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Abstract. This is a tutorial1 on Linear Algebra and some of its applications to the description of quantum systems.

A VECTOR SPACES (also called LINEAR SPACES )

N ⊂ Z ⊂ Q ⊂ R ⊂ C
natural
numbers

integer
numbers

rational
numbers

real
numbers

complex
numbers

Definition. Let either K=R or K=C (K=field of scalars).

Vector space over K
( K-vector space )

=

V
(space

of
vectors)

+

V×V→V : (x, y) 7→x+y
(vector addition)
K×V→V : (α, x) 7→αx
(scalar multiplication)

satisfying the axioms:

1

1. (x+y)+z=x+(y+z), ∀x, y, z∈V
2. there exists 0∈V such that x+0=x, ∀x∈V
3. ∀ x∈V there exists −x∈V such that x+(−x)=0
4. x+ y = y + x, ∀x, y ∈ V
5. α(x+ y) = αx+ αy, ∀α ∈ K, ∀x, y ∈ V
6. (α+ β)x = αx+ βx, ∀α, β ∈ K, ∀x ∈ V
7. α(βx) = (αβ)x, ∀α, β ∈ K, ∀x ∈ V
8. 1x = x, ∀x ∈ V.

A linear combination
of v1, v2, ..., vn

is any vector
of the form

α1v1+α2v2+...+αnvn
with α1 , α2 , ... , αn∈K

Theorem.
2

3

4

5

V is a K-vector space

x−y def
= x+(−y)

⇒

αx=0 ⇔
{
α=0 or
x=0

α(−x)=(−α)x=−αx
α(x−y)=αx−αy
(α−β)x=αx−βx

Theorem. Let V be a K-vector space and let W⊆V.

6
x, y∈W
α∈K

}
⇒
{
x+y∈W
αx∈W ⇔ x, y∈W

α, β∈K

}
⇒ αx+βy∈W

Definition.

7 W is called a subspace of V if x, y∈W
α, β∈K

}
⇒ αx+βy∈W.

Theorem.

8 Any subspace of V is itself a vector space.

9 Null space {0} and V are subspaces of V.

10 span{v1, v2, ..., vn}
def
= {α1v1+α2v2+...+αnvn | αk∈K }

is a subspace of V (subspace spanned by {v1, v2, ..., vn}).
Definition.

11 S={v1, v2, ..., vn} is a
spanning
set of V

(S spans V)
if V=span{v1, v2, ..., vn}

V is a finite-dimensional
vector space if there exsits a finite set {v1, ..., vn}

such that V=span{v1, v2, ..., vn}.
Theorem.

12
S={v1, v2, ..., vn} spans V,
vk is a linear combination

of the other vectors
⇒ S\{vk} spans V.

13
None of v1, v2, ..., vn is

a linear combination
of the other vectors

⇔
α1v1+α2v2+...+αnvn=0

⇓
α1 =α2 = ...=αn=0

Definition.

14
{v1, v2, ..., vn} is a

linearly independent
set of vectors

if
α1v1+α2v2+...+αnvn=0

⇓
α1 =α2 = ...=αn=0

Theorem.

15 S={v1, v2, ..., vn} linearly independent ⇒ 0 6∈S.

16
• 0 6∈S={v1, v2, ..., vn} and
• vk is not a linear combination

of v1, v2, ..., vk−1, for any 2≤k≤n
⇔ S is linearly

independent.

1 Version 16 Oct. 2021 (for future updates see
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Definition.

17 B={v1, v2, ..., vn} is a basis of V if
B spans V

and
B linearly indep.

Theorem.

18
B={v1, v2, ..., vn}

basis of V ⇒

• any x∈V can be written as

x=x1v1+x2v2+...+xnvn

• the coefficients x1 , x2 , ... , xn
of x are uniquely determined
(coordinates of x in basis B).

19 From any spanning set S of V, we can extract a basis.

20 Any finite-dimensional
vector space V 6={0} admits a basis.

21

• M={v1, v2, ..., vn}
linearly indep.

• S={w1, w2, ..., wk}
spans V

⇒
• n ≤ k;
• M can be extended

up to a basis of V by
adding vectors from S.

22 Any two bases
of a vector space have the same number of vectors.

Definition.

23
Dimension
of a vector

space over K
is dimKV

def
=


number

of vectors
of a basis

if V 6={0};

0 if V={0}.
Theorem.

24 W⊆V is a subspace ⇒ dimW≤dimV.
25 W⊆V and dimW=dimV ⇒ W=V.
Theorem.

26 W1,W2⊆V subspaces 6⇒ W1 ∪W2 is a subspace.

27 W1,W2⊆V subspaces ⇒ W1 ∩W2 is a subspace.

28 span{v1, v2, ..., vn} is the intersection of all the sub-
spaces containing {v1, v2, ..., vn}.

Theorem.

29
W1,W2⊆V
subspaces

⇒

• W1+W2 =

{
w1+w2

∣∣∣∣ w1∈W1

w2∈W2

}
is a subspace of V;

• dim(W1+W2)=dimW1+dimW2

−dim(W1∩W2).

30 The representation
of any x∈W1+W2

as
x=w1+w2

withwk∈Wk

is unique
⇔W1∩W2 ={0}.

Definition.

31
The sum of

the subspaces
W1,W2⊆V

is W1+W2
def
=

{
w1+w2

∣∣∣∣ w1∈W1

w2∈W2

}
32 W1+W2 is called

a direct sum and
denoted W1⊕W2

if W1∩W2 ={0}.

33 W2 is
a complement

of W1 in V if V=W1⊕W2.

Theorem.

34

V1,V2 vector
spaces over
the same
field K

⇒

• V=V1×V2 with
(x1, x2)+(y1, y2)=(x1+y1, x2+y2)

λ(x1, x2)=(λx1, λx2)
is a vector space.

• dim(V1×V2)=dimV1+dimV2.

1
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Theorem.

35
By restriction of scalars from
C to R, a complex vector space
V becomes a real vector space

dimRV=2 dimCV

36

By extension of
scalars from R
to C, a complex
vector space VC

is obtained from
a real space V

• VC =V×V with
(x, y)+(x′, y′)=(x+x′, y+y′)
(α+βi)(x, y)=(αx−βy, αy+ βx)
• dimCVC =dimRV

37 W ⊆ V
subspace ⇒

• x ∼ y if x−y∈W
is an equivalence relation.

• The set of equivalence classes
V/W={ x̂=x+W | x∈V }

with x̂+ŷ= x̂+y, λx̂= λ̂x,
is a vector space (factor space).

• dimV/W=dimV−dimW.

Remark. The vector space

38 Kn={(x1, x2, ..., xn) | x1, x2, ..., xn∈K }
can as well be regarded as the space of column matrices

39 Kn=


x

1

x2
...
xn


∣∣∣∣∣∣∣ x1, x2, ..., xn∈K

 ,

where we have used superscripts instead of subscripts.

Notation (Einstein summation convention).

Representation of a vector with respect to an ordered basis

40 x=x1v1+x2v2+· · ·+xnvn=
n∑
k=1

xkvk
can be written as

41 x=xkvk where xkvk
def
= x1v1+x2v2+· · ·+xnvn

The numbers x1, x2, ..., xn are the coordinates of x.

Definition. Given two bases of the K−vector space V

42
B={v1, v2, ..., vn} (the “old” basis),
B′={v′1, v′2, ..., v′n} (the “new” basis),

the vectors v′j can be expressed in terms of vk

43


v′1 =α1

1v1+α2
1v2+...+αn1 vn

v′2 =α1
2v1+α2

2v2+...+αn2 vn
..........................................
v′n=α1

nv1+α2
nv2+...+αnnvn

that is v′j=αkj vk

The matrix

44 S=

α
1
1 α1

2 · · · α1
n

α2
1 α2

2 · · · α2
n...

...
. . .

...
αn1 αn2 · · · αnn


is the change of basis matrix from B to B′.

Theorem. The inverse matrix

45 S−1=

β
1
1 β1

2 · · · β1
n

β2
1 β2

2 · · · β2
n...

...
. . .

...
βn1 βn2 · · · βnn

 satisfying

βmk α
k
j =δmj

αjmβ
m
k =δjk

vk=βjkv
′
j

is the change of basis matrix from B′ to B.

Theorem (New coordinates x′j in terms of the old ones).

46

v′j=αkj vk

x=xkvk=x′jv′j

vk=βjkv
′
j

⇒
x′j=βjkx

k

xk=αkjx
′j

x
′1

x′2
...
x′n

=S−1

x
1

x2

...
xn



B LINEAR MAPS AND MATRICES

Definition. Let V,W be vector spaces over the same field K.

1

A linear map
from V to W

(linear mapping,
linear operator)

is a map

A :V→W satisfying the relation

A(αx+βy)=αAx+βAy

for any x, y∈V and α, β∈K.

2 Notation. L(V,W)= set of all the linear maps A :V→W.
End(V)≡L(V)= set of all the linear maps A :V→V.

Theorem.

3

4

5

A :V→W
linear map

⇒

• Kernel KerA={x∈V | Ax=0}
is a subspace of V.

• Image
(range) ImA={Ax | x∈V}

is a subspace of W.
• dimV=dim KerA+dim ImA

Theorem.

6 Linear map A :V→W is injective ⇔ KerA={0}.
7 Linear map A :V→W is surjective ⇔ ImA=W.

8 Linear map A :V→W is bijective ⇒ A−1:W→V is linear.

Definition.
• An isomorphism of vector spaces is a bijective linear map.

• Two vector spaces are
isomorphic spaces if an isomorphism exists between them.

Theorem.

9 Vector spaces V,W
over the same field are isomorphic ⇔ dimV=dimW

10
B={v1, v2, ..., vn}

is an ordered basis in
the K-vector space V

⇒
V −→ Kn :

x=xkvk 7→ (x1, x2, ..., xn)
is an isomorphism

Definition.

11

Bv={v1, v2, ..., vn} basis in V
Bw={w1, ..., wm} basis in W

A :V→W linear map

Avk=ajkwj

A=

a1
1 a1

2 · · · a1
n

a2
1 a2

2 · · · a2
n...

...
. . .

...
am1 am2 · · · amn


is the matrix of A with
respect to Bv and Bw.

Remark. For x=xkvk, y=yjwj , in matrix representation

12
y=Ax

yj=ajkx
k

becomes

 y1

y2

...
ym

=

a1
1 a1

2 · · · a1
n

a2
1 a2

2 · · · a2
n...

...
. . .

...
am1 am2 · · · amn


x

1

x2

...
xn

.
Theorem. Let B={v1, ..., vn}, B′={v′1, ..., v′n} be bases in V.

13

A :V→V
linear map

Avk=ajkvj
Av′k=a′

j
kv
′
j

v′k=αjkvj

A=

a1
1 · · · a1

n...
. . .

...
an1 · · · ann

, A′=

a′11 · · · a′1n...
. . .

...
a′
n
1 · · · a′

n
n

,
S=

α1
1 · · · α1

n...
. . .

...
αn1 · · · αnn

 ⇒ A′=S−1AS .

Theorem.Bu={u1, ..., un}, Bv={v1, ..., vm}, Bw={w1, ..., wk}.

14

U A→V B→W
linear maps

Auk=ajkvj
Bvk=bjkwj

C=BA
Cuk=cjkwj

A=

a1
1 · · · a1

n...
. . .

...
am1 · · · amn

, B=

b11 · · · b1m...
. . .

...
bk1 · · · bkm

,
C=

c11 · · · α1
n...

. . .
...

ck1 · · · αkn

 ⇒ C=BA .

2
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Definition. Let V be a vector space over K.

15
λ is an eigenvalue

of the linear operator
A :V→V

if

• λ∈K and
• there exists v∈V, v 6=0

(eigenvector corresp. to λ)

such that Av=λ v .

Theorem.

16

17

18

19

λ eigenvalue
of linear operator

A :V→V
⇒
Vλ={x∈V | Ax=λx }

is a subspace of V
(eigenspace corresp. to λ).

B={v1, v2, ..., vn}
basis in V.

A :V→V
linear operator.

Avk=ajkvj

⇒

•Characteristic polynomial of A

P (λ)=det(A−λI) ,

P (λ)=

∣∣∣∣∣∣∣
a1

1−λ a1
2 · · · a1

n

a2
1 a2

2−λ · · · a2
n...

...
. . .

...
an1 an2 · · · ann−λ

∣∣∣∣∣∣∣
•Trace of A

trA=a1
1+a2

2+· · ·+ann
•Determinant of A

detA=

∣∣∣∣∣∣
a1

1 · · · a1
n

...
. . .

...
an1 · · · ann

∣∣∣∣∣∣
defined by using the matrix of
A with respect to B, do not
depend on the basis B we chose.

Theorem. Let V be a K-vector space.

20 • A,B :V→V
linear operators ⇒ tr(AB)=tr(BA)

21 • A,B,C :V→V
linear operators ⇒ tr(ABC)=tr(BCA)

22 •
λ is an eigenvalue

of the linear operator
A :V→V

⇔
• λ∈K and
• P (λ)=0, that is

det(A− λI)=0.

Definition.

23
An invariant subspace of

a linear operator A :V→V
(A-invariant subspace)

is a subspace W⊂V
such that A(W)⊂W.

Theorem.

24 λ is an eigenvalue of the
linear operator A :V→V ⇒ Vλ is A-invariant.

25

Matrix of a linear operator
A :V→V relative to a basis

B={v1, v2, ..., vn}
is a diagonal matrix

⇔
All the vectors
v1, v2, ..., vn

are eigenvectors of A

26

v1, v2, ..., vn are eigenvectors
of a linear operator A :V→V

corresponding to
distinct eigenvalues

⇒
{v1, v2, ..., vn}
is a linearly

independent set.

Definition. Let V be a vector space over K.

27
Linear operator

A :V→V
is diagonalizable

if there exists an ordered basis of V
consisting of eigenvectors of A.

28 Algebraic multiplicity of
an eigenvalue λ of A is

the number of times λ
appears as a root of the

characteristic polynomial.

29 Geometric multiplicity of
an eigenvalue λ of A is

the dimension of
the corresponding

eigenspace Vλ.
Theorem.

30
Linear operator

A :V→V
is diagonalizable

⇔
All the roots of the characteristic
polynomial belong to K, and for
each of them, the algebraic and

geometric multiplicities are equal.

C TENSORS

Definition. Let V be a vector space over the field K.

1 Linear functional
(or linear form) is a linear map ϕ :V → K.

Theorem.

2
V∗={ϕ :V → K | linear form }

(ϕ+ψ)(x)=ϕ(x)+ψ(x)
(λϕ)(x)=λϕ(x)

is

a vector space
(dual space of V)

and
dimV∗=dimV.

Definition.

3 Dual basis of
B={v1, v2, ..., vn} is

B∗={v1, v2, ..., vn},
vj :V → K, vj(vk)=δjk,
that is vj(xkvk)=xj .

Theorem.

4 B={v1, v2, ..., vn}
basis in V ⇒ Matrix of ϕ∈V∗ relative to B is

(ϕ(v1) ϕ(v2) ... ϕ(vn) ).

5 Identification of V
with its bidual V∗∗ V→(V∗)∗ : x 7→ Ψx :V∗ → K

Ψx(ϕ)=ϕ(x)
is isomorphism.

Theorem.

6

7

8

B={v1, v2, ..., vn}, v′j=αkj vk
B′={v′1, v′2, ..., v′n}, vk=βjkv

′
j

B∗={v1, v2, ..., vn} dual of B

B′
∗

={v′1, v′2, ..., v′n} dual of B′

x=xivi=x′jv′j
ϕ=ϕmv

m=ϕ′kv
′k

A :V→V linear operator

Avm=aimvi, Av′k=a′
j
kv
′
j


⇒

v′j=βji v
i

x′j=βji x
i

ϕ′k=αmk ϕm

a′
j
k=βjiα

m
k a

i
m

Definition.
A (p, q)-tensor (p contravariant and q covariant indices)
is a mathematical object T described relative to a basis

B by its coordinates T
j1j2...jp
k1k2...kq

which, under a basis

change {v1, ..., vn} 7→{v′1, ..., v′n},
v′j=αkj vk
vk=βjkv

′
j

transform as

9 T
′j1j2...jp
k1k2...kq

=βj1i1 β
j2
i2
...β

jp
ip
αm1

k1
αm2

k2
...α

mq
kq
T
i1i2...ip
m1m2...mq

Theorem.
• Elements of V are tensors of type (1, 0).
• Elements of V∗ are tensors of type (0, 1).
• Any linear operator A:V→V is a tensor of type (1,1).
• Any multilinear map

10 T :: V∗ × V∗ × · · · × V∗︸ ︷︷ ︸
p times

×V × V × · · · × V︸ ︷︷ ︸
q times

−→ K

is a tensor of type (p,q) with

11 T
j1j2...jp
k1k2...kq

=T (vj1 , ..., vjp , vk1 , ..., vkq )

and any tensor corresponds to such a map.

Theorem. The following relations define tensors.
• Tensor addition

12 (T+S)
j1j2...jp
k1k2...kq

=T
j1j2...jp
k1k2...kq

+S
j1j2...jp
k1k2...kq

• Scalar multiplication

13 (λT )
j1j2...jp
k1k2...kq

=λT
j1j2...jp
k1k2...kq

• Tensor product

14 (T⊗S)
j1...jpi1...ir
k1...kqm1...ms

=T
j1...jp
k1...kq

Si1...irm1...ms

• Tensor (r, s) contraction

15 S
j1...jr−1jr+1...jp
k1...ks−1ks+1...kq

=
n∑

m=1
T
j1...jr−1mjr+1...jp
k1...ks−1mks+1...kq

3
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D FINITE-DIMENSIONAL HILBERT SPACES

Definition. Let either K=R or K=C (K=field of scalars).

1

Inner product space

over the field K
=

H
(vector
space)

+

inner product

H×H→K : (x, y) 7→〈x, y〉

satisfying the relations:
〈x, αy+βz〉=α〈x, y〉+β〈x, z〉,
〈x, y〉 = 〈y, x〉, for any x, y, z,
〈x, x〉 > 0, for x 6=0.

Remark. One can prove that:

2 Any finite-dimensional inner product space is a Hilbert space.

3

4

H×H→K :
(x, y) 7→〈x, y〉
inner product

⇒
H→R :x 7→||x||=

√
〈x, x〉 is a norm.

H×H→R : (x, y) 7→||x−y|| is a distance.

Theorem (Cauchy-Schwarz).

5
H×H→K :

(x, y) 7→〈x, y〉
inner product

⇒

• |〈x, y〉| ≤ ||x|| ||y|| for any x, y∈H,

•For non-null vectors:

|〈x, y〉|= ||x|| ||y|| ⇔ there exists λ∈K
such that x=λy.

Definition.

6 x∈H is a unit vector if ||x||=
√
〈x, x〉=1.

7 x, y∈H are orthogonal vectors x⊥y ⇔ 〈x, y〉=0.

8 {v1, v2, ..., vn} is an orthogonal set
(list, system) if 〈vj , vk〉=0 for j 6=k.

9 {v1, ..., vn} is an orthonormal set
(list, system) if 〈vj , vk〉=δjk=

{
1 for j=k,
0 for j 6=k.

10 A basis {e1, e2, ..., en} is an orthonormal basis if 〈ej , ek〉=δjk.

Theorem.

11 〈x, y〉=0 ⇒ ||x+y||2 = ||x||2+||y||2 (Pythagoras).

12
{v1, v2, ..., vn} orthogonal

0 6∈{v1, v2, ..., vn}

}
⇒{v1, v2, ..., vn} linearly indep.

13 Orthogonal projection of x on w 6=0 is Pwx= 〈w,x〉
〈w,w〉w.

14 Orthogonal projection on a unit vector u is Pux=〈u, x〉u.

Theorem (Gram-Schmidt).

15
{v1, ..., vn}

linearly
indep.

⇒

• {w1, w2, ..., wn}, where
w1 = v1,

w2 = v2 − 〈w1,v2〉
〈w1,w1〉 w1,

..............................

wn=vn− 〈w1,vn〉
〈w1,w1〉 w1−· · · − 〈wn−1,vn〉

〈wn−1,wn−1〉 wn−1,

is an orthogonal set such that
• span {w1, w2, ..., wk}=span {v1, v2, ..., vk},

for any k∈{1, 2, ..., n}.

16
{v1, ..., vn}

linearly
indep.

⇒

• {u1, u2, ..., un}, where
u1 = v1

||v1|| ,

u2 = v2−〈u1,v2〉u1

||v2−〈u1,v2〉u1|| ,
........................................

un= vn−〈u1,vn〉u1−〈u2,vn〉u2−···−〈un−1,vn〉un−1

||vn−〈u1,vn〉u1−〈u2,vn〉u2−···−〈un−1,vn〉un−1|| ,

is an orthonormal set such that
• span {u1, u2, ..., uk}=span {v1, v2, ..., vk},

for any k∈{1, 2, ..., n}.

Theorem.

17
{e1, e2..., en}
orthonormal
basis in H

⇒

For any x, y∈H we have:

• x=
n∑
k=1

〈ek, x〉ek,

• 〈x, y〉=
n∑
k=1

〈x, ek〉〈ek, y〉,

• ||x||=
√

n∑
k=1

|〈ek, x〉|2.

Theorem.

18 M⊆H
subset

}
⇒

M⊥={x∈H | 〈x, y〉=0, ∀y∈M}
is a vector subspace of H and

dimM⊥=dimH−dim(spanM).

19 K⊆H
subspace

}
⇒ H=K⊕K⊥

Theorem.

20 〈x, v〉=〈y, v〉
for any v∈H

}
⇒ x=y.

21 For any
ϕ∈H∗

there exists a∈H uniquely determined
and such that ϕ(x)=〈a, x〉, for all x∈H

22 The dual of H is H∗={H→K :x 7→〈a, x〉 | a∈H}

Notation (Dirac’s “bra-ket” notation).

23
ϕ(x)=〈a, x〉
for any x∈H

suggests us
the notations

〈a| for ϕ
|x〉 for x

24 Thus,
H≡{ |x〉 | x∈H}
H∗≡{ 〈a| | a∈H} and 〈a, x〉≡〈a|x〉

25 x=
n∑
k=1

〈ek, x〉ek becomes |x〉=
n∑
k=1

|ek〉〈ek|x〉

26 and can be written as
(resolution of the identity) I=

n∑
k=1

|ek〉〈ek|

27 A :H−→H
A|x〉= |a〉〈b|x〉

can be
written as A= |a〉〈b|

28 Pu :H−→H
Pu|x〉= |u〉〈u|x〉

can be
written as Pu= |u〉〈u|

Remarks.

29
B={|e1〉, |e2〉, ..., |en〉}

orthonormal basis
⇔
• 〈ej |ek〉=δjk and

•
n∑
k=1

|ek〉〈ek|=I.

30
B={|e1〉, |e2〉, ..., |en〉}

orthonormal basis
⇒ B∗={〈e1|, 〈e2|, ..., 〈en|}

dual basis (〈ej |ek〉=δjk)

Theorem. Let {|e1〉, |e2〉,..., |en〉} be orthonormal basis.

31 tr |a〉〈b|=
n∑
k=1

〈ek|a〉〈b|ek〉=
n∑
k=1

〈b|ek〉〈ek|a〉=〈b|a〉.

32 I=
n∑
k=1

|ek〉〈ek| ⇒


|x〉=I|x〉=

n∑
k=1

|ek〉〈ek|x〉,

〈x|=〈x|I=
n∑
k=1

〈x|ek〉〈ek|.

Theorem.

33

Direct sum of
two Hilbert
spaces over

the same field

H⊕K={ (x, y) | x∈H, x∈K}
is a Hilbert space with

〈(x, y), (x′, y′)〉=〈x, x′〉+〈y, y′〉.
dimH⊕K=dimH+dimK.

4
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Definition. Conjugate transpose of a matrix

34 A=

a1
1 a1

2 · · · a1
n

a2
1 a2

2 · · · a2
n...

...
. . .

...
am1 am2 · · · amn

 is A†=

ā
1
1 ā2

1 · · · ām1
ā1

2 ā2
2 · · · ām2...
...

. . .
...

ā1
n ā2

n · · · āmn

.
Definition. A matrix with complex entries

35 A=

a1
1 · · · a1

n
...

. . .
...

an1 · · · ann

 is

{
• a Hermitian matrix if A†=A.
• a unitary matrix if A†A=I.

Definition. A matrix with real entries

36 A=

a1
1 · · · a1

n
...

. . .
...

an1 · · · ann

 is

{
• a symmetric matrix if A

T

=A.

• an orthogonal matrix if A
T

A=I.

Theorem. Let H be a Hilbert space over the field K.

37

Change of basis
matrix between
two orthonormal

bases of H
is

{
• an orthogonal matrix if K=R
• a unitary matrix if K=C.

Theorem. Orthogonal projector on a subspace K⊂H.

38

PKx
def
= x‖ for

x=x‖+x⊥

H=K⊕K⊥

{e1, e2..., em} orthonormal
basis in K,

{e1, e2..., em,
em+1, ..., en}

orthonormal
basis in H

⇒

• PK=
m∑
k=1

|ek〉〈ek|,

• PK⊥=
n∑

k=m+1

|ek〉〈ek|,

• PK+PK⊥=IH,
• PK PK⊥=0.

E SELF-ADJOINT (HERMITIAN) OPERATORS

Theorem.

1

H, K Hilbert spaces,
over the same field.

A :H→K
linear operator

⇒

There exists a unique operator
A† :K→H

satisfying 〈A†x, y〉=〈x,Ay〉

for any x∈K, y∈H.

Definition.

2 The adjoint
of A :H→K is A† :K→H satisfying

〈A†x, y〉=〈x,Ay〉
∀x∈K, ∀y∈H.

Theorem.

3
A,B :H→H linear operators,

λ∈K ⇒

(A+B)†=A†+B†,
(λA)†= λ̄ A†,

(AB)†=B†A†,
(A†)†=A.

4
Matrix of A† :H→H
with respect to an

orthonormal basis B
is

the conjugate transpose of
the matrix of A :H→H

with respect to the basis B.

5 The linear form corresponding to A|x〉 is 〈x|A†.

6 (|a〉〈b|)†= |b〉〈a|.
Theorem. The vector space of matrices

7 Mmxn(K)=

A=

a1
1 a1

2 · · · a1
n

a2
1 a2

2 · · · a2
n...

...
. . .

...
am1 am2 · · · amn


∣∣∣∣∣∣∣ akj ∈K


is a Hilbert space with

〈A,B〉=tr(A†B) =
∑
j,k

ākj b
k
j

Hilbert−Schmidt
inner product

Theorem. The space of linear maps

8 L(H,K)={A :H→K | A is a linear map }
is a Hilbert space with
(A+B)x=Ax+Bx

(λA)x=λAx and 〈A,B〉=tr(A†B)

Definition.

9
A linear operator A :H→H

is a self-adjoint operator
(Hermitian operator)

if
〈Ax, y〉=〈x,Ay〉

∀x, y∈H.

Notation : A(H)={A :H→H | Hermitian operator }
Theorem.

10 A∈A(H) ⇔ A=A†

11
A,B∈A(H)

λ∈R ⇒ A+B∈A(H),
λA∈A(H).

12 A(H) is
• real Hilbert space with 〈A,B〉=tr(AB),
• dimRA(H)=(dimH)2.

13 For A,B∈A(H): AB∈A(H) ⇔ AB=BA.

14 If A∈A(H) is invertible, then A−1∈A(H).

Theorem. Let H be a Hilbert space over the field K.

15 A∈A(H)⇔
Matrix of A with respect
to an orthonormal basis is:

- a symmetric matrix if K=R.
- a Hermitian matrix if K=C.

16 A∈A(H)⇒
• Eigenvalues of A are real;
• Eigenvectors of A corresponding to

distinct eigenvalues are orthogonal.

17 A∈A(H)⇒ All the roots of the characteristic
polynomial of A are real.

18 A∈A(H)⇒
There exists an orthonormal basis B
in H such that the matrix of A with
respect to B is a diagonal matrix.

19 A∈Mn×n(C)
Hermitian matrix ⇒

there exists a unitary
matrix S such that S†AS
is a diagonal matrix

20 A∈Mn×n(R)
symmetric matrix ⇒

there exists an orthogonal
matrix S such that STAS
is a diagonal matrix

21
A∈A(H)
B∈A(H)

⇒ AB=BA⇔
There exists an orthonormal
basis consisting in common
eigenvectors of A and B

22 Orthogonal projectors. For P ∈L(H,H):

There exists a
subspace K⊆H such that P =PK ⇔ P †=P =P 2

23

A∈A(H), 〈ej |ek〉=δjk,

I=
n∑
k=1

|ek〉〈ek|,

A=
n∑
k=1

λk|ek〉〈ek|,

f :{λ1, λ2, ..., λn}→C

7→

f(A)=
n∑
k=1

f(λk)|ek〉〈ek|,

eA=
n∑
k=1

eλk |ek〉〈ek|,
√
A=

n∑
k=1

√
λk|ek〉〈ek|,
for λk≥0.

Definition. For A,B∈A(H):

24 A≤B if 〈x,Ax〉≤〈x,Bx〉, for any x∈H.

25 A is called a positive operator if A≥0.

Theorem.

26 A=A†=
n∑
k=1

λk|ek〉〈ek| ≥ 0 ⇔ λk≥0, for any k.

27 P orthogonal projector ⇒ 0≤P ≤I.

5
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F UNITARY TRANSFORMATIONS

Definition. Let H, K be complex Hilbert spaces.

1 A linear map A :H→K is
a unitary transformation if 〈Ax,Ay〉=〈x, y〉 ∀x, y∈H.

2 A linear map A :H→H
is a unitary operator if 〈Ax,Ay〉=〈x, y〉 ∀x, y∈H.

Notation U(H)={A :H→H | unitary operator } .
Theorem. Let H be a complex Hilbert space.

3 A∈U(H) ⇒ ||Ax||= ||x||, for any x∈H.

4 A,B∈U(H) ⇒ AB∈U(H).

5 A∈U(H) ⇒ A is bijective and A−1∈U(H).

6 A :H→H
unitary operator ⇔ A†A=I ⇔ A bijective

and A−1 =A†

7 U(H) is a group

8 A∈U(H)⇔ Matrix of A with respect to an
orthonormal basis is a unitary matrix.

9 A∈U(H)⇒
• λ eigenvalue of A ⇒ |λ|=1;
• Eigenvectors of A corresponding to

distinct eigenvalues are orthogonal.

10 A∈U(H)⇒
There exists an orthonormal basis B
in H such that the matrix of A with
respect to B is a diagonal matrix.

11 A∈Mn×n(C)
unitary matrix ⇒

there exists a unitary
matrix S such that S†AS
is a diagonal matrix

Definition.
Unitary representation of
a group G in the space H = any morphism of groups

% :G−→U(H).

G ORTHOGONAL TRANSFORMATIONS

Definition. Let H, K be real Hilbert spaces.

1 A linear map A :H→K is an
orthogonal transformation if 〈Ax,Ay〉=〈x, y〉 ∀x, y.

2 A linear map A :H→H is
an orthogonal operator if 〈Ax,Ay〉=〈x, y〉 ∀x, y.

Notation O(H)={A :H→H | orthogonal operator } .
Theorem. Let H be a real Hilbert space.

3 A∈O(H) ⇒ ||Ax||= ||x||, for any x∈H.

4 A,B∈O(H) ⇒ AB∈O(H).

5 A∈O(H) ⇒ A is bijective and A−1∈O(H)

Theorem. Let H be a real Hilbert space.

6 A :H→H
orthogonal operator ⇔ A

T

A=I ⇔ A bijective
and A−1 =A

T

7 O(H) is a group.

8 A∈O(H)⇔ Matrix of A with respect to an ortho-
normal basis is an orthogonal matrix.

9 A∈O(H)⇒
• λ eigenvalue of A ⇒ λ=±1;
• Eigenvectors of A corresponding to

distinct eigenvalues are orthogonal.

Remark. A∈O(H) 6⇒ A is diagonalizable.
Definition.

Orthogonal representation of
a group G in the space H = any morphism of groups

% :G−→O(H).

H TENSOR PRODUCT OF HILBERT SPACES

Definition.
Tensor product of A=

(
a0

0 a0
1

a1
0 a1

1

)
and B=

(
b00 b01
b10 b11

)
is

1 A⊗B=

(
a0

0B a0
1B

a1
0B a1

1B

)
=


a0

0b
0
0 a0

0b
0
1 a0

1b
0
0 a0

1b
0
1

a0
0b

1
0 a0

0b
1
1 a0

1b
1
0 a0

1b
1
1

a1
0b

0
0 a1

0b
0
1 a1

1b
0
0 a1

1b
0
1

a1
0b

1
0 a1

0b
1
1 a1

1b
1
0 a1

1b
1
1

 .

Remark.

2

Any K-Hilbert space
H of dimension n can
be identified with a
space of functions

H≡{ϕ :{0, 1, ..., n−1}→K },

with 〈ϕ,ψ〉=
n−1∑
k=0

ϕ(k)ψ(k).

Definition (in a particular representation).
The tensor product of the Hilbert spaces

H1 ={ϕ :{0, 1, ..., n−1}→K },
H2 ={ψ :{0, 1, ...,m−1}→K } is

3

H1⊗H2 ={Φ:{0, 1, ..., n−1}× {0, 1, ...,m−1}→K }

with 〈Φ,Ψ〉=
n−1∑
j=0

m−1∑
k=0

Φ(j, k) Ψ(j, k).

For any ϕ∈H1 and ψ∈H2, the map

4
ϕ⊗ψ :{0, 1, ..., n−1}× {0, 1, ...,m−1}→K,
ϕ⊗ψ(j, k)=ϕ(j)ψ(k) belongs to H1⊗H2

Theorem.

5
(ϕ1+ϕ2)⊗ψ=ϕ1⊗ψ+ϕ2⊗ψ
ϕ⊗(ψ1+ψ2)=ϕ⊗ψ1+ϕ⊗ψ2

λ(ϕ⊗ψ)=(λϕ)⊗ψ=ϕ⊗(λψ)

6 〈ϕ1⊗ψ1, ϕ2⊗ψ2〉=〈ϕ1, ϕ2〉 〈ψ1, ψ2〉.

7
{η0,η1, ..., ηn−1}

orthonormal
basis of H1

{ϑ0,ϑ1, ..., ϑm−1}
orthonormal
basis of H2

⇒
{
|ηjϑk〉≡|ηj〉⊗|ϑk〉

∣∣∣∣ 0≤j≤n−1
0≤k≤m−1

}
is an orthonormal basis of H1⊗H2

dimH1⊗H2 =dimH1 dimH2

8 Canonical bases of H and H1⊗H2 are

{|k〉≡|δk〉 | 0≤k≤n−1} , where δk(j)=δkj .

{|jk〉≡|j〉⊗ |k〉 | 0≤j≤n−1, 0≤k≤m−1}.

9 Matrix of an operator
T :H1⊗H2→H1⊗H2

is T=(T ikj` =〈ik|T |j`〉)

10
A :H1→H1

B :H2→H2

linear operators

⇒
A⊗B :H1⊗H2−→H1⊗H2

(A⊗B)(ϕ⊗ψ)=(Aϕ)⊗(Bψ)

defines a linear operator.

11 The matrix of A⊗B is the tensor product of the
matrices of A and B

12 The adjoint of A⊗B is (A⊗B)†=A†⊗B†

13 |ϕ1ψ1〉〈ϕ2ψ2|= |ϕ1〉〈ϕ2| ⊗ |ψ1〉〈ψ2|.

Definition Partial traces of T ∈L(H1 ⊗H2) are:

14 the only map
tr1T :H2→H2

satisfying tr ((I⊗B)T ) = tr (B tr1 T ),
for any B∈L(H2),

15 the only map
tr2T :H1→H1

satisfying tr ((A⊗ I)T ) = tr (A tr2 T ),
for any A∈L(H1).

Theorem.

16 〈k|tr1T |`〉=
n−1∑
j=0

T jkj` , 〈i|tr2T |j〉=
m−1∑
k=0

T ikjk .

Theorem (Schmidt decomposition). For Φ∈H1⊗H2,

17 there
exist

p0≥p1≥ ... ≥pr−1>0,
{ϕ0, ϕ1, ..., ϕn−1}
{ψ0, ψ1, ..., ψm−1}
orthonormal bases

such
that

Φ=
r−1∑
k=0

√
pk |ϕkψk〉

where r=rank(Φjk).

6
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I QUADRATIC FORMS

Definition.

1
A bilinear form
on the K-vector

space V is

a map g :V×V−→K satisfying:

g(αx+βy, z)=αg(x, z)+βg(y, z)
g(x, αy+βz)=αg(x, y)+βg(x, z)

Theorem. Let B={v1, v2, ..., vn} be a basis in V.
If g :V×V→K is a bilinear form, x=xjvj , y=ykvk and

gjk=g(vj , vk) , then g(x, y)=gjkx
jyk , that is

2 g(x, y)=
(
x1 x2 ... xn

)g11 g12 · · · g1n

g21 g22 · · · g2n

· · · · · · · · · · · ·
gn1 gn2 · · · gnn



y1

y2

...
yn

.
Definition. The matrix of g with respect to B is

3 G=

g11 · · · g1n
...

. . .
...

gn1 · · · gnn

=

g(v1, v1) · · · g(v1, vn)
...

. . .
...

g(vn, v1) · · · g(vn, vn)

.
Theorem. Let g :V×V→K be a bilinear form.

4
B={v1, ..., vn},
B′={v′1, ..., v′n}

bases in V,

gjk=g(vj , vk),
g′jk=g(v′j , v

′
k)

v′k=αjkvj

⇒
g′jk=α`jα

m
k g`m ,

that is

G′=S
T

GS .
Definition.

5 Bilinear form
g :V×V→K is symmetric if g(x, y)=g(y, x), ∀x, y∈V.

6 Q :V→K is a quadratic
form if

there exists a symmetric
bilinear form g :V×V→K
such that Q(x)=g(x, x) .

Remark.
The symmetric bilinear form g corresponding to a
quadratic form Q is uniquely determined

7 g(x, y)= 1
2

(
Q(x+ y)−Q(x)−Q(y)

)
,

and the matrix of Q in a basis is the matrix of g.

8 Q(x)=gjkx
jxk=

(
x1 ... xn

)g11 · · · g1n
...

. . .
...

gn1 · · · gnn

x1

...
xn

.
Theorem (Gauss).

By using a change of basis B 7→ B′, the matrix of a
quadratic form can be reduced to a diagonal matrix

9 G 7→ G′=S
T

GS=

g
′
11 0 · · · 0
0 g′22 · · · 0
· · · · · · · · · · · ·
0 0 · · · g′nn

 .

In the basis B′, Q has the reduced form

10 Q(x)=g′11(x′1)2+g′22(x′2)2+· · ·+g′nn(x′n)2.

Theorem (Jacobi). If Q :V→K is a quadratic form

G=

g11 g12 · · · g1n

g21 g22 · · · g2n

· · · · · · · · · · · ·
gn1 gn2 · · · gnn


is its matrix with
respect to a basis
B={v1, v2, ..., vn},



∆1 = g11 6= 0,

∆2 =

∣∣∣∣ g11 g12

g21 g22

∣∣∣∣ 6= 0,

...................................

∆n=

∣∣∣∣∣∣∣
g11 g12 · · · g1n

g21 g22 · · · g2n

· · · · · · · · · · · ·
gn1 gn2 · · · gnn

∣∣∣∣∣∣∣ 6=0

11 then

There exists a basis B′ such that
the expression of Q in terms of B′ is

Q(x)= 1
∆1
x′1

2
+ ∆1

∆2
x′2

2
+· · ·+ ∆n−1

∆n
x′n

2

Theorem.

12

H real Hilbert space,
Q :H→R quadratic form,

G=

g11 g12 · · · g1n

g21 g22 · · · g2n

· · · · · · · · · · · ·
gn1 gn2 · · · gnn


matrix of Q with respect
to an orthonormal basis B


⇒

There exists an orthonormal basis
B′ such that the expression of Q
in terms of B′ is

Q(x)=λ1x
′
1
2
+λ2x

′
2
2
+· · ·+λnx′n

2

where λ1, λ2, ..., λn are the eigen-
values of G, that is the roots of
the equation det(G−λI)=0.

J CONICS

Definition.
We describe the geometric plane by using Cartesian coordinates.

1 A conic is

the set of all the solutions (x, y)∈R2 of an equation

a11 x
2+2 a12 xy+a22 y

2+2a10 x+2a20 y+a00 =0 ,

where at least one of a11, a12, a22 is non-null.
Theorem.

Under a change of the system of axes

2

{
x = x0 + x′ cosα− y′ sinα
y = y0 + x′ sinα+ y′ cosα

the Eq. J1 transforms into an equation of the same form, and

3 I=a11+a22, δ=

∣∣∣∣ a11 a12

a12 a22

∣∣∣∣ , ∆=

∣∣∣∣∣∣
a11 a12 a10

a12 a22 a20

a10 a20 a00

∣∣∣∣∣∣
remain invariant.
Theorem.

4
The point (x0, y0)

is a center of
symmetry of

the conic J1 ⇔
{
a11 x0+a12 y0+a10 =0
a12 x0+a22 y0+a20 =0.

Theorem. If δ 6=0, then:

5
The conic J1 has
only one center of
symmetry, namely

(x0, y0)=

(
1
δ

∣∣∣∣−a10 a12

−a20 a22

∣∣∣∣ , 1
δ

∣∣∣∣a11 −a10

a12 −a20

∣∣∣∣) .
6

After the translation
with (x0, y0), the
equation becomes

a11 x
2+2 a12 xy+a22 y

2+ ∆
δ =0.

7
The orientation of axes
can be chosen such that
the equation to become

λ1 x
′2+λ2 y

′2+ ∆
δ =0 ,

where λ1, λ1 are the roots of∣∣∣∣a11−λ a12

a12 a22−λ

∣∣∣∣=0.

Theorem.

8
δ=0
a11 6=0
∆=0

⇒
There exists a change of system
of axes such that J1 to become

a′22y
′2+2 a′20y

′+a′00 =0 .

9
δ=0
a11 6=0
∆ 6=0

⇒
There exists a change of system
of axes such that J1 to become

y′
2

=2p x′ ,where p=
√
−∆
I3 .

10

Case Conic

δ < 0 and ∆ 6= 0 hyperbola
δ > 0 and I∆ < 0 ellipse
δ > 0 and I∆ > 0 empty set
δ > 0 and ∆ = 0 a point
δ < 0 and ∆ = 0 pair of intersecting lines

δ = 0 and ∆ = 0
pair of parallel lines,
a line or empty set

δ = 0 and ∆ 6= 0 parabola

7
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Reduced forms ( a, b∈(0,∞) are parameters).

11

• Ellipse x2

a2 + y2

b2 −1=0;

• Hyperbola x2

a2 −
y2

b2 −1=0;
• Parabola y2−2ax=0;

• Two intersecting lines x2

a2 −
y2

b2 =0;
• Two parallel lines x2−a2 =0;
• A line x2 =0;

• A point x2

a2 + y2

b2 =0;

• Empty set x2

a2 + y2

b2 +1=0;
x2+a2 =0.

K QUADRICS

Definition.

1 A quadric is

the set of all the solutions
(x,y,z)∈R3 of an equation

a11 x
2+a22 y

2+a33 z
2+2 a12 xy

+2 a13 xz+2 a23 yz+2a10 x
+2a20 y+2a30 z+a00 =0

,

where at least one of a11, a22,
a2, a12, a13, a23 is non-null.

Theorem.
Under a change of Cartesian coordinates the Eq. K1

transforms into an equation of the same form, and

2

I=a11+a22+a33,

J=

∣∣∣∣ a11 a12

a12 a22

∣∣∣∣+∣∣∣∣ a11 a13

a13 a33

∣∣∣∣+∣∣∣∣ a22 a23

a23 a33

∣∣∣∣
δ=

∣∣∣∣∣∣
a11 a12 a13

a12 a22 a23

a13 a23 a33

∣∣∣∣∣∣ ,

∆=

∣∣∣∣∣∣∣∣
a11 a12 a13 a10

a12 a22 a23 a20

a13 a23 a33 a30

a10 a20 a30 a00

∣∣∣∣∣∣∣∣
remain invariant.

Reduced forms ( a, b, c∈(0,∞) are parameters).

3

• Ellipsoid x2

a2 + y2

b2 + z2

c2 −1=0;

• Elliptic hyperboloid
of one sheet

x2

a2 + y2

b2 −
z2

c2 −1=0;

• Elliptic hyperboloid
of two sheets

x2

a2 −
y2

b2 −
z2

c2 −1=0;

• Elliptic paraboloid x2

a2 + y2

b2 −z=0;

• Hyperbolic paraboloid x2

a2 −
y2

b2 −z=0;

• Elliptic cone x2

a2 + y2

b2 −
z2

c2 =0;

• Elliptic cylinder x2

a2 + y2

b2 −1=0;

• Hyperbolic cylinder x2

a2 −
y2

b2 −1=0;
• Parabolic cylinder y2−2ax=0;

• Two intersecting planes x2

a2 −
y2

b2 =0;
• Two parallel planes x2−a2 =0;
• A plane x2 =0;

• A line x2

a2 + y2

b2 =0;

• A point x2

a2 + y2

b2 + z2

c2 =0;

• Empty set x2

a2 + y2

b2 + z2

c2 +1=0;
x2

a2 + y2

b2 +1=0;
x2+a2 =0.

L LINEAR DIFFERENTIAL EQUATIONS

For any a0 6=0, a1, ..., an∈R, by denoting Dk= dk

dxk
we get

1
Ly=a0y

(n)+· · ·+an−1y
′+any

=(a0D
n+· · ·+an−1D+an)y=P (D)y

P (λ)=a0λ
n+· · ·+an

is the characteristic
polynomial

Linear equation with constant coefficients

2 Theorem: Solutions
y :R→R of Ly=0 form a real vector

space of dimension n.

General solution of Ly=0.

3 y=c1 y1+...+cn yn
is the general solution ⇔ {y1, ..., yn} is a basis in the vector

space of solutions

Particular solutions of Ly=0.

4 y(x)=eλx is a solution of Ly=0 ⇔ P (λ)=0

5 In the case λ=α+βi, e(α+βi)x def
= eαx cosβx+i eαx sinβx

6 P (α+βi) = 0⇒
{
y1(x)=eαx cosβx
y2(x)=eαx sinβx

linearly independent
solutions of Ly=0.

7
λ root of P of
multiplicity k

⇒


y1(x)=eλx

y2(x)=x eλx

........................
yk(x)=xk−1 eλx

are linearly
independent
solutions of
Ly=0.

Method of the variation of parameters.

8
y=c1 y1+...+cn yn

general solution
of Ly=0

⇒
Ly=f admits a particular

solution of the form
y(x)=c1(x) y1(x)+...+cn(x) yn(x)

The functions
c1(x), ..., cn(x)

can be obtained
by solving the

system


c′1(x) y1(x)+...+c′n(x) yn(x)=0
c′1(x) y′1(x)+...+c′n(x) y′n(x)=0
..................................................

c′1(x) y
(n−2)
1 (x)+...+c′n(x) y

(n−2)
n (x)=0

c′1(x) y
(n−1)
1 (x)+...+c′n(x) y

(n−1)
n (x)= f(x)

a0
.

Linear non-homogeneous equation.

9 general solution
of Ly = f = general solution

of Ly = 0 + a particular solution
of Ly = f.

Euler’s equation.

10 a0x
ny(n)+...+an−1xy

′+any=0
change

====⇒
x=et

linear equation with
constant coefficients

Systems of linear equations with constant coefficients.

11 Y ′=AY +F Y=

(
y1...
yn

)
, F=

(
f1...
fn

)
, A=

(
a11 ... a1n...

...
an1 ... ann

)
.

12 Theorem: Solutions
Y :R→Rn of Y ′=AY form a real vector

space of dimension n.
Wronski matrix

13 Y1=

(
y11...
yn1

)
, ..., Yn=

(
y1n...
ynn

)
form

a
basis

⇔W=

(
y11 ... y1n...

...
yn1 ... ynn

)
has

detW 6=0

Particular solutions of Y ′=AY .

14 Y =weλx=

(
w1...
wn

)
eλx

is a solution
of Y ′=AY

⇔ A

(
w1...
wn

)
=λ

(
w1...
wn

)

15 λ=α+βi ⇒ Y1(x)=Re(weλx), Y2(x)=Im(weλx) solutions.

General solution of Y ′=AY can be written as

16 Y =c1Y1+· · ·+cnYn=W · C, where C=

(
c1...
cn

)
.

Method of the variation of parameters.

17
Y =W · C general

solution of Y ′=AY
⇒ Y ′=AY +F admits a

solution Y (x)=W · C(x)
with

C ′=W−1F

8
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DESCRIPTION OF QUANTUM SYSTEMS WITH FINITE-DIMENSIONAL HILBERT SPACE
From a mathematical point of view:

Quantum system ≡ a complex Hilbert space H.
M AXIOMS OF QUANTUM MECHANICS

Definition. Closed system = a perfectly isolated system.
Open system = an imperfectly isolated system.

1 A ray in H is a set of the form { λ|ψ〉 | 0 6=λ∈C }
described by a representative |ψ〉 with ||ψ||=

√
〈ψ|ψ〉=1.

Normalized vectors eiϑ|ψ〉, with ϑ∈R, represent the same ray.
Axioms of quantum mechanics (for closed quantum systems).

• Axiom 1. Pure state = ray |ψ〉 in a Hilbert space H
• Axiom 2. Observable = a self-adjoint operator A∈A(H).
• Axiom 3. Measurement. The measurement of an

observable A :H → H with the spectral decomposition

2 A=
∑
ak Ek

(
Ek= the orthogonal projector

onto the eigenspace of ak

)
prepares an eigenstate of A, and the observer learns
the value of the corresponding eigenvalue.
If the quantum state just prior to the measurement is |ψ〉,
then the outcome ak is obtained with a priori probability

3 prob(ak)=‖ Ek|ψ〉 ‖2= 〈ψ|Ek|ψ〉=tr(Ek |ψ〉〈ψ|) .
If ak is attained, then the quantum state just after the

measurement is Ek|ψ〉
‖Ek|ψ〉‖ , that is |ψ〉 collapses to Ek|ψ〉

‖Ek|ψ〉‖ .

If many identically prepared systems are measured,
each described by the state |ψ〉, then the expectation
value of the outcomes is

4 〈A〉=
∑
ak〈ψ|Ek|ψ〉=〈ψ|A|ψ〉=tr(A |ψ〉〈ψ|) .

• Axiom 4. Dynamics. The time evolution of a closed
system is described by unitary operators U(t′, t) :H → H,

|ψ(t′)〉=U(t′, t) |ψ(t)〉.
The infinitesimal time evolution is described by the
Schrödinger equation5 i ddt |ψ(t)〉=H(t) |ψ(t)〉

where H(t) is the Hamiltonian of the system.
• Axiom 5. Composite systems.

HA=Hilbert space of system A
HB=Hilbert space of system B

⇒
Hilbert space of the
composite system is

HA⊗HB .
If the system A is prepared in the state |ψ〉A and B
in the state |ψ〉B , then the composite system state
is the product |ψ〉A⊗ |ψ〉B .

6 〈ψ1|ψ2〉=amplitude probability that ψ2 is in state ψ1.

7 Measurement in the orthonormal eigenbasis of A
If the eigenvalues of A are distinct, then A=

∑
ak|ψk〉〈ψk|,

Ek= |ψk〉〈ψk| and prob(ak)= |〈ψk|ψ〉|2.
N DENSITY OPERATORS

1

A pure state |ψ〉 can
alternatively be described
by using the orthogonal

projector corresponding to |ψ〉

Eψ :H→H,
Eψ= |ψ〉〈ψ| satisfying

Eψ≥0,
trEψ=1.

Definition.
2 A density operator

is a linear operator % : H→H satisfying %≥0,
tr %=1.

3 Quantum state of
an open system ≡ a density operator % : H−→H.

D(H)= Set of all the
quantum states ≡

Set of all the
density operators .

4 A mixed state ≡ a state which is not a pure state.

5 Purity of a state % is tr %2 satisfying 1
dimH≤tr %2≤1.

6 Fidelity of two states is F (%1, %2)=

(
tr

√
%

1
2
1 %2%

1
2
1

)2
.

Theorem.

7

Two probabilistic
representations of
a density operator
% are related

through a unitary
transform

(see B7 at pag. 21)

%=
∑
pj |ψj〉〈ψj |

=
∑
qk|ϕk〉〈ϕk|

0≤pj , qk≤1,∑
pj=

∑
qk=1.

m
There exists a unitary
matrix (ujk) such that√
pj |ψj〉=

∑
k

ujk
√
qk|ϕk〉

8 %∈D(H) ⇒ 0≤%≤I.

9
Expectation value of

an observable A
in a state % is

〈A〉≡〈A〉%=tr(A%)=tr(%A).

10 % is a pure state ⇔ %2=% ⇔ tr %2=1 ⇔ ||%||=1 .

11 % is a mixed state ⇔ %26=% ⇔ tr %2<1 ⇔ ||%||<1 .

12 %∈D(H)
K∈U(H)

}
⇒ K†%K∈D(H).

13 D(H) is a
convex set,

that is

%1, %2∈D(H)
0≤λ≤1

}
⇒ (1−λ)%1+λ%2∈D(H).

14 % is a pure
state ⇔

% is an extremal point of D(H) :
%=(1−λ)%1+λ%2,
%1, %2∈D(H),

0≤λ≤1

⇒ %1 =%2 =%.

O QUBITS (quantum bits)

Definition.
Qubit = quantum system with a two-dimensional

Hilbert space H.
Remarks:

By choosing an orthonormal basis {|0〉, |1〉} in H,
H={α|0〉+β|1〉 | α, β∈C } can be identified with

1

C2=

{
|ψ〉=

(
α
β

) ∣∣∣∣ α, β∈C2

}
≡{ψ :{0, 1}→C},

〈ψ1|ψ2〉= ᾱ1β1+ᾱ2β2 =
1∑
k=0

ψ1(k)ψ2(k).

2 Computational
state basis is |0〉≡|↑〉=

(
1
0

)
, |1〉≡|↓〉=

(
0
1

)
.

3 The “bra - ket”
correspondence 〈ψ|≡( ᾱ β̄ ) ⇔ |ψ〉≡

(
α
β

)
.

Theorem.
• In the complex Hilbert space of linear operators

4 L(C2)=

{
A :C2→C2

∣∣∣∣A is linear
operator

}
, 〈A,B〉=tr(A†B),

the Pauli operators (several notations are presented)

5

σ0≡I=

(
1 0
0 1

)
, σ1≡σx≡X=

(
0 1
1 0

)
,

σ2≡σy≡Y =

(
0 −i
i 0

)
, σ3≡σz≡Z=

(
1 0
0 −1

)
form an orthogonal basis: 〈σj , σk〉=2δjkI, and

σ†j =σj , σ2
1 =σ2

2 =σ2
3 =I, σjσk+σkσj=0 for j 6=k.

6 A∈L(C2)⇒

there exist r0, r1, r2, r3∈C such that

A = 1
2 (r0 σ0+r1 σ1+r2 σ2+r3 σ3)

= 1
2

(
r0+r3 r1−ir2

r1+ir2 r0−r3

)
7 Eigenvalues of A∈L(C2) are λ1,2 =

r0±
√
r21+r22+r23

2 .

8 A∈L(C2) ⇒ trA=r0.

9
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• In the real Hilbert space of Hermitian operators

9 A(C2)=
{
A :C2→C2

∣∣ A†=A
}
, 〈A,B〉=tr(AB),

the Pauli operators form also an orthogonal basis.

10 A∈A(C2)⇒

there exist r0∈R, r=(r1, r2, r3)∈R3

such that A = 1
2 (r0 I+r·σ)

= 1
2

(
r0+r3 r1−ir2

r1+ir2 r0−r3

)
11 Eigenvalues of A∈A(C2) are λ1,2 = r0±||r||

2 .

12 A∈A(C2) ⇒ A≥0 ⇔ ||r||≤r0 .

13 %(r)= 1
2 (r0 I+r·σ) is a density

operator ⇔
{
r0 =1
||r||≤1.

14
The set of all
the density
operators is

D(C2)=
{
%= 1

2 (I+r·σ)
∣∣ ||r||≤1

}
.

15 Eigenvalues of %∈D(C2) are λ1,2 = 1±||r||
2 .

16 Purity of %∈D(C2) is 1+||r||2
2 ∈

[
1
2 , 1
]
.

17
Bloch sphere

Ω3 ={r∈R3| ||r||≤1}

• Ω3→D(C2) :
r 7→ %(r)= 1

2 (I+r·σ)
is a one-to-one map.

• r corresponds
to a pure state ⇔ ||r||=1.

18 |ψ〉 is a
pure state ⇒

there exist
θ∈ [0, π]
ϕ∈ [0, 2π)
such that

|ψ〉=cos θ2 |0〉+sin θ
2eiϕ|1〉

(a phase factor eiη is ignored)

⇓

%= |ψ〉〈ψ|= 1
2

(
1+cos θ sin θ e−iφ

sin θ eiφ 1+cos θ

)
corresponds to
r=(sin θ cosφ, sin θ sinφ, cos θ)∈∂Ω3.

19 Orthogonal pure states correspond to diametrically
opposite points of ∂Ω3 ={r∈R3| ||r||=1}.

20 Spectral decomposition of Pauli operators

σx= |↑x〉〈↑x |−|↓x〉〈↓x |, where

{
|↑x〉≡|+〉= 1√

2
(|0〉+|1〉)

|↓x〉≡|−〉= 1√
2
(|0〉−|1〉)

σy= |↑y〉〈↑y |−|↓y〉〈↓y |, where

{
|↑y〉= 1√

2
(|0〉+i|1〉)

|↓y〉= 1√
2
(|0〉−i|1〉)

σz= |↑z〉〈↑z |−|↓z〉〈↓z |, where

{
|↑z〉= |0〉
|↓z〉= |1〉

21 A2 =I ⇒ eiθA=cos θ I+i sin θ A , for any θ∈R.

22 σ2
x=I ⇒ e−i θ2σx =

(
cos θ2 −i sin θ

2

−i sin θ
2 cos θ2

)
.

23 σ2
y=I ⇒ e−i θ2σy =

(
cos θ2 − sin θ

2

sin θ
2 cos θ2

)
.

24 σ2
z =I ⇒ e−i θ2σz =

(
e−i θ2 0

0 ei θ2

)
.

25 Through Ω3→D(C2) :r 7→ %(r)= 1
2 (I+r·σ),

the transform D(C2)→D(C2) :% 7→e−i θ2σx%ei θ2σx

corresponds to the rotation of Ω3 around Ox

Ω3→ Ω3 :

 r1

r2

r3

 7→
 1 0 0

0 cos θ − sin θ
0 sin θ cos θ

 r1

r2

r3

 .

26 The transform D(C2)→D(C2) :% 7→e−i θ2σy%ei θ2σy

corresponds to the rotation of Ω3 around Oy

Ω3→ Ω3 :

 r1

r2

r3

 7→
 cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ

 r1

r2

r3

 .

27 The transform D(C2)→D(C2) :% 7→e−i θ2σz%ei θ2σz

corresponds to the rotation of Ω3 around Oz

Ω3→ Ω3 :

 r1

r2

r3

 7→
 cos θ − sin θ 0

sin θ cos θ 0
0 0 1

 r1

r2

r3

 .

28 For any U ∈U(C2), there exist θ, α, β, γ∈R such that

U=eiθ

(
e−iα2 0

0 eiα2

)(
cos β2 − sin β

2

sin β
2 cos β2

)(
e−i γ2 0

0 ei γ2

)
.

29 For any U ∈U(2)≡U(C2), the transform
D(C2)→D(C2) :% 7→U%U†

corresponds to a rotation of the Bloch sphere Ω3.

Bit versus Qubit

Bit

30

1. Indivisible unit of classical information.
2. It describes the state of a two-state classical system.
3. It takes one of the possible values 0 and 1.
4. There exists only one observable.
5. We can measure a bit without disturbing it.
6. We can obtain the entire information it encodes

by a single measurement.

Qubit

31

1′. indivisible unit of quantum information;
2′. It describes the state of a quantum system

with a two-dimensional Hilbert space H.
3′. It takes any of the values

|ψ〉=a|0〉+b|1〉=cos θ2eiϕ0 |0〉+sin θ
2eiϕ1 |1〉

=eiϕ0
(
cos θ2 |0〉+sin θ

2eiϕ|1〉
)

where {|0〉, |1〉} is an orthonormal basis of H,
and ϕ=ϕ1−ϕ0. The physically irrelevant phase
factor eiϕ0 can be ignored.

4′. There exist more than one observable.
5′. After a measurement, the state before the

measurement |ψ〉 collapses to a known state
which, in general, is different from |ψ〉.

6′. If the state |ψ〉=a|0〉+b|1〉 of a qubit is
unknown, then there is no way to determine
a and b with a single measurement.

32 If we measure a qubit in the state |ψ〉=a|0〉+b|1〉 in
the eigenbasis {|0〉, |1〉} of σz, then |ψ〉 collapses to
|0〉 with the probability |a|2 =cos2 θ

2 , and to
|1〉 with the probability |b|2 =sin2 θ

2 .

33 The state before the measurement |ψ〉=a|0〉+b|1〉
is a coherent superposition of |0〉 and |1〉.
It is not a probabilistic mixture of |0〉 with the
probability |a|2 and |1〉 with the probability |b|2
because, the state |ψ〉 depends not only on |a| and |b|,
but also on the relative phase ϕ of a and b.

34 The result of certain measurements depends on the
phase factor eiϕ (there exists quantum interference).
If we measure |ψ〉 in the eigenbasis {|+〉, |−〉} of σx,
then the state before the measurement |ψ〉 collapses to

|+〉 with probability |a+b|2/2=
∣∣cos θ2 +sin θ

2eiϕ
∣∣2/2 and

|−〉 with probability |a−b|2/2=
∣∣cos θ2−sin θ

2eiϕ
∣∣2/2.

10
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P COMPOSITE QUANTUM SYSTEMS

Definitions and notations:
H1≡HA

= Hilbert space of the main quantum system.
H2≡HB

= Hilbert space of a reference quantum system.
{|j〉1}≡{|j〉A} − orthonormal basis of H1≡HA

{|k〉2}≡{|k〉B} − orthonormal basis of H2≡HB

1 |ϕψ〉≡|ϕ〉
1
⊗|ψ〉

2
≡|ϕ〉

A
⊗|ψ〉

B

2 〈ϕ1ψ1|ϕ2ψ2〉=〈ϕ1|ϕ2〉 〈ψ1|ψ2〉

〈ik|j`〉=δij δk`

Pure state of the
composite system
|Φ〉∈H

1
⊗H

2

|Φ〉=
∑
i,k

Φik|ik〉 〈Φ|Φ〉=
∑
i,k

|Φik|2 =1.

Quantum state of the
composite system

% :H1⊗H2→H1⊗H2

%=
∑
i,j,k,`

%ikj`|ik〉〈j`|
%≥0,
tr %=1.

3 1
〈a| :H

1
⊗H

2
→H

2
,

2
〈b| :H

1
⊗H

2
→H

1

1〈a|ϕψ〉=〈a|ϕ〉 |ψ〉

2〈b|ϕψ〉=〈b|ψ〉 |ϕ〉

4
〈ab| :H

1
→H∗

2
,

〈ab| :H
2
→H∗

1

〈ab|ϕ〉
1
=〈a|ϕ〉 〈b|

〈ab|ψ〉2 =〈b|ψ〉 〈a|

5

For H1⊗H2
T−→H1⊗H2 we define the operators:

1
〈a|T : H1⊗H2→H2 : |ϕψ〉 7→

1
〈a|T |ϕψ〉

2
〈a|T : H1⊗H2→H1 : |ϕψ〉 7→

2
〈a|T |ϕψ〉

T |b〉
1

: H2→H1⊗H2 : |ψ〉 7→T |bψ〉
T |b〉2 : H1→H1⊗H2 : |ϕ〉 7→T |ϕb〉

6
A :H1→H1

B :H2→H2

linear operators

⇒
A⊗B :H1⊗H2−→H1⊗H2

(A⊗B)(ϕ⊗ψ)=(Aϕ)⊗(Bψ)

defines a linear operator.

7

For H1⊗H2
T−→H1⊗H2

tr1T :H2→H2,

tr2T :H1→H1

trT =
∑
j,k

〈jk|T |jk〉

tr
1
T =

∑
j

1
〈j|T |j〉

1
,

tr
2
T =

∑
k

2
〈k|T |k〉

2
,

trT =tr
1
tr

2
T =tr

2
tr

1
T

Fundamental formulas:

8 tr(|ϕ〉〈ψ|) = 〈ψ|ϕ〉

9
1
〈i|j`〉=δij |`〉2

2
〈k|j`〉=δk` |j〉1

〈ik|j〉
1
=δij 2

〈k|
〈ik|`〉

2
=δk` 1

〈i|

10
∑
j

2
〈j|ϕψ〉⊗|j〉

2
= |ϕψ〉

11
1
〈ϕ1|A⊗B|ϕ2〉1 =〈ϕ1|A|ϕ2〉B,

2〈ψ1|A⊗B|ψ2〉2 =〈ψ1|B|ψ2〉A.

12
A :H1→H1

B :H2→H2

}
⇒ tr

1
(A⊗B)=(trA)B,

tr
2
(A⊗B)=(trB)A.

13 |ϕ1ψ1〉〈ϕ2ψ2|= |ϕ1〉〈ϕ2| ⊗ |ψ1〉〈ψ2|.

14
tr1(|ϕ1ψ1〉〈ϕ2ψ2|) = 〈ϕ2|ϕ1〉 |ψ1〉〈ψ2|,
tr2(|ϕ1ψ1〉〈ϕ2ψ2|) = 〈ψ2|ψ1〉 |ϕ1〉〈ϕ2|.

15
H1⊗H2

T−→H1⊗H2

T ikj` =〈ik|T |j`〉
⇒

(tr
1
T )k` =

2
〈k|tr

1
T |`〉

2
=
∑
j

T jkj`

(tr
2
T )ij=

1
〈i|tr

2
T |j〉

1
=
∑
k

T ikjk

16 %=
∑
i,j,k,`

%ikj`|ik〉〈j`| ⇒

tr
1
%=

∑
j,k,`

%jkj` |k〉〈`|

tr
2
%=

∑
i,j,k

%ikjk|i〉〈j|

17 H1⊗H2
T−→H1⊗H2 ⇒

∑
k,`

2〈k|T |`〉2⊗|k〉2 2〈`|=T .

18 H A→H 7→ tr(|ϕ〉〈ψ|A) = 〈ψ|A|ϕ〉

19
tr

2
((I⊗ (|b〉〈b|))T ) =

2
〈b|T |b〉

2

tr2(T (I⊗ (|b〉〈b|))) = 2〈b|T |b〉2
20 tr((A⊗B)T ) = tr(A tr

2
((I⊗B)T ))

21 tr((A⊗B)T ) = tr(B tr
1
((A⊗ I)T ))

22 tr((A⊗B)T ) = tr((A⊗ I)(I⊗B)T )

23 tr((A⊗I)%)=tr(A tr2%)

24 tr((I⊗B)%)=tr(B tr
1
%)

25
H1⊗H2

%−→H1⊗H2

density operator
⇒

tr
1
% :H2→H2,

tr
2
% :H1→H1

density operators

26 For % :C2⊗C2→C2⊗C2,

%=


%00

00 %00
01 %00

10 %00
11

%01
00 %01

01 %01
10 %01

11

%10
00 %10

01 %10
10 %10

11

%11
00 %11

01 %11
10 %11

11

⇒
tr1%=

(
%00

00 %00
01

%01
00 %01

01

)
+

(
%10

10 %10
11

%11
10 %11

11

)
,

tr2%=


tr

(
%00

00 %00
01

%01
00 %01

01

)
tr

(
%00

10 %00
11

%01
10 %01

11

)

tr

(
%10

00 %10
01

%11
00 %11

01

)
tr

(
%10

10 %10
11

%11
10 %11

11

)
 .

Schmidt form:

27 Given

|Φ〉=
∑
kj

Φkj |ϕk〉⊗|ψj〉,

with {ϕk} chosen such that

tr2 |Φ〉〈Φ|=
r−1∑
k=0

pk|ϕk〉〈ϕk|

⇓
28

∑
j

Φkj Φ`j = pk δk`.

29 By choosing |ηk〉= 1√
pk

∑
j

Φkj |ψj〉

30 we get |Φ〉=
r−1∑
k=0

√
pk|ϕk〉⊗|ηk〉

Purification: mixed state = tr
2
(pure state)

31 Given
% :Cn→Cn, %=

n−1∑
k=0

pk|ϕk〉〈ϕk|,

{|ϕk〉} orthonormal basis in Cn

32 by choosing

{|ψk〉} orthonormal basis in Cn,

|Φ〉=
n−1∑
k=0

√
pk |ϕk〉⊗|ψk〉

33 we get %=tr2 |Φ〉〈Φ|

11
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# ADDITIONAL DEFINITIONS/RESULTS

#1 Exercise.

For a K-vector space V, A∈L(V) and f :V→ K:

Av=f(v) v,
for any v

⇒ f is a constant function,
f(v)=λ, that is A=λI

#2 Theorem (Singular value decomposition).

A∈Mn×m(C)⇒ there
exist

U∈U(n),
V∈U(m),

D∈Mn×m(C)
diagonal

such
that A=UDV

#3 Theorem (Polar decomposition).

A∈Mn×n(C)⇒ there
exist

U∈U(n),
P∈Mn×m(C)

with P≥0

such
that A=UP

A∈Mn×n(C)⇒ there
exist

U∈U(n),
P∈Mn×m(C)

with P≥0

such
that A=PU

#4 Definition.

A linear operator
A :H→H

is a bounded operator
if there exists a constant C∈(0,∞)

such that ||Ax||≤C ||x||, ∀x∈H.

#5 Theorem.

H is finite-dimensional ⇒
Any linear operator

A :H→H
is a bounded operator.

#6 Definition.

A tight frame in
a Hilbert space H is a set of vectors

{u1, u2, ..., u`}
such
that

∑̀
j=1

|uj〉〈uj |=IH

#7 Remark.

Any orthonormal basis is a tight frame.

#8 Exercise

(eA)†=eA
†
.

#9 Exercise.

A∈A(H) ⇒ eiA∈U(H) .

#10 Theorem Discrete (finite) Fourier transform.

F :Cn−→Cn
ϕ 7→F [ϕ]

F [ϕ](k)= 1√
n

n−1∑
j=0

e−
2πi
n kjϕ(j)

defined by using the identification
{ϕ :{0,1, ...,n−1}→C}≡Cn

ϕ≡(ϕ(0), ϕ(1), ..., ϕ(n−1)),
is a unitary transformation. Its inverse is

F−1 =F †, where F †[ϕ](k)= 1√
n

n−1∑
j=0

e
2πi
n kjϕ(j)

.

#11 Theorem Alternative definition of H1⊗H2.

H1⊗H2 can be defined as
the space of all the

anti-linear operators
T :H2→H1.

#12 Theorem.

A tensor product of tight frames is a tight frame.

#13 Remark.

The superposition (liniar combination) of states

|ψ〉=
n∑
k=1

ck|ψk〉

is a pure state with the density operator

%= |ψ〉〈ψ|=
n∑
k=1

|ck|2|ψk〉〈ψk|+
∑
k 6=j

ck c̄j |ψk〉〈ψj |.

The second sum contains the interference terms.

#14 Exercise.

Representations as a probabilistic ensemble of pure
states of the maximally mixed state of a qubit:

%=

(
1
2 0

0 1
2

)
⇒
• %= 1

2 |0〉〈0|+
1
2 |1〉〈1|,

• %= 1
2 |+〉〈+|+

1
2 |−〉〈−|,

• %= 1
2 |↑y〉〈↑y |+

1
2 |↓y〉〈↓y |,

• %= 1
4 |0〉〈0|+

1
4 |1〉〈1|

+1
4 |+〉〈+|+

1
4 |−〉〈−|,

• etc.

#15 Exercise.

A mixed state % of any quantum
system can be realised as an
ensemble of orthogonal pure states.

#16 Exercise.

In the Schrödinger picture, the time
evolution of the density operator

%=
d−1∑
k=0

pk|ψk〉〈ψk|

for a closed system is described by
i~ ∂
∂t%=[H, %],

where H is the Hamiltonian of the system.

12
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~ MAIN PROOFS

A VECTOR SPACES

A16
α1v1+α2v2+· · ·+αnvn=0

⇓ αn=0 since
αn 6=0⇒ vn=− α1

αn
v1−...− αn−1

αn
vn−1

α1v1+α2v2+· · ·+αn−1vn−1 =0

⇓ αn−1 =0 since
αn−1 6=0⇒ vn−1 =− α1

αn−1
v1−...− αn−2

αn−1
vn−2

α1v1+α2v2+· · ·+αn−2vn−2 =0
⇓

...................................
⇓

α1v1 =0
⇓ v1 6=0

α1 =0.

A18
x1v1+x2v2+· · ·+xnvn=x′1v1+x′2v2+· · ·+x′nvn

⇓
(x1−x′1)v1+(x2−x′2)v2+· · ·+(xn−x′n)vn=0

⇓
x1−x′1 =x2−x′2 = · · ·=xn−x′n=0

⇓
x1 =x′1, x2 =x′2, ..., xn=x′n.

A19
We repeat as many times as necessary the

procedure of eliminating the first vector which
is a linear combination of the vectors written
before it (see A16 ).

A21
Step 1 : V=span{w1, w2, ..., wk}

⇓
v1 =α1w1+α2w2+· · ·+αnwn.
There exists αi1 6=0 and consequently
S1 ={v1, w1, w2, ..., wk}\{wi1} spans V.

Step 2 : V=spanS1

⇓
v2 =β1v1+

∑
i 6=i1

γiwi.

There exists γi2 6=0 and consequently
S2 ={v1, v2, w1, w2, ..., wk}\{wi1 , wi2} spans V.

Step 3 : V=spanS2

⇓
v3 =av1+bv2+

∑
i 6∈{i1,i2}

ciwi.

There exists ci3 6=0 and consequently
S3 ={v1, v2, v3, w1, ..., wk}\{wi1 , wi2 , wi2} spans V.

After at most n steps we can arrive at

S̃={v1, ..., vn, w1, ..., wk}\{wi1 , ..., win} spans V.
Therefore n ≤ k.
From S̃ we can extract a basis by using A19 .

A22
{v1, v2, ..., vn} basis of V
{v′1, v′2, ..., v′m} basis of V

}
A21

⇒

{
n≤m
m≤n.

A29

We extend {v1, v2, ..., vn} basis of W1∩W2 up to
{v1, v2, ..., vn, w1, w2, ..., wm} basis of W1

{v1, v2, ..., vn, u1, u2, ..., uk} basis of W2

}
⇓

{v1, v2, ..., vn, w1, w2, ..., wm, u1, u2, ..., uk}
is a basis of W1+W2.

α1v1+...+αnvn+β1w1+...+βmwm+γ1u1+...+γkuk=0
⇓

α1v1+...+αnvn+β1w1+...+βmwm=−γ1u1−...−γkuk
⇓

−γ1u1−...−γkuk∈W1∩W2

⇓
−γ1u1−...−γkuk=δ1v1+...+δnvn

⇓
γ1 = ...=γk=δ1 = ...=δn=0 etc.

A30
x∈W1∩W2

x 6=0

}
⇒ x=x+0=0+x.

W1∩W2 ={0}
w1+w2 =x=w′1+w′2

}
⇒ w1−w′1 =w2−w′2 =0.

A34
{v1, v2, ..., vn} basis of V1

{w1, w2, ..., wk} basis of V2

}
⇓

{(v1, 0), (v2, 0), ..., (vn, 0), (0, w1), (0, w2), ..., (0, wk)}
is a basis of V1×V2.

A35
{v1, v2, ..., vn} basis of complex space V

⇓
{v1, iv1, v2, iv2, ..., vn, ivn} basis of real space V

A36
{v1, v2, ..., vn} basis of real space V

⇓
{(v1, 0), (v2, 0), ..., (vn, 0)} basis of complex space VC

A37
{v1, v2, ..., vn} basis of W
{v1, v2, ..., vn, w1, w2, ..., wk} basis of V

}
⇓

{ŵ1, ŵ2, ..., ŵk} is a basis of V/W.

A45
v′j=αkj vk
vk=βjkv

′
j

}
⇒ v′j=αkjβ

m
k v
′
m

vk=βmk α
k
mvk

⇒ βmk α
k
j =δmj

αjmβ
m
k =δjk.

A46
v′j=αkj vk

x=xkvk=x′jv′j

vk=βjkv
′
j

 ⇒
xkvk=x′jαkj vk
x′jv′j=xkβjkv

′
j

⇒ x′j=βjkx
k

xk=αkjx
′j .

B LINEAR MAPS AND MATRICES

B5
{v1, v2, ..., vk} basis of KerA
{v1, v2, ..., vk, vk+1, ..., vn} basis of V

}
⇓

{Avk+1, Avk+2, ..., Avn} is a basis of ImA.

B8
αx+βy=αAA−1x+βAA−1y=A(αA−1x+βA−1y)

⇓
A−1(αx+βy)=αA−1x+βA−1y.

B9
A :V−→W isomorphism
{v1, v2, ..., vn} basis of V

}
⇒ {Av1, Av2, ..., Avn} basis of W.

{v1, v2, ..., vn} basis of V
{w1, w2, ..., wn} basis of W

}
⇒

A :V−→W
A(xkvk)=xkwk
is isomorphism.

B13

Avk=ajkvj
Av′k=a′

j
kv
′
j

v′k=αjkvj
vj=βkj v

′
k

 ⇒

a′
j
kv
′
j=Av′k=A(αmk vm)=αmk Avm

=αmk a
i
mvi=αmk a

i
mβ

j
i v
′
j

⇓
a′
j
k=βji a

i
m α

m
k .

13
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B14

cjkwj=Cuk=(BA)uk=B(Auk)
=B(amk vm)=amk Bvm=amk b

j
mwj .

B17
det(A′−λI)=det(S−1AS−λI)=det S−1(A−λI)S

= 1
detSdet(A−λI)det S=det(A−λI).

B18, 19

P (λ)=(−1)nλn+(−1)n−1 tr Aλn−1+· · ·+det A.

B22

λ eigenvalue ⇔


(a1

1−λ)x1+a1
2x

2+· · ·+a1
nx

n=0
a2

1x
1+(a2

2−λ)x2+· · ·+a2
nx

n=0
....................................
an1x

1+an2x
2+· · ·+(ann−λ)xn=0

admits a solution
(x1, x2, ..., xn) 6=(0, 0, ..., 0).

B25

A=

λ1 0 · · · 0
0 λ2 · · · 0...

...
. . .

...
0 0 · · · λn

 ⇔ Avk=λkvk.

B26 (Particular case n=3.)
α1v1+α2v2+α3v3 =0

⇓ A
α1λ1v1+α2λ2v2+α3λ3v3 =0

⇓
α1(λ1−λ3)v1+α2(λ2−λ3)v2 =0

⇓ A
α1λ1(λ1−λ3)v1+α2λ2(λ2−λ3)v2 =0

⇓
α1(λ1−λ2)(λ1−λ3)v1 =0

⇓
α1 =α2 =α3 =0.

B30 “⇒”

A=

λ1 0 · · · 0
0 λ2 · · · 0...

...
. . .

...
0 0 · · · λn

⇒ P (λ)=(λ1−λ)(λ2−λ) · · · (λn−λ).

“⇐” (Particular case of two
eigenvalues λ1 and λ2

of multiplicities 2 and 3)

Vλ1 =span{v1, v2}
Vλ2 =span{w1, w2, w3}

⇓
α1v1+α2v2+β1w1+β2w2+β3w3 =0

⇓ A
λ1(α1v1+α2v2)+λ2(β1w1+β2w2+β3w3)=0

⇓
(λ1−λ2)(α1v1+α2v2)=0

⇓
α1 =α2 =β1 =β2 =β3 =0

⇓
{v1, v2, w1, w2, w3} is a basis of V.

C TENSORS

C2

{v1, v2, ..., vn}
basis of V ⇒

{v1, v2, ..., vn},
vj :V−→K,
vj(xkvk)=xj

is a basis of V∗.

C6, 7, 8

v′j=αkj vk
vk=βjkv

′
j

}
⇒ v′j=αkjβ

m
k v
′
m

vk=βmk α
k
mvk

⇒ βmk α
k
j =δmj

αjmβ
m
k =δjk.

x=xivi=x′jv′j
ϕ=ϕmv

m=ϕ′kv
′k

}
⇒ xi=vi(x)

x′j=v′j(x)
ϕm=ϕ(vm)
ϕ′k=ϕ(v′k).

Avk=ajkvj
Av′k=a′

j
kv
′
j

}
⇒

a′
j
kv
′
j=Av′k=A(αmk vm)=αmk Avm

=αmk a
i
mvi=αmk a

i
mβ

j
i v
′
j

⇓
a′
j
k=βji a

i
m α

m
k .

C11 (particular case p=1, q=2)
T :V∗×V×V−→K three linear map

⇓
T ′
j1
k1k2

=T (v′j1 , v′k1 , v
′
k2

)

=T (βj1i1 v
i1 , αm1

k1
vm1

, αm2

k2
vm2

)

=βj1i1 α
m1

k1
αm2

k2
T (vi1 , vm1

, vm2
)

=βj1i1 α
m1

k1
αm2

k2
T i1m1m2

.

Conversely, T ′
j1
k1k2

=βj1i1 α
m1

k1
αm2

k2
T i1m1m2

⇓
T ′
j1
k1k2

ϕ′j1x
′k1y′k2 =βj1i1 α

m1

k1
αm2

k2
T i1m1m2

αa1j1 β
k1
b1
βk2b2 ϕa1x

b1yb2

=T i1m1m2
ϕi1x

m1ym2

⇓
the three linear map defined by using a basis
T :V∗×V×V−→K, T (ϕ, x, y)=T i1m1m2

ϕi1x
m1ym2

does not depend on the basis we chose.

C12 (particular case p=1, q=2)

T ′
j1
k1k2

+S′
j1
k1k2

=βj1i1 α
m1

k1
αm2

k2
T i1m1m2

+βj1i1 α
m1

k1
αm2

k2
Si1m1m2

=βj1i1 α
m1

k1
αm2

k2
(T i1m1m2

+Si1m1m2
).

C14 (particular case p=1, q=2, r=1, s=1)

T ′
j1
k1k2

S′
j2
k3

=βj1i1 α
m1

k1
αm2

k2
T i1m1m2

βj2i2 α
m3

k3
Si2m3

=βj1i1 α
m1

k1
αm2

k2
βj2i2 α

m3

k3
(T i1m1m2

Si2m3
).

C15 (particular case p=2, q=2, r=1, s=2)

S′
j2
k1

=
n∑

m=1
T ′
mj2
k1m

=
n∑

m=1
βmi1 β

j2
i2
α`1k1α

`2
mT

i1i2
`1`2

=
n∑

i1=1

βj2i2 α
`1
k1
T i1i2`1i1

=βj2i2 α
`1
k1

n∑
i1=1

T i1i2`1i1

=βj2i2 α
`1
k1
Si2`1 .

D FINITE-DIMENSIONAL HILBERT SPACES

D5
Case y=0 : |〈x, 0〉|=0= ||x|| ||0||.
Case y 6=0 : x=λ y ⇒ 〈x, y〉= λ̄〈y, y〉 ⇒ λ= 〈y,x〉〈y,y〉 .

For

λ= 〈y,x〉〈y,y〉

||x−λ y||2≥0
m

〈x−λ y, x−λ y〉≥0
m

〈x, x〉〈y, y〉≥|〈x, y〉|2
m

||x|| ||y|| ≥ |〈x, y〉|

x=λ y
⇑

〈x−λ y, x−λ y〉=0
⇑

〈x, x〉〈y, y〉= |〈x, y〉|2
⇑

||x|| ||y||= |〈x, y〉|

D12
n∑
k=1

αkvk=0

⇓
αm=

n∑
k=1

αk 〈vm, vk〉=
〈
vm,

n∑
k=1

αkvk

〉
=0.

D13
Pwx=λw

⇓
〈w, x−λw〉=0 ⇒ λ= 〈w,x〉

〈w,w〉 .

D15

〈w1, w2〉=
〈
w1, v2 − 〈w1,v2〉

〈w1,w1〉 w1

〉
=〈w1, v2〉 − 〈w1,v2〉

〈w1,w1〉 〈w1, w1〉=0 etc.

14
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D17

x=
n∑

m=1
αmem

⇓
〈ek, x〉=

〈
ek,

n∑
m=1

αmem

〉
=

n∑
m=1

αm 〈ek, em〉=αk.

〈x, y〉=
〈

n∑
k=1

〈ek, x〉ek, y
〉

=
n∑
k=1

〈x, ek〉〈ek, y〉.

||x||=
n∑
k=1

〈x, ek〉〈ek, x〉=
n∑
k=1

|〈ek, x〉|2.

D18
{v1, v2, ..., vm} basis of spanM

↓ extended up to
{v1, v2, ..., vm, vm+1, ..., vn} basis of H

D16 ↓ Gram-Schmidt orthonormalization

{u1, u2, ..., um, um+1, ..., un} orthonormal basis of H
{u1, u2, ..., um} orthonormal basis of spanM

⇓
{um+1, ..., un} orthonormal basis of M⊥.

D19
x∈K ∩ K⊥ ⇒ 〈x, x〉=0 ⇒ x=0.
D18 ⇒ dimK ⊕K⊥=dimH.

D20
〈x, v〉=〈y, v〉 ⇒ 〈x−y, v〉=0 for any v∈H

⇓ v=x−y
〈x−y, x−y〉=0

⇓
x−y=0.

D21
{e1, e2, ..., en} orthonormal basis of H

⇓
ϕ(x)=ϕ(

n∑
k=1

〈ek, x〉ek)

=
n∑
k=1

〈ek, x〉ϕ(ek)

=
n∑
k=1

〈ϕ(ek)ek, x〉

=

〈
n∑
k=1

ϕ(ek)ek, x

〉
⇒ a=

n∑
k=1

ϕ(ek)ek.

D37
{e1, e2, ..., en}
{e′1, e′2, ..., e′n}
orthonormal
bases of H

S=

α
1
1 α1

2 · · · α1
n

α2
1 α2

2 · · · α2
n...

...
. . .

...
αn1 αn2 · · · αnn


e′k=αjkej ⇒ αjk=〈ej , e′k〉

⇓
n∑
j=1

ᾱjkα
j
m=

n∑
j=1

〈ej , e′k〉〈ej , e′m〉

=
n∑
j=1

〈e′k, ej〉〈ej , e′m〉

=

〈
e′k,

n∑
j=1

〈ej , e′m〉ej

〉
=〈e′k, e′m〉=δkm ⇒ S†S=I.

D38

|x〉∈H ⇒ |x〉=
m∑
k=1

|ek〉〈ek|x〉+
n∑

k=m+1

|ek〉〈ek|x〉

⇓
|x〉=PK|x〉+PK⊥ |x〉∈K⊕ K⊥
⇓

IH=PK+PK⊥ .

E SELF-ADJOINT (HERMITIAN) OPERATORS

E1 Uniqueness of A†

〈A†1x, y〉=〈x,Ay〉
〈A†2x, y〉=〈x,Ay〉

⇒ 〈A†1x, y〉=〈A
†
2x, y〉, ∀x, y

⇓
A†1x=A†2x, ∀x.

Existence of A†

{e1, e2, ..., en} orthonormal basis of H
⇓

〈A†x, y〉=〈x,Ay〉=
〈
x,A

n∑
k=1

〈ek, y〉ek
〉

=

〈
x,

n∑
k=1

〈ek, y〉Aek
〉

=
n∑
k=1

〈ek, y〉 〈x,Aek〉

=

〈
n∑
k=1

〈Aek, x〉 ek, y
〉

⇓
A†x=

n∑
k=1

〈Aek, x〉 ek.

E3 〈(A+B)†x, y〉=〈x, (A+B)y〉
=〈x,Ay〉+〈x,By〉
=〈A†x, y〉+〈B†x, y〉, ∀x, y
=〈(A†+B†)x, y〉, ∀x, y
⇓

(A+B)†x=(A†+B†)x, ∀x.

〈(λA)†x, y〉=〈x, (λA)y〉
=λ〈x,Ay〉
=λ〈A†x, y〉
=〈λ̄ A†x, y〉, ∀x, y.
⇓

(λA)†x= λ̄ A†x, ∀x.

〈(AB)†x, y〉=〈x,ABy〉
=〈A†x,By〉
=〈B†A†x, y〉, ∀x, y.
⇓

(AB)†x=B†A†x, ∀x.

〈(A†)†x, y〉=〈x,A†y〉
=〈A†y, x〉
=〈y,Ax〉
=〈Ax, y〉, ∀x, y.
⇓

(A†)†x=Ax, ∀x.
E4 Let {e1, e2, ..., en}be an orthonormal basis of H

Aej=akj ek A†ej=a†
k
j ek

⇓ ⇓
akj =〈ek, Aej〉 a†

k
j =〈ek, A†ej〉

=〈A†ej , ek〉

=〈ej , Aek〉

= ājk.

E5 〈Ax|y〉=〈x|A†y〉=〈x|A†|y〉, ∀y
⇓

〈Ax|=〈x|A†.
E6

〈(|a〉〈b|)†x, y〉=〈x, (|a〉〈b|)y〉=〈x|a〉〈b|y〉.
〈(|b〉〈a|)x, y〉=〈〈a|x〉b, y〉=〈x|a〉〈b|y〉.

⇓
〈(|a〉〈b|)†x, y〉=〈(|b〉〈a|)x, y〉, ∀x, y.
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E12
{e1, e2, ..., en} orthonormal basis of H

⇓
{|ek〉〈ek| | 1≤k≤n} ∪ {|ek〉〈em|+|em〉〈ek| | 1≤k,m≤n}

∪{i|ek〉〈em|−i|em〉〈ek| | 1≤k,m≤n}
is a basis in the real Hilbert space A(H).

E13
“⇒” AB=(AB)†=B†A†=BA.
“⇐” (AB)†=B†A†=BA= −AB.

E14
I=I†=(AA−1)†=(A−1)†A†=(A−1)†A ⇒ (A−1)†=A−1.

E15

Let {e1, e2, ..., en} be an orthonormal basis of H.

“⇒”
Aek=ajkej

⇓
ajk=〈ej , Aek〉

⇒
ajk=〈ej , Aek〉=〈Aej , ek〉

=〈ek, Aej〉= ākj .

“⇐”

Ax=A(
n∑
j=1

xjej)=
n∑
j=1

xj Aej=
n∑

j,k=1

xj akj ek=
n∑

j,k=1

xj ājkek

=
n∑

j,k=1

xj〈Aek, ej〉ek=
n∑
k=1

〈Aek, x〉ek=
n∑
k=1

〈ek, Ax〉ek=Ax.

E16

If
Ax=λx
x 6=0

then

〈Ax, x〉=〈x,Ax〉
⇓

〈λx, x〉=〈x, λx〉
⇓

λ̄=λ.

If
Ax=λx
Ay=µy
λ 6=µ

then

〈Ax, y〉=〈x,Ay〉
⇓

〈λx, y〉=〈x, µy〉
⇓

λ〈x, y〉=µ〈x, y〉
⇓

〈x, y〉=0.

E17

Let {e1, e2, ..., en}
be an orthonormal

basis of the space H.

Aej=akj ek.

The characteristic equation∣∣∣∣∣∣∣
a1

1−λ a1
2 · · · a1

n

a2
1 a2

2−λ · · · a2
n...

...
. . .

...
an1 an2 · · · ann−λ

∣∣∣∣∣∣∣=0

admits in C at least one root λ.
For this root λ, the system
n∑
k=1

ajkx
k=λxj , j∈{1, 2, ..., n}

admits in Cn a solution
(x1, x2, ..., xn) 6=(0, 0, ..., 0)

⇓
n∑

k,j=1

ajkx
k x̄j=λ

n∑
j=1

xj x̄j

⇓

λ=

n∑
k,j=1

ajkx
k x̄j

n∑
j=1
|xj |2

=

n∑
k,j=1

ākj x
k x̄j

n∑
j=1
|xj |2

= λ̄.

E18 Recurrence with respect to n= dimH.
Step 1:
Statement is true for any A∈A(H) in the case dimH=1
Step 2:
Assume it is true for any B∈A(K) with dimK=n−1.

Let A∈A(H) with dimH=n.

There exist

 λ1∈R and u1∈H
with ||u1||=1,

det(A−λ1I)=0
such that Au1 =λ1u1.

x∈H1
def
= {x∈ H | 〈x, u1〉=0 }

⇓
〈Ax, u1〉=〈x,Au1〉=λ1〈x, u1〉=0 ⇒ Ax∈H1.
B=A|H1

:H1−→H1 is self-adjoint and dimH1 =n−1.
There exists an orthonormal basis {u2, u3, ..., un}

of H1 consisting of eigenvectors of B.
⇓

{u1, u2, u3, ..., un} is an orthonormal basis
of H consisting of eigenvectors of A.

E19 The Hermitian matrix A∈Mn×n(C) is the
matrix relative to the canonical basis of an
operator A∈A(Cn) which is diagonalizable.

E20
The symmetric matrix A∈Mn×n(R) is the
matrix relative to the canonical basis of an
operator A∈A(Rn) which is diagonalizable.

E21
“⇒”
λ1, λ2, ..., λm eigenvalues of B
Hk={x∈H | Bx=λkx } eigenspace of λk
x∈Hk ⇒ B(Ax)=ABx=λkAx ⇒ Ax∈Hk
A|Hk :Hk → Hk is a self-adjoint operator

⇓
there exists {uk1, uk2, ..., uknk} orthonormal basis

of Hk consisting of eigenvectors of A|Hk
⇓

{u11, ..., u1n1 , u21, ..., u2n2 , ..., um1, ..., umnm}
is an orthonormal basis of H
consisting of common
eigenvectors of A and B.

“⇐”
{e1, e2, ..., en} orthonormal basis

consisting of common
eigenvectors of A and B

Aek=αkek
Bek=βkek

⇓
ABx=AB(

n∑
k=1

xkek)=
n∑
k=1

xkαkβkek

=
n∑
k=1

xkβkαkek=BA(
n∑
k=1

xkek)=BAx.

E22

“⇒” Proof 1
H=K⊕K⊥
x=x‖+x⊥

x‖=x‖+0
⇒ Px=x‖

Px‖=x‖
⇒ P 2 =P.

〈Px, y〉=〈x‖, y〉=〈x‖, y‖〉
〈x, Py〉=〈x, y‖〉=〈x‖, y‖〉 ⇒ P †=P.

16
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“⇒” Proof 2
{e1, e2, ..., em} orthonormal basis

in the subspace K ⇒ PK=
m∑
k=1

|ek〉〈ek|

⇒ P 2
K=

m∑
k=1

|ek〉〈ek|
m∑
j=1

|ej〉〈ej |=
m∑
k=1

|ek〉〈ek|=PK,

PK=
m∑
k=1

|ek〉〈ek|=P †K.

“⇐”
K=ImP ⇒ K⊥ ={x | 〈x, Py〉=0, ∀y∈K}

={x | 〈Px, y〉=0, ∀y∈K}
={x | Px=0 }=KerP.

x∈H ⇒ P (x−Px)=(P−P 2)x=0 ⇒ x−Px∈K⊥
⇒ x=Px+(x−Px)∈K⊕K⊥ ⇒ Px=PKx.

E26
A≥0 ⇒ λk=〈ek, Aek〉≥0.
λk≥0
for all k

}
⇒ 〈x,Ax〉=

n∑
k=1

λk〈x|ek〉〈ek|x〉

=
n∑
k=1

λk|〈ek|x〉|2≥0.

E27
P †=P =P 2 ⇒ λ̄k=λk=λ2

k ⇒ λk∈{0, 1}.
F UNITARY TRANSFORMATIONS

F3

A∈U(H) ⇒ ||Ax||=
√
〈Ax,Ax〉=

√
〈x, x〉= ||x||.

F4
A,B∈U(H) ⇒ 〈ABx,ABy〉=〈Bx,By〉=〈x, y〉.

F5

A∈U(H)
Ax=0 ⇒ ||x||= ||Ax||=0 ⇒ x=0 ⇒ KerA={0}.

dimH=dim KerA+dim ImA ⇒ ImA=H.
〈x, y〉=〈AA−1x,AA−1y〉=〈A−1x,A−1y〉 ⇒ A−1∈U(H).

F6
A∈U(H) ⇒ 〈x, y〉=〈Ax,Ay〉=〈A†Ax, y〉, ∀x, y

⇓
A†Ax=x, ∀x.

⇓
A†A=I.

A†A=I ⇒ detA† detA=1 ⇒ detA 6=0
⇒ there exists A−1 and A†A=I ⇒ A†=A−1.
A†=A−1 ⇒ A†A=I.
A†A=I ⇒ 〈Ax,Ay〉=〈A†Ax, y〉=〈x, y〉

⇓
A∈U(H).

F8 Let {e1, e2, ..., en} be an orthonormal basis of H.
“⇒”

Aek=ajkej
⇓

ajk=〈ej , Aek〉
⇒

n∑
j=1

ājka
j
m=

n∑
j=1

〈ej , Aek〉〈ej , Aem〉

=
n∑
j=1

〈Aek, ej〉〈ej , Aem〉

=

〈
Aek,

n∑
j=1

〈ej , Aem〉ej

〉
=〈Aek, Aem〉=〈ek, em〉=δkm.

“⇐”

A†Ax=A†A(
n∑
j=1

xjej)=
n∑
j=1

xj A†Aej=
n∑

j,k=1

xj akjA
†ek

=
n∑

j,k=1

xj ājkA
†ek=

n∑
j,k=1

xj ājkā
k
mem

=
n∑

j,k=1

xj ājka
m
k em=

n∑
j=1

xj δjmem=
n∑
j=1

xj ej=x.

F9

If
Ax=λx
x 6=0

then

〈Ax,Ax〉=〈x, x〉
⇓

〈λx, λx〉=〈x, x〉
⇓

λ̄λ=1.

If
Ax=λx
Ay=µy
λ 6=µ

then

〈Ax,Ay〉=〈x, y〉
⇓

〈λx, µy〉=〈x, y〉
⇓

µ
λ 〈x, y〉=〈x, y〉

⇓
〈x, y〉=0.

F10
Recurrence with respect to n= dimH.

Step 1: Statement is true for any A∈U(H) in the case dimH=1
Step 2: Assume it is true for any B∈U(K) with dimK=n−1.

Let A∈U(H) with dimH=n.

There exist


λ1∈C and u1∈H

with ||u1||=1,
|λ1|=1,

det(A−λ1I)=0

such that Au1 =λ1u1.

x∈H1
def
= {x∈ H | 〈x, u1〉=0 }

⇓
〈Ax, u1〉= λ̄1〈Ax, λ1u1〉= λ̄1〈Ax,Au1〉= λ̄1〈x, u1〉=0 ⇒ Ax∈H1.
B=A|H1

:H1−→H1 is a unitary operator and dimH1 =n−1.
Consequently, there exists an orthonormal basis {u2, u3, ..., un}

of H1 consisting of eigenvectors of B.
⇓

{u1, u2, u3, ..., un} is an orthonormal basis of H
consisting of eigenvectors of A.

F11
The unitary matrix A∈Mn×n(C) is the
matrix relative to the canonical basis of an
operator A∈U(Cn) which is diagonalizable.

G ORTHOGONAL TRANSFORMATIONS

G3

A∈O(H) ⇒ ||Ax||=
√
〈Ax,Ax〉=

√
〈x, x〉= ||x||.

G4
A,B∈O(H) ⇒ 〈ABx,ABy〉=〈Bx,By〉=〈x, y〉.

G5

A∈O(H)
Ax=0 ⇒ ||x||= ||Ax||=0 ⇒ x=0 ⇒ KerA={0}.

dimH=dim KerA+dim ImA ⇒ ImA=H.
〈x, y〉=〈AA−1x,AA−1y〉=〈A−1x,A−1y〉 ⇒ A−1∈O(H).

G6 A∈O(H) ⇒ 〈x, y〉=〈Ax,Ay〉=〈AT

Ax, y〉, ∀x, y
⇓

A
T

Ax=x, ∀x.
⇓

A
T

A=I.
A
T

A=I ⇒ detA
T

detA=1 ⇒ detA 6=0

⇒ there exists A−1 and A
T

A=I ⇒ A
T

=A−1.

A
T

=A−1 ⇒ A
T

A=I.
A
T

A=I ⇒ 〈Ax,Ay〉=〈AT

Ax, y〉=〈x, y〉
⇓

A∈O(H).

17
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G8 Let {e1, e2, ..., en} be an orthonormal basis of H.
“⇒”

Aek=ajkej
⇓

ajk=〈ej , Aek〉
⇒

n∑
j=1

ajka
j
m=

n∑
j=1

〈ej , Aek〉〈ej , Aem〉

=
n∑
j=1

〈Aek, ej〉〈ej , Aem〉

=

〈
Aek,

n∑
j=1

〈ej , Aem〉ej

〉
=〈Aek, Aem〉=〈ek, em〉=δkm.

“⇐”

A
T

Ax=A
T

(
n∑
j=1

xjej)=
n∑
j=1

xj A
T

Aej=
n∑

j,k=1

xj akjA
T

ek

=
n∑

j,k=1

xj ajkA
T

ek=
n∑

j,k=1

xj ajka
k
mem

=
n∑

j,k=1

xj ajka
m
k em=

n∑
j=1

xj δjmem=
n∑
j=1

xj ej=x.

G9

If
Ax=λx
x 6=0

then

〈Ax,Ax〉=〈x, x〉
⇓

〈λx, λx〉=〈x, x〉
⇓

λ2 =1.

If
Ax=λx
Ay=µy
λ 6=µ

then

〈Ax,Ay〉=〈x, y〉
⇓

〈λx, µy〉=〈x, y〉
⇓

λµ〈x, y〉=〈x, y〉
⇓

〈x, y〉=0.

H TENSOR PRODUCT OF HILBERT SPACES

H2

• If {e0, e1, ..., en−1} is an orthonormal basis of H, then

{ϕ :{0, 1, ..., n−1}→ K} −→ H : ϕ 7→
n−1∑
k=0

ϕ(k) ek

is an isomorphism which allows us to identify the
K−Hilbert space H with {ϕ :{0, 1, ..., n−1}→ K}.

• Particularly,

{ϕ :{0, 1, ..., n−1}→ R} −→ Rn :
ϕ 7→ (ϕ(0), ϕ(1), ..., ϕ(n−1))

allows us to identify Rn with {ϕ :{0, 1, ..., n−1}→ R},
{ϕ :{0, 1, ..., n−1}→ C} −→ Cn :

ϕ 7→ (ϕ(0), ϕ(1), ..., ϕ(n−1))

allows us to identify Cn with {ϕ :{0, 1, ..., n−1}→ C}.
• The canonical basis of

Kn≡{ϕ :{0, 1, ..., n−1}→ K}
is {δ0, δ1, ..., δn−1}, where

δk :{0, 1, ..., n−1}→ K, δk(j)=δkj=

{
1 if j=k
0 if j 6=k.

• By using the shorter notation

|k〉≡|δk〉 ,
we have

〈k|j〉=δkj ,
n−1∑
k=0

|k〉〈k|=I,

ϕ∈Kn ⇒ |ϕ〉=
n−1∑
k=0

|k〉〈k|ϕ〉=
n−1∑
k=0

ϕ(k) |k〉.

• The canonical basis of Kn×Km is
{ |jk〉≡|j〉⊗|k〉 | j∈{0, 1, ..., n−1}, k∈{0, 1, ...,m−1} }
and |j〉⊗|k〉≡|δj〉⊗|δk〉,

(δj⊗δk)(i, `)=δj(i) δk(`),

|Φ〉∈Kn⊗Km ⇒ |Φ〉=
n−1∑
j=0

m−1∑
k=0

Φ(j, k) |jk〉.

where Φ(j, k)=〈jk|Φ〉.
H7

〈ϕjψk|ϕj′ψk′〉=
n−1∑
i=0

m−1∑̀
=0

ϕj(i)ψk(`)ϕj′(i)ψk′(`)

=〈ϕj |ϕj′〉 〈ψk|ψk′〉=δjj′δkk′ .
⇓

{ |ϕjψk〉 | j∈{0, 1, ..., n−1}, k∈{0, 1, ...,m−1} }
is an orthonormal system in the
space H1⊗H2 of dimension nm.

H11

(A⊗B)ikj`=〈ηiϑk|A⊗B|ηjϑ`〉=〈ηiϑk|(Aηj)⊗(Bϑ`)〉
=〈ηi|Aηj〉〈ϑk|Bϑ`〉=Aij B

k
` .

H12

〈(A⊗B)†ϕ1⊗ψ1, ϕ2⊗ψ2〉=〈ϕ1⊗ψ1, (A⊗B)ϕ2⊗ψ2〉
=〈ϕ1⊗ψ1, (Aϕ2)⊗(Bψ2)〉
=〈ϕ1, Aϕ2〉〈ψ1, Bψ2〉
=〈A†ϕ1, ϕ2〉〈B†ψ1, ψ2〉
=〈(A†ϕ1)⊗(B†ψ1), ϕ2⊗ψ2〉
=〈(A†⊗B†)ϕ1⊗ψ1, ϕ2⊗ψ2〉.

H13

〈ηiϑk|(|ϕ1ψ1〉〈ϕ2ψ2|)|ηjϑ`〉=〈ηi|ϕ1〉〈ϑk|ψ1〉〈ϕ2|ηj〉〈ψ2|ϑ`〉
=〈ηi|ϕ1〉〈ϕ2|ηj〉〈ϑk|ψ1〉〈ψ2|ϑ`〉

=〈ηiϑk|(|ϕ1〉〈ϕ2|⊗|ψ1〉〈ψ2|)|ηjϑ`〉.
H14

Existence and uniqueness of tr1T .
The space L(H2) is a Hilbert space (see E8 ) with

〈B1, B2〉=tr(B†1B2),
and

L(H2)→ C : B 7→tr ((I⊗B)T )
is a linear form. In view of D21 there exists Y ∈L(H2)
uniquely determined such that

tr ((I⊗B)T )=〈Y,B〉, for any B∈L(H2),
that is
tr ((I⊗B)T )=tr (Y †B)=tr (BY †), for any B∈L(H2).
Therefore, tr1T =Y † is the unique operator satisfying

tr ((I⊗B)T )=tr (B tr1T ), for any B∈L(H2).

H15
Existence and uniqueness of tr2T .
The space L(H1) is a Hilbert space (see E8 ) with

〈A1, A2〉=tr(A†1A2),
and

L(H1)→ C : A 7→tr ((A⊗ I)T )
is a linear form. In view of D21 there exists X∈L(H1)
uniquely determined such that

tr ((A⊗ I)T )=〈X,A〉, for any A∈L(H1),
that is
tr ((A⊗ I)T )=tr (X†A)=tr (AX†), for any A∈L(H1).
Therefore, tr2T =X† is the unique operator satisfying

tr ((A⊗ I)T )=tr (A tr2T ), for any A∈L(H1).

18
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H16

tr (B tr1T )=
∑
j

(B tr1T )jj=
∑
j,`

Bj` (tr1T )`j and

tr ((I⊗B)T )=
∑
i,j

((I⊗B)T )ijij=
∑
i,j

∑
k,`

(I⊗B)ijk`T
k`
ij

=
∑
i,j

∑
k,`

δik B
j
`T

k`
ij =

∑
j,`

Bj`
∑
k

T k`kj


⇒

{
tr1T : H2−→ H2 defined by (tr1T )`j=

∑
k

T k`kj

satisfies tr ((I⊗B)T )=tr (B tr1T ) for any B.

tr (A tr2T )=
∑
j

(A tr2T )jj=
∑
i,k

Aik (tr2T )ki and

tr ((A⊗I)T )=
∑
i,j

((A⊗I)T )ijij=
∑
i,j

∑
k,`

(A⊗I)ijk`T k`ij

=
∑
i,j

∑
k,`

Aik δ
j
`T

k`
ij =

∑
i,k

Aik
∑
j

T kjij


⇒

{
tr2T : H1−→ H1 defined by (tr2T )ki =

∑
j

T kjij

satisfies tr ((A⊗I)T )=tr (A tr2T ) for any A.

H17 Schmidt decomposition.
{|0〉

1
, |1〉

1
, ..., |n−1〉

1
} basis of H1

{|0〉
2
, |1〉

2
, ..., |m−1〉

2
} basis of H2

Φ∈H1⊗H2,
⇓

1
〈j|(tr2|Φ〉〈Φ|)|k〉1 =

m−1∑̀
=0

〈j`|Φ〉〈Φ|k`〉

=
m−1∑̀

=0

〈k`|Φ〉〈Φ|j`〉= 1〈k|(tr2|Φ〉〈Φ|)|j〉1 ,

1
〈ϕ|(tr2|Φ〉〈Φ|)|ϕ〉1 =

n−1∑
j,k=0

m−1∑
i=0

1
〈ϕ|j〉

1
〈ji|Φ〉〈Φ|ki〉

1
〈k|ϕ〉

1

=
m−1∑
i=0

〈ϕ i|Φ〉〈Φ|ϕ i〉=
m−1∑
i=0

|〈ϕ i|Φ〉|2≥0

⇓
tr2|Φ〉〈Φ| : H1→ H1 is self-adjoint and positive

⇓
there exists {ϕ0, ϕ1, ..., ϕn−1}
orthonormal basis of H1 such that

tr2|Φ〉〈Φ|=
r−1∑
k=0

pk|ϕk〉〈ϕk|

and p0≥p1≥ ...≥pr−1 > 0.

⇓

|Φ〉=
n−1∑
k=0

m−1∑
j=0

Φkj |ϕk j〉

⇓

|Φ〉〈Φ|=
n−1∑
i,k=0

m−1∑
j,`=0

Φkj Φi` |ϕk j〉〈ϕi `|

⇓

tr2|Φ〉〈Φ|=
n−1∑
i,k=0

m−1∑
j=0

Φkj Φij |ϕk〉〈ϕi|

⇓
r−1∑
k=0

pk|ϕk〉〈ϕk|=
n−1∑
i,k=0

m−1∑
j=0

Φkj Φij |ϕk〉〈ϕi|

⇓

m−1∑
j=0

Φkj Φij=pk δik for 0 ≤ i, k ≤ r−1

m−1∑
j=0

|Φkj |2 =
m−1∑
j=0

Φkj Φkj=0 for k > r−1

⇓{
|ψk〉= 1√

pk

m−1∑
j=0

Φkj |j〉

∣∣∣∣∣ k∈{0, 1, ..., r−1}

}
is an orthonormal set and Φkj=0 for k>r−1

⇓
|Φ〉=

n−1∑
k=0

m−1∑
j=0

Φkj |ϕk j〉

=
r−1∑
k=0

m−1∑
j=0

Φkj |ϕk〉⊗|j〉

=
r−1∑
k=0

√
pk |ϕk〉⊗|ψk〉=

r−1∑
k=0

√
pk |ϕkψk〉.

The set { |ψk〉 | k∈{0, 1, ..., r−1} } can be extended up
to an orthonormal basis {|ψ0〉, |ψ1〉, ..., |ψm−1〉} of H2.{

|ψk〉= 1√
pk

m−1∑
j=0

Φkj |ϑj〉

∣∣∣∣∣ k∈{0, 1, ..., r−1}

}
is an orthonormal set and Φkj=0 for k>r−1

⇓
|Φ〉=

n−1∑
k=0

m−1∑
j=0

Φkj |ϕkϑj〉

=
r−1∑
k=0

m−1∑
j=0

Φkj |ϕk〉⊗|ϑj〉

=
r−1∑
k=0

√
pk |ϕk〉⊗|ψk〉=

r−1∑
k=0

√
pk |ϕkψk〉.

The set { |ψk〉 | k∈{0, 1, ..., r−1} } can be extended up
to an orthonormal basis {|ψ0〉, |ψ1〉, ..., |ψm−1〉} of H2.

I QUADRATIC FORMS

I11
Let B = {e1, e2, ..., en}.
There exists a basis B′ = {e′1, e′2, ..., e′n} of the form

e′1 = α11e1

e′2 = α12e1 + α22e2

........................
e′n = α1ne1 + α2ne2 + · · ·+ αnnen

satisfying
g(e′j , e1) = 0
g(e′j , e2) = 0
......................
g(e′j , ej−1) = 0
g(e′j , ej) = 1

for any j ∈ {1, 2, ..., n}

that is, the Cramer system
g11α1j + g21α2j + · · · + gj1αjj = 0

.............................................................

g1j−1α1j+g2j−1α2j+· · ·+gjj−1αjj = 0

g1jα1j + g2jα2j + · · · + gjjαjj = 1
from which we deduce that
g′jj = g(e′j , e

′
j) = g(e′j , α1je1 + α2je2 + · · ·+ αjjej)

=α1j g(e′j , e1)+α2j g(e′j , e2)+· · ·+αj−1j g(e′j , ej−1)
+αjj g(e′j , ej)=αjj = ∆j−1/∆j .

and
g′jk = g(e′j , e

′
k) = g(e′j , α1ke1 + α2ke2 + · · ·+ αkkek)

= α1k g(e′j , e1) + α2k g(e′j , e2) + · · ·+ αkk g(e′j , ek) = 0.
for k<j.
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I12
Let B = {e1, e2, ..., en}.
The self-adjoint operator

A : H −→ H, Aei =
n∑
j=1

gji ej

is diagonalizable
⇓

there exists an orthonormal basis B′ such that
the matrix of A with respect to B′ has the form

A′ =


λ1 0 · · · 0
0 λ2 · · · 0
· · · · · · · · · · · ·
0 0 · · · λn

 .

The change of basis matrix S from B to B′

is an orthogonal matrix, and

A′=S−1GS=S
T

GS
is also the matrix of Q with respect to B′.

J CONICS

J3
By using the notations

X =

(
x
y

)
, B =

(
a10

a20

)
, A =

(
a11 a12

a12 a22

)
,

X ′ =

(
x′

y′

)
, T =

(
x0

y0

)
, R =

(
cosα − sinα
sinα cosα

)
the relation
f(x, y)=a11 x

2+2 a12 xy+a22 y
2+2a10 x+2a20 y+a00

can be written as

f(x, y)=( x y 1 )

a11 a12 a10

a12 a22 a20

a10 a20 a00

xy
1


=(X

T

1 )

(
A B

B
T

a00

)(
X
1

)
,

and the relation{
x = x0 + x′ cosα− y′ sinα
y = y0 + x′ sinα+ y′ cosα

as xy
1

 =

cosα − sinα x0

sinα cosα y0

0 0 1

x′y′
1


or (

X
1

)
=

(
R T
0 1

)(
X ′

1

)
.

From

f(x, y) = (X
T

1 )

(
A B

B
T

a00

)(
X
1

)

= (X ′
T

1 )

(
R
T

0

T
T

1

)(
A B

B
T

a00

)(
R T
0 1

)(
X ′

1

)

= (X ′
T

1 )

(
A′ B′

B′
T

a′00

)(
X ′

1

)
it follows

∆′ = det

(
A′ B′

B′
T

a′00

)

= det

(
R
T

0

T
T

1

)
det

(
A B

B
T

a00

)
det

(
R T
0 1

)

= det

(
A B

B
T

a00

)
= ∆

and the relation A′ = R
T

AR, that is(
a′11 a′12

a′12 a′22

)
=

(
cosα sinα
− sinα cosα

)(
a11 a12

a12 a22

)(
cosα − sinα
sinα cosα

)
leading to δ′ = δ and I ′ = I.

J4
After a translation{

x = x0 + x′

y = y0 + x′,
the polynomial
f(x, y) = a11 x

2 + 2 a12 xy + a22 y
2 + 2a10 x+ 2a20 y + a00

becomes

f̃(x′, y′) = a11 x
′2 + 2a12 x

′ y′ + a22 y
′2 + 2(a11 x0 + a12 y0

+ a10)x′ + 2(a12 x0 + a22 y0 + a20)y′ + f(x0, y0).

DESCRIPTION OF QUANTUM SYSTEMS

M AXIOMS OF QUANTUM MECHANICS

M3 If {|ψj〉}nj=1 is an orthonormal basis of H, then

tr(Ek |ψ〉〈ψ|)=
n∑
j=1

〈ψj |Ek|ψ〉〈ψ|ψj〉

=
n∑
j=1

〈ψ|ψj〉〈ψj |Ek|ψ〉

=〈ψ|
n∑
j=1

|ψj〉〈ψj |Ek|ψ〉

=〈ψ|Ek|ψ〉
=〈ψ|E2

k|ψ〉
=〈ψ|E†kEk|ψ〉
= ||Ek|ψ〉||2.

M4
If {|ψj〉}nj=1 is an orthonormal basis of H, then

tr(A |ψ〉〈ψ|)=
n∑
j=1

〈ψj |A|ψ〉〈ψ|ψj〉

=
n∑
j=1

〈ψ|ψj〉〈ψj |A|ψ〉

=〈ψ|
n∑
j=1

|ψj〉〈ψj |A|ψ〉

=〈ψ|A|ψ〉.
and

〈A〉=
n∑
j=1

ak prob(ak)

=
n∑
j=1

ak 〈ψ|Ek|ψ〉

=〈ψ|
n∑
j=1

ak Ek|ψ〉

=〈ψ|A|ψ〉.
M7

Ek= |ψk〉〈ψk|
⇓

prob(ak)=〈ψ|Ek|ψ〉=〈ψ|ψk〉〈ψk|ψ〉= |〈ψk|ψ〉|2.

N DENSITY OPERATORS

N1

• E†ψ=(|ψ〉〈ψ|)†= |ψ〉〈ψ|=Eψ.

• 〈ϕ|Eψ|ϕ〉=〈ϕ|ψ〉〈ψ|ϕ〉= |〈ϕ|ψ〉|2≥0.
• If we extend the set {|ψ〉} up to an orthonormal

basis {|ψ〉, |ϕ1〉, |ϕ2〉, ..., |ϕn−1〉} of H, then

trEψ=〈ψ|Eψ|ψ〉+
n−1∑
j=1

〈ϕj |Eψ|ϕj〉

=〈ψ|ψ〉〈ψ|ψ〉+
n−1∑
j=1

〈ϕj |ψ〉〈ψ|ϕj〉=1.
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N5 %†=% ⇒ % is diagonalizable %=
n∑
k=1

pk|ψk〉〈ψk|.

where {|ψ1〉, |ψ2〉, ..., |ψn〉}
is an orthonormal basis,

that is
〈ψj |ψk〉=δjk
n∑
k=1

|ψk〉〈ψk|=I.

%≥0 ⇒ pk=〈ψk|%|ψk〉≥0,

tr %=1 ⇒
n∑
k=1

pk=tr %=1

 ⇒ 0≤pk≤1.

⇓
p2
k≤pk.

%2 =
n∑
k=1

p2
k|ψk〉〈ψk| ⇒ tr %2 =

n∑
k=1

p2
k≤

n∑
k=1

pk=1.

The minimum value of tr %2 is obtained in the case
p1 =p2 = ...=pn= 1

n , and it is n 1
n2 = 1

n .

N7 (Case of a qubit).

If r lies on the line segment connecting
two points r′, r′′∈∂Ω3, then there exists λ∈(0, 1)
such that r=(1−λ)r′+λr′′, and consequently

%(r)= 1
2 (r0 I+((1−λ)r′+λr′′)·σ)

=(1−λ)%(r′)+λ%(r′′).

N8

0≤pk≤1 ⇒ 0≤
n∑
k=1

pk|〈ψk|ψ〉|2≤
n∑
k=1

|〈ψk|ψ〉|2

⇓
0≤

n∑
k=1

pk〈ψ|ψk〉〈ψk|ψ〉≤
n∑
k=1

〈ψ|ψk〉〈ψk|ψ〉

⇓
0≤〈ψ|

n∑
k=1

pk|ψk〉〈ψk|ψ〉≤〈ψ|
n∑
k=1

|ψk〉〈ψk|ψ〉

⇓
0≤〈ψ|%|ψ〉≤〈ψ|I|ψ〉

⇓
0≤%≤I

N9

%=
n∑
k=1

pk|ψk〉〈ψk| ⇒ 〈A〉%=
n∑
k=1

pk〈ψk|A|ψk〉

=
n∑
k=1

pk tr(A |ψk〉〈ψk|)

=tr(A
n∑
k=1

pk |ψk〉〈ψk|)

=tr(A%).

N10, 11

We have ||%||2 =〈%, %〉=tr %2.

• %= |ψ〉〈ψ| ⇒ %2 = |ψ〉〈ψ|ψ〉〈ψ|=% ⇒ tr %2 =1.

• %2 =% ⇒
n∑
k=1

p2
k|ψk〉〈ψk|=

n∑
k=1

pk|ψk〉〈ψk|

⇒ pk∈{0; 1}, for any k
⇒ there exists j such that pk = δkj
⇒ %= |ψj〉〈ψj |.

• there exists
j such that

0<pj<1
⇒ p2

j<pj ⇒ tr %2<tr %=1.

Consequently:
tr %2 =1 ⇒ pk∈{0; 1}, for any k

⇒ there exists j such that pk = δkj
⇒ %= |ψj〉〈ψj |.

N12

%∈D(H)⇒
%†=%,

〈ψ|%|ψ〉≥0, ∀ψ
tr %=1

⇒
(K†%K)†=K†%K,
〈ψ|K†%K|ψ〉≥0, ∀ψ

tr(K†%K)=tr(%KK†)=1.

N13

((1−λ)%1+λ%2)†=(1−λ)%1+λ%2,
〈ψ|(1−λ)%1+λ%2|ψ〉=(1−λ)〈ψ|%1|ψ〉+λ〈ψ|%2|ψ〉≥0,
tr((1−λ)%1+λ%2)=(1−λ)tr %1+λ tr %2 =1.

N14

“⇒”
Let %= |ψ〉〈ψ|, and let %1, %2∈D(H), λ∈ [0, 1]
be such that % = (1− λ) %1 + λ %2. We have
%2 =%⇒ % = (1− λ) %%1%+ λ %%2%,

⇓
1 = (1− λ) tr(%%1%) + λ tr(%%2%).

Density operators %1 and %2 satisfy the relations
tr(%%i%) = tr(%2%i) = tr(%%i) = 〈%, %i〉

≤ |〈%, %i〉| ≤ ||%|| ||%|| ≤ 1
tr(%%i%) =

∑n
j=1〈ψj , %%i%ψj〉 =

∑n
j=1〈%ψj , %i%ψj〉 ≥ 0,

where {|ψ1〉, |ψ2〉, ..., |ψn〉} is an orthonormal basis of H.
We have tr(%%1%) = tr(%%2%) = 1 because
tr(%%1%)<1

or
tr(%%2%)<1

⇒ (1−λ) tr(%%1%)+λ tr(%%2%)<1.

Consequently,
〈%, %i〉 = tr(%%i) = tr(%2%i) = tr(%%i%) = 1.
Since 〈%, %〉=tr %2≤1 and 〈%i, %i〉=tr %2

i ≤1
in Cauchy-Schwarz inequality

|〈%, %i〉|2 ≤ 〈%, %〉 〈%i, %i〉
we have equality

|〈%, %i〉|2 = 〈%, %〉 〈%i, %i〉.
This is possible only for %=c %i,
where c is a constant. But

tr %=tr %i=1 ⇒ %=%i.
“⇐”
Let % be an extremal point of D(H) with the
spectral decomposition

% =
n∑
j=1

pj |ψj〉〈ψj |=p1|ψ1〉〈ψ1|+· · ·+pn|ψn〉〈ψn|.

Each pk must be either 0 or 1 because
0<pk<1
⇓

% = pk |ψk〉〈ψk|+ (1−pk)
∑
j 6=k

pj
1−pk |ψj〉〈ψj |

and this is possible only if
% = |ψk〉〈ψk| =

∑
j 6=k

pj
1−pk |ψj〉〈ψj |,

and this is impossible since
|ψk〉〈ψk| =

∑
j 6=k

pj
1−pk |ψj〉〈ψj |

⇓
|ψk〉= |ψk〉〈ψk|ψk〉=

∑
j 6=k

pj
1−pk |ψj〉〈ψj |ψk〉=0.

O QUBITS

O7
Eigenvalues of A∈L(C2) are the roots of the equation∣∣∣∣∣∣

r0+r3
2 − λ r1−ir2

2

r1+ir2
2

r0−r3
2 − λ

∣∣∣∣∣∣ = 0.

O12

A≥0 ⇔
λ1 = r0+||r||

2 ≥0
and

λ2 = r0−||r||
2 ≥0

⇔ ||r||≤r0.
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O19
The diametrically opposite point corresponding to
(%, θ) has the angular coordinates (%+π, θ−π).
The corresponding pure states

cos θ2 |0〉+ sin θ
2 eiφ |1〉

cos π−θ2 |0〉+ sin π−θ
2 ei(φ+π) |1〉

are orthogonal.

O21

A2 =I ⇒ eitA = I + it
1!A+ (it)2

2! A
2 + (it)3

3! A
3 + ...

=
(

1− t2

2! + t4

4! −
t6

6! + . . .
)
I

+i
(
t
1! −

t3

3! + t5

5! −
t7

7! + . . .
)
A.

=cos t I + i sin t A.

O25

We have

Rx(t)

(
1+r3 r1−ir2

r1+ir2 1−r3

)
R†x(t)=

(
1+r′3 r′1−ir′2

r′1+ir′2 1−r′3

)
,

where  r′1
r′2
r′3

 =

 1 0 0
0 cos t − sin t
0 sin t cos t

 r1

r2

r3

 .

O26

We have

Ry(t)

(
1+r3 r1−ir2

r1+ir2 1−r3

)
R†y(t)=

(
1+r′3 r′1−ir′2

r′1+ir′2 1−r′3

)
,

where  r′1
r′2
r′3

 =

 cos t 0 − sin t
0 1 0

sin t 0 cos t

 r1

r2

r3

 .

O27

We have

Rz(t)

(
1+r3 r1−ir2

r1+ir2 1−r3

)
R†z(t)=

(
1+r′3 r′1−ir′2

r′1+ir′2 1−r′3

)
,

where  r′1
r′2
r′3

 =

 cos t − sin t 0
sin t cos t 0

0 0 1

 r1

r2

r3

 .

O28

A transform U : C2 −→ C2 with the matrix

U =

(
u00 u01

u10 u11

)
is unitary if U†U=UU†=I, that is

|u00|2 + |u01|2 = 1, |u00|2 + |u10|2 = 1,

|u10|2 + |u11|2 = 1, |u01|2 + |u11|2 = 1,
(∗)

and
ū00u10 + ū01u11 = 0, ū00u01 + ū10u11 = 0.

Matrix U satisfies (*) if and only if it has the form

U =

(
cos β2 ei a2 − sin β

2 ei b2

sin β
2 ei c2 cos β2 ei d2

)
.

This matrix satisfies the last two conditions if and only
if a−c=b−d. Consequently, U must have the form

U =

(
cos β2 ei a2 − sin β

2 ei b2

sin β
2 ei c2 cos β2 ei b+c−a2

)
.

But, this matrix can be written as

U = ei b+c4

(
cos β2 ei

(a−b)+(a−c)
2 − sin β

2 ei
(a−c)−(a−b)

2

sin β
2 e−i

(a−c)−(a−b)
2 cos β2 e−i

(a−b)+(a−c)
2

)

=ei b+c4

(
e−iα2 0

0 eiα2

)(
cos β2 − sin β

2

sin β
2 cos β2

)(
e−i γ2 0

0 ei γ2

)
=eiθRz(α)Ry(β)Rz(γ),

where θ= b+c
4 , α= a−b

2 and γ= a−c
2 .

P COMPOSITE SYSTEMS

P8
tr(|ϕ〉〈ψ|)=

∑
j

〈j|ϕ〉〈ψ|j〉

=
∑
j

〈ψ|j〉〈j|ϕ〉

=〈ψ|ϕ〉.
P9

Direct consequences of D3 and D4 (page 11).

P10
〈k`|

∑
j

2
〈j|ϕψ〉⊗|j〉

2
=
∑
k

〈kj|ϕψ〉〈`|j〉

=
∑
k

〈kj|ϕψ〉 δ`j
=〈k`|ϕψ〉.

P11

A⊗B=
∑
ijk`

|ik〉〈ik|A⊗B|j`〉〈j`|

=
∑
ijk`

〈ik|A⊗B|j`〉 |ik〉〈j`|

=
∑
ijk`

(A⊗B)ikj` |ik〉〈j`|

=
∑
ijk`

Aij B
k
` |ik〉〈j`|

⇓
1
〈ϕ1|A⊗B|ϕ2〉1 =

∑
ijk`

Aij B
k
` 1
〈ϕ1|ik〉〈j`|ϕ2〉1

=
∑
ijk`

Aij B
k
` 〈ϕ1|i〉〈j|ϕ2〉|k〉〈`|

=
∑
ij

〈ϕ1|i〉〈i|A|j〉〈j|ϕ2〉
∑
k`

Bk` |k〉〈`|

=〈ϕ1|A|ϕ2〉B,

2〈ψ1|A⊗B|ψ2〉2 =
∑
ijk`

Aij B
k
` 2〈ψ1|ik〉〈j`|ψ2〉2

=
∑
ijk`

Aij B
k
` 〈ψ1|k〉〈`|ψ2〉|i〉〈j|

=
∑
k`

〈ψ1|k〉〈k|B|`〉〈`|ψ2〉
∑
ij

Aij |i〉〈j|

=〈ψ1|B|ψ2〉A
P12

tr
1
(A⊗B)=

∑
j

1
〈j|A⊗B|j〉

1
,

⇓ D9

=
∑
j

〈j|A|j〉B

=(trA)B.

tr2(A⊗B)=
∑
k

2〈k|A⊗B|k〉2 ,

⇓ D9

=
∑
k

〈k|B|k〉A

=(trB)A.
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P13

〈ik|(|ϕ1〉〈ϕ2| ⊗ |ψ1〉〈ψ2|)|j`〉=〈ik|(|ϕ1〉〈ϕ2|j〉 ⊗ |ψ1〉〈ψ2|`〉)
=〈i|ϕ1〉〈ϕ2|j〉〈k|ψ1〉〈ψ2|`〉
=〈i|ϕ1〉〈k|ψ1〉〈ϕ2|j〉〈ψ2|`〉
=〈ik|ϕ1ψ1〉〈ϕ2ψ2|j`〉.

P14

tr
1
(|ϕ1ψ1〉〈ϕ2ψ2|)=tr

1
(|ϕ1〉〈ϕ2| ⊗ |ψ1〉〈ψ2|)

⇓ D13

=tr(|ϕ1〉〈ϕ2|) |ψ1〉〈ψ2|)
⇓ D8

=〈ψ2|ψ1〉 |ϕ1〉〈ϕ2|.
tr2(|ϕ1ψ1〉〈ϕ2ψ2|)=tr2(|ϕ1〉〈ϕ2| ⊗ |ψ1〉〈ψ2|)

⇓ D13

=tr(|ψ1〉〈ψ2|) |ϕ1〉〈ϕ2|
⇓ D8

=〈ϕ2|ϕ1〉 |ψ1〉〈ψ2|,
P15

T =
∑
ijk`

|ik〉〈ik|T |j`〉〈j`|=
∑
ijk`

T ikj` |ik〉〈j`|

⇓ D7

tr
1
T =

∑
r

1
〈r|T |r〉

1
,

=
∑
r

∑
ijk`

T ikj` 1
〈r|ik〉〈j`|r〉

1

=
∑
r

∑
ijk`

T ikj` δri δrj |k〉〈`|

=
∑
jk`

T jkj` |k〉〈`|

⇓
〈k|tr1T |`〉=

∑
j

T jkj`

(tr
1
T )k` =

∑
j

T jkj`

T =
∑
ijk`

|ik〉〈ik|T |j`〉〈j`|=
∑
ijk`

T ikj` |ik〉〈j`|

⇓ D7

tr
2
T =

∑
r

2
〈r|T |r〉

2
,

=
∑
r

∑
ijk`

T ikj` 2〈r|ik〉〈j`|r〉2

=
∑
r

∑
ijk`

T ikj` δrk δr`|i〉〈j|

=
∑
ijk

T ikjk |i〉〈j|

⇓
〈i|tr

2
T |j〉=

∑
k

T ikjk

(tr2T )ij=
∑
k

T ikjk

P16

Direct consequences of D15 (page 11).

P17

〈ab|
∑
k,`

2
〈k|T |`〉

2
⊗|k〉

2 2
〈`|cd〉

=
∑
k,`

〈ak|T |c`〉 〈b|k〉〈`|d〉

=
∑
k,`

〈ak|T |c`〉 δbkδ`d

=〈ab|T |cd〉.

P18

tr(|ϕ〉〈ψ|A)=
∑
j

〈j|(|ϕ〉〈ψ|A)|j〉

=
∑
j

〈j|ϕ〉〈ψ|A|j〉

=
∑
j

〈ψ|A|j〉〈j|ϕ〉

=〈ψ|A|ϕ〉.
P19

(I⊗ (|b〉〈b|))T =
∑
ijk`

∑
rs

(I⊗ (|b〉〈b|)ikrsT rsj` |ik〉〈j`|

⇓
tr2((I⊗ (|b〉〈b|))T ) =

∑
ijk

∑
rs

(I⊗ (|b〉〈b|)ikrsT rsjk |i〉〈j|

=
∑
ijk

∑
rs
δir〈k|b〉〈b|s〉T rsjk |i〉〈j|

=
∑
ijk

∑
s
〈b|s〉T isjk〈k|b〉 |i〉〈j|

=
∑
ijk

∑
s
〈b|s〉〈is|T |jk〉〈k|b〉 |i〉〈j|

=
∑
ij

〈ib|T |jb〉 |i〉〈j|

=
∑
ij

|i〉〈ib|T |jb〉〈j|

=
2
〈b|T |b〉

2

P20

Aik=〈i|A|k〉
Bm` =〈m|B|`〉 ⇒
T k`im=〈k`|T |im〉

∑
ik`m

Aik B
m
` T k`im=

∑
ik

Aik
∑
j`m

δkj B
m
` T j`im

⇓∑
ik`m

(A⊗B)imk` T
k`
im=

∑
ik

Aik
∑
j`m

(I⊗B)kmj` T j`im
⇓∑

im

((A⊗B)T )imim=
∑
ik

Aik
∑
m

((I⊗B)T )kmim
⇓

tr ((A⊗B)T )=
∑
ik

Aik(tr2((I⊗B)T ))ki
⇓

tr ((A⊗B)T )=tr(A tr2((I⊗B)T )).

P21

Aik=〈i|A|k〉
Bm` =〈m|B|`〉 ⇒
T k`im=〈k`|T |im〉

∑
ik`m

Aik B
m
` T k`im=

∑
m`

Bm`
∑
ijk

Aik δ
`
j T

kj
im

⇓∑
ik`m

(A⊗B)imk` T
k`
im=

∑
m`

Bm`
∑
ijk

(A⊗I)i`kj T
kj
im

⇓∑
im

((A⊗B)T )imim=
∑
m`

Bm`
∑
i

((A⊗I)T )i`im
⇓

tr ((A⊗B)T )=
∑
m`

Bm` (tr1((A⊗I)T ))`m
⇓

tr ((A⊗B)T )=tr(B tr1((A⊗I)T )).

P22

A⊗B=(A⊗I)(I⊗B)
⇓

tr ((A⊗B)T )=tr ((A⊗I)(I⊗B)T )

P23

Direct consequence of D20 (page 11).

P24

Direct consequence of D21 (page 11).
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P25

2
〈ϕ|tr1%|ϕ〉2 =

2
〈ϕ|
∑
j

1
〈j|%|j〉

1
|ϕ〉

2

=
∑
j

2
〈ϕ|

1
〈j|%|j〉

1
|ϕ〉

2

=
∑
j

〈jϕ|%|jϕ〉≥0.

tr(tr1%)=
∑
k

2
〈k|tr1%|k〉2

=
∑
k

2
〈k|
∑
j

1
〈j|%|j〉

1
|k〉

2

=
∑
j,k

〈jk|%|jk〉

=tr %=1.

P26

(tr1%)k` =〈k|tr1%|`〉=
1∑
j=0

%jkj` =%0k
0` +%1k

1` ,

(tr2%)ij=〈i|tr2%|j〉=
1∑
k=0

%ikjk=%i0j0+%i1j1.

P30

See the proof of H17 at page 19.

P33

|Φ〉=
∑
k

√
pk |ϕk〉⊗|ψk〉=

∑
k

√
pk |ϕkψk〉

⇓
|Φ〉〈Φ|=

∑
kj

√
pkpj |ϕkψk〉〈ϕjψj |

⇓
tr

2
|Φ〉〈Φ|=

∑
kj

√
pkpj tr

2
(|ϕkψk〉〈ϕjψj |)

⇓ D12

tr2 |Φ〉〈Φ|=
∑
kj

√
pkpj 〈ψj |ψk〉 |ϕk〉〈ϕj |

⇓
tr2 |Φ〉〈Φ|=

∑
kj

√
pkpj δjk |ϕk〉〈ϕj |

⇓
tr

2
|Φ〉〈Φ|=

∑
k

pk |ϕk〉〈ϕk|.

# Additional definitions/results

#1

We have
A(αv)=f(αv)αv,
α Av=f(αv)αv,
α f(v) v=f(αv)αv,

⇓ for α 6=0 and v 6=0
f(αv)=f(v).

If the vectors v and w are linearly independent, then
A(v+w)=Av+Aw

f(v+w) (v+w)=f(v) v+f(w)w
⇓{

f(v+w)=f(v)
f(v+w)=f(w)

⇓
f(v)=f(w).

If {v0, v1, ..., vn−1} is a basis of V, then
f(v0)=f(v1)= · · ·=f(vn−1)

and

A
n−1∑
j=0

αjvj=
n−1∑
j=0

αj Avj

=
n−1∑
j=0

αj f(vj) vj

=f(v0)
n−1∑
j=0

αjvj .

#5

If {|ej〉} is an orthonormal basis, then
||Ax||= ||A(

∑
|ej〉〈ej |x〉)||

=
∑
|〈ej |x〉)| ||A|ej〉||

≤
√∑

|〈ej |x〉)|2
√∑

||A|ej〉||2

≤||x||
√∑

||A|ej〉||2

=C ||x||.
#8

(eA)†=

( ∞∑
k=0

Ak

k!

)†
= lim
m→∞

(
m∑
k=0

Ak

k!

)†
= lim
m→∞

m∑
k=0

A†
k

k! =
∞∑
k=0

A†
k

k! =eA
†
.

#9

(eiA)†eiA=e−iA†eiA=e0 =I.
#10

(F †F )[ϕ](k)= 1
n

n−1∑
j=0

e
2πi
n kj

n−1∑
m=0

e−
2πi
n jmϕ(m)

= 1
n

n−1∑
m=0

n−1∑
j=0

e
2πi
n (k−m)jϕ(m)

= 1
n

n−1∑
m=0

n−1∑
j=0

(
e

2πi
n (k−m)

)j
ϕ(m)

= 1
n

n−1∑
m=0

n δkm ϕ(m)=ϕ(k).

#11

ϕ⊗ψ :H2→H1,
(ϕ⊗ψ)(η)=〈η|ψ〉ϕ is anti-linear, for any

ϕ∈H1,
ψ∈H2.

These particular operators span the considered space,
(ϕ1+ϕ2)⊗ψ=ϕ1⊗ψ+ϕ2⊗ψ
ϕ⊗(ψ1+ψ2)=ϕ⊗ψ1+ϕ⊗ψ2

λ(ϕ⊗ψ)=(λϕ)⊗ψ=ϕ⊗(λψ).
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#12

Since |uivj〉〈uivj |= |ui〉〈ui|⊗|vj〉〈vj |, we have

k∑
i=1

|ui〉〈ui|=IH1∑̀
j=1

|vj〉〈vj |=IH2

⇒

k∑
i=1

∑̀
j=1

|uivj〉〈uivj |=

=
k∑
i=1

|ui〉〈ui|⊗
∑̀
j=1

|vj〉〈vj |

=IH1⊗IH2 =IH1⊗H2 .

1
The superposition (liniar combination) of states

|ψ〉=
n∑
k=1

ck|ψk〉

is a pure state with the density operator

%= |ψ〉〈ψ|=
n∑
k=1

|ck|2|ψk〉〈ψk|+
∑
k 6=j

ck c̄j |ψk〉〈ψj |.

The second sum contains the interference terms.

2
Example. Representations as a probabilistic
ensemble of pure states of the maximally
mixed state of a qubit:

%=

(
1
2 0

0 1
2

)
⇒

• %= 1
2 |0〉〈0|+

1
2 |1〉〈1|,

• %= 1
2 |+〉〈+|+

1
2 |−〉〈−|,

• %= 1
2 |↑y〉〈↑y |+

1
2 |↓y〉〈↓y |,

• %= 1
4 |0〉〈0|+

1
4 |1〉〈1|

+1
4 |+〉〈+|+

1
4 |−〉〈−|,

• etc.

#15

%†=% ⇒ % is diagonalizable, that is, there exists
an orthonormal basis {|ψk〉} such that

%=
n∑
k=1

pk|ψk〉〈ψk|.

%≥0 ⇒ pk=〈ψk|%|ψk〉≥0.

tr %=1 ⇒
n∑
k=1

pk=tr %=1.

#16

i ∂|ψ〉∂t =H |ψ〉 ⇒ −i ∂〈ψ|∂t =〈ψ|H

⇒ i ∂∂t%=
d−1∑
k=0

pki ∂|ψk〉∂t 〈ψk|−
d−1∑
k=0

pk|ψk〉i ∂〈ψk|∂t ,

i ∂∂t%=
d−1∑
k=0

pkH|ψk〉〈ψk|−
d−1∑
k=0

pk|ψk〉〈ψk|H,

i ∂∂t%=H%− %H.

.................
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