR̂D̂(α)=e−iΛTΩD̂†(α)R̂D̂(α) = ...

F4′ χ[D̂(α)ÔD̂†(α)](Λ)=tr(D̂(α)ÔD̂†(α)D(Λ))

=tr(Ô D̂†(α)D(Λ)D̂(α))= ...

F5′ W [D̂(α)ÔD̂†(α)](X)= 1
2π2

∫
R2

d2Λ e−iΛTΩX χ[Ô](Λ)

F6′ By using C5 , B5′ , C1′ , C4′ , we get

(Q̂n)w(q, p)=2tr(Q̂nΠ(q, p))

=2
∞∫
−∞

∞∫
−∞
〈x|Q̂n|y〉〈y|Π(q, p)|x〉 dxdy

=2
∞∫
−∞

∞∫
−∞

yn δ(y−x)e
i
~ (y−x)δ(2q−x−y) dxdy

=2
∞∫
−∞

xn δ(2q−2x) dx=
∞∫
−∞

xn δ(q−x) dx=qn.

(P̂n)w(Λ)=2tr(P̂nΠ(q, p))

=2tr((F̂ †Q̂F̂ )nΠ(q, p))

=2tr(F̂ †Q̂nF̂Π(q, p))

=2tr(Q̂nF̂Π(q, p)F̂ †)

=2tr(Q̂nΠ(p,−q))
=(Q̂n)w(p,−q)=pn.

E1′ Since eÂB̂e−Â=B̂+ 1
1! [Â, B̂]+ 1

2! [Â, [Â, B̂]]+ ...

Â=−αâ++ᾱâ ⇒ [Â, â]=α, [Â, [Â, â]]=0, ...

[Â, â†]= ᾱ, [Â, [Â, â†]]=0, ...
⇒ ...
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DEFINITIONS USED IN THE CASE OF GAUSSIAN STATES

Definitions
&Relations from:

• A. Ferraro et al., Bibliopolis, Napoli, 2005.
• Stefano Olivares, Quantum optics in phase space, Eur. Phys. J. Special Topics 203, 3-24 (2012).

~=1

q̂= 1√
2
(â+â†)

p̂=− i√
2
(â−â†)

[q̂, p̂] = i

â= 1√
2
(q̂+ip̂)

â†= 1√
2
(q̂−ip̂)

[â, â†] = 1

χ[%](Λ)=e−
1
2 ΛTΩσΩTΛ−iΛTΩ〈R̂〉

W [%](X)= 1
π
√

detσ
e−

1
2 (X−〈R̂〉)Tσ−1(X−〈R̂〉)

σk`
def
= 1

2 〈R̂k R̂`+R̂` R̂k〉−〈R̂k〉〈R̂`〉

tr ρ2 = 1
2
√

detσ
, σ+ i

2

(
0 1
−1 0

)
≥0.

Definitions
&Relations used in:

• G. Adesso et al., Open Syst. Inf. Dyn. 21, 1440001 (2014),
• X.-B. Wang et al., Phys. Rep. 448 (2007), 1-111.

~=1

q̂= 1√
2
(â+â†)

p̂=− i√
2
(â−â†)

[q̂, p̂] = i

â= 1√
2
(q̂+ip̂)

â†= 1√
2
(q̂−ip̂)

[â, â†] = 1

χ[%](Λ)=e−
1
4 ΛTΩσΩTΛ−iΛTΩ〈R̂〉

W [%](X)= 1
π
√

detσ
e−(X−〈R̂〉)Tσ−1(X−〈R̂〉)

σk`
def
= 〈R̂k R̂`+R̂` R̂k〉−2 〈R̂k〉〈R̂`〉

tr ρ2 = 1√
detσ

, σ+i

(
0 1
−1 0

)
≥0.

Definitions
&Relations used in: • A. Ferraro et al., Bibliopolis, Napoli, 2005.

~= 1
2

q̂= 1
2 (â+â†)

p̂=− i
2 (â−â†)

[q̂, p̂] = i
2

â= q̂+ip̂

â†= q̂−ip̂
[â, â†] = 1

χ[%](Λ)=e−
1
2 ΛTΩσΩTΛ−iΛTΩ〈R̂〉

W [%](X)= 1
2π
√

detσ
e−

1
2 (X−〈R̂〉)Tσ−1(X−〈R̂〉)

σk`
def
= 1

4 〈R̂k R̂`+R̂` R̂k〉−〈R̂k〉〈R̂`〉

tr ρ2 = 1
3
√

detσ
, σ+ i

4

(
0 1
−1 0

)
≥0.

Definitions
&Relations used in:

• C. Weedbrook et al. , Rev. Mod. Phys. 84, 621 (2012),
• C. Navarrete-Benlloch, IOPscience, 2015.

~=2

q̂= â+â†

p̂=−i(â−â†)
[q̂, p̂] = i

â= 1
2 (q̂+ip̂)

â†= 1
2 (q̂−ip̂)

[â, â†] = 1

χ[%](Λ)=e−
1
2 ΛTΩσΩTΛ−iΛTΩ〈R̂〉

W [%](X)= 1
2π
√

detσ
e−

1
2 (X−〈R̂〉)Tσ−1(X−〈R̂〉)

σk`
def
= 1

2 〈R̂k R̂`+R̂` R̂k〉−〈R̂k〉〈R̂`〉

tr ρ2 = ........, σ+i

(
0 1
−1 0

)
≥0.
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