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Abstract. This is a tutorial' on Linear Algebra and some of its applications to the description of quantum systems.

VECTOR SPACES (also called LINEAR SPACES)

[ | N c Z c Q c R c C
natural integer rational real complex
numbers numbers numbers numbers numbers

B Definition. Let either K=R or K=C (K=field of scalars).

% VXV=V:(z,y)—~x+y
Vector space over K| (space n (vector addition
( K-vector space ) of KxV—=V:(a,r)—ar
vectors) (scalar multiplication)

satisfying the axioms:

1. (x+y)+z=a+(y+z), Vr,y,z€V

2. there exists 0€V such that z+0=xz, VzeV

3. V x €V there exists —z €V such that z+(—x)=0
4. z+y=y+z, Va,y €

5. a(zx +y) = azr + ay, VaeK, Vr,yeV

6. (a+ gxzax—l—ﬂx, Va, B € K, vl’a’;ev

7. a(fz) = (af)x, Va,B €K, VreV

8. lx ==, Ve eV.
B A linear combination .. any vector Q1V1+aQUz2+...+anUn,

of vy, v, ..., Up of the form with a1, 0,...,0, €K
B Theorem.
ar=0 & 328 or
’V is a K-vector space ‘
a(—z)=(—a)r=—azx

def
r—y=z+(-y) alz—y)=azx—ay

(a—pB)r=ar— Bz
B Theorem. Let V be a K-vector space and let WCV.

z,yeW z+yeWw r,yeW
@ neK }é{ & o, BeK = ar+pye

areW
H Definition.
L, yEW}: ar+PyeW.

a,feK

B Theorem.

@ Null space {0} and V are subspaces of V.

W is called a subspace of V if

Any subspace of V is itself a vector space.

span{vy, va, ..., U } def {a1v1+agva+...+ v, | €K}

is a subspace of V (subspace spanned by {v1,va, ..., }).
H Definition.

S={v1,v9,...,0,} is a

V is a finite-dimensional i
vector space
B Theorem.

spanning

set of V
(S spans V
there exsits a finite set {vy,...,v,}
such that V=span{vy,va, ..., v, }.

)if ’V:span{vhvz, ~--,Un}‘

S={v1,v2,..., v, } spans V,
vy 18 a linear combination

= S\{vx} spans V.
of the other vectors Mow)

None of vy, vs, ..., v, i8S
a linear combination
of the other vectors

a1 +asve+...+a,v, =0

H Definition.

{v1,v2,...,v,} is a

linearly independent  if
B Theorem.

set of vectors
S={v1,vq,...,v,} linearly independent = 0¢S.
e 0¢S={v1,v2,...,v,} and
® v}, is not a linear combination
of vy,vs,...,vp_1, for any 2<k<n
! Version 16 Oct. 2021 (for future updates see
https://unibuc.ro/user/nicolae.cotfas/ )

ap=as=...=a,=0

a1v1tasve+...+apv, =0

ar=ags=...=a, =0

S is linearly

= independent.

H Definition.

B={v1,v2,...,0,} is a basis of V if

B Theorem.

%:{Ul,vg,
basis of V

avn}

B spans V
and
B linearly indep.

e any x€) can be written as
’$:$1U1+$2U2+...+$nvn‘

= | e the coefficients =1 ,x2, ..., T,
of x are uniquely determined

(coordinates of x in basis B).

From any spanning set S of V, we can extract a basis.

Any finite-dimensional
vector space V#{0}

admits a basis.

b M:{U17v27 "'7U7L}

linearly indep.
b S:{wlv W2, vy wk}
spans V

e n <k

e M can be extended
up to a basis of V by
adding vectors from S.

Any two bases
of a vector space

have the same number of vectors.

H Definition.

Dimension
of a vector

space over K

H Theorem.

H Theorem.

is

WCYV is a subspace
WCY and dimW=dimV =

?umber £V £1{0)
. def | of vectors if V#£{0};
dimgV = ¢ of a basis

0 if V={0}.

= dimW<dimV.
w=y.

Wi, Wo CV subspaces # W UWs is a subspace.
Wi, W CV subspaces = W; N Ws is a subspace.

span{vy, va, ..., U }

H Theorem.

W1,W2§V:>

subspaces

H Definition.

is the intersection of all the sub-
spaces containing {vy, ve, ..., U, }.

o Wi+Wsh= {w1 +wo Z; Ex; }
is a subspace of V;

o dim(W; +Ws)=dim W +dim Ws
—dim(Wi;NWy).

The representation
of any x e Wy +Wsy

The sum of

the subspaces is

Wi, W CV

Wi +Ws s called

H Theorem.

Wo is

V1, Vs vector
spaces over
the same
field K

r=wi+ws
as| with wy, € Wy
is unique

S Wy QWQZ{O}.

Wl +W2def{w1 +U}2 w1 EWl }

we € W

a direct sum and
denoted W; &W,

a complement . .
W, m Y if V=W dWs.

if WinW,={0}.

e V=V xVy with
(1, 2)+ (Y1, ¥2) = (®1+y1, 22 +Y2)
Az, 2) = (Ax1, Az2)
is a vector space.
e dim(V; xVy)=dim V; +dim V5.
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m Theorem. LINEAR MAPS AND MATRICES
B tricti lars
Cytgeﬂs&r;cczggpolj;)icge%gr rsoprgce ’ dimgV =2 dimcV ‘ B Definition. Let V,W be vector spaces over the same field K.
V becomes a real vector space A linear map A:V— W satistying the relation
By extension of c_ . f t . —
scalars from R~ |® Y _V/X}) with ) ) ﬁliégg; }}nagpﬁ s amap ’ A(az+By) =aAz+BAy
to (C, a Comple%( (337 y)+(1’ Y ): (l‘-'—ﬂf ’y+y ) inear Operator% for any , yev and «, ﬁeK
vector space V| (a+ i) (2, y) = (az — By, ay+ fz)
:r%aﬁas}ggce g;)m o dimcV®=dimgV Notation. L(V, W)= set of all the linear maps A:V—W.
End(V)=L(V)= set of all the linear maps A:V— V.
o z~y if z—yeW ® Theorem.
is an equivalence relation. e Kernel ’KerA:{xEV | Az=0} ‘
W eV e The set of equivalence classes is a subspace of V.
- = V/W={i=x+W | z€V} 4 AV =W = Image _
subspace with F4g=iTy, Ai=hr, linear map ® (range) ’ th A={Az |zeV} ‘
is a vector space (factor space). is a subspace of W.
B Theorem.
u Remark.nThe vector space @ Linear map A:V—W is injective < Ker A={0}.
K"={(x1,z2,....,xs) | =1,22,....,2,€K} L AVWi et I A=W
can as well be regarded as the space of column matrices mear map A:} — Vi s surjective < lm A=VV.
a:; Linear map A:V— W is bijective = AL W—V is linear.
K'={ | ¥ ot a?, 2t eK o m Definition
x" e An isomorphism of vector spaces is a bijective linear map.

where we have used superscripts instead of subscripts. Two vector spaces are

isomorphic spaces if 21 isomorphism exists between them.

B Notation (Einstein summation convention).

Representation of a vector with respect to an ordered basis M Theorem.

n
1 2 _ k
r=x v1+x v+ +x" v, = kzl oy @ ngogth:;gse )f'i’e)l/g are isomorphic | < |[dim YV =dim W

can be written as

def
where |2Fv, = 2lo;+ 2209+ - 420, B={vy,v2, ..., U} y —  Km":

is an ordered basis in | = |x=xFv, — (2!, 22, ..., 2")

The numbers z', 22, ..., 2™ are the coordinates of x.

the K-vector space V is an isomorphism
B Definition. Given two bases of the K—vector space V
B={v1,v2,...,0,} (the “old” basis), ® Definition. basis i al a} - al
%l:{,u/ ol } (the “new” basis) SBU—{vl, V2, ...,vn} asis in V (12 a2 . a2
A . ’ B, ={w Wy, } basisin W A=| "1 72 n
the vectors v; can be expressed in terms of vy w Ly m : : .o
, 1 5 " A:V— W linear map an gt ... qm
v =0V ajvs+...Faj v, 1 r N 1“2 ;A nh
r_ 1 2 n Vi =G, W, is the matriz of A wit
Uy =3V + Q35U+ ...+ Q5 ; 1k k k%
BToan TR T TR thatis v =ajuy respect to B, and B,
vl =alvi+aZva+...+alv, B Remark. For z=2"vy, y?ijj, in1 matlrix reprelsentati?n
The matrix  , 1 ?gj? a% a% o ag £2
... a a e a
Qg A : - becomes =" 2 n
s=[of o . o v =l o) N e ) U
I N : Y a* ayt - a” T
n n n
_ ar @ O ) B Theorem. Let B={vy, ..., v}, B'={v],...,v),} be bases in V.
is the change of basis matriz from B to B’. 1 1 /1 /1
- - A:V—=Y ap - Ay ay coay,
B Theorem. The inverse matrix linear map A= - |, A= o . T,
1 1 1 ﬁl:na‘l;‘ :6‘?1 . an e an a;n o a;n
55 B% - ﬂg Auvy, :a/ivj 1 n 1 n
_ e o j j j 1 1
S—1= BL By i B satisfying | o, 87" =03, Avy,=a'qv] ap Qg
nogn .. gn ; s=[: . | = |A’=s"'As|
e ; ’_ )
BT B3 B v = i”; V), =,V a -oooan
is the change of basis matriz from B’ to B. u Theorjm.;Bu ={ur, -, u"}’l%”:{vll’ oo U} %“’T{wh " W
B Theorem (New coordinates '’/ in terms of the old ones). {{[_)V_)W A— @ i B— b'l o bm
inear maps =+ . =l )
. m m
vt =k : , 2! al 1 Aug=ajv, a1 n b1 b
iT 5% 2 = B 2 2 2 ] ) )
l':l'k’l)k:.’ﬂ,j’l}} = . 2871 . ka:bkwj 0.1 an
T e ) ey o=? 0T - [c=sa)
k=g C’uk:c,iwj (S R € 7%
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B Definition. Let V be a vector space over K.

e \eK and

Ads an cigenvalue |® there exists veV, v#£0
[15] of the jléif}eaf operator 11| (¢jgenvector corresp. to \)

y=y such that [Av=Xo]

’V,\z{xev | Az=\z }‘

= is a subspace of V
(eigenspace corresp. to \).

H Theorem.

A eigenvalue
of linear operator

AV=Y

e Characteristic polynomial of A
| P(\)=det(A-AT) |

1 A 1

al— ay a}L
P()\): a% ag_)‘ a.%
%:{UI,UQ,...,UTL} a.? aé‘ ap—A\
basis in V. e Trace of A
AVsY = [trA=al+ad+-+ap |

li tor. )
thear operator e Determinant of A

I
Avp = ay,v; al - al
det A=| : :
n n
a; an,

defined by using the matrix of
A with respect to 8, do not
depend on the basis B we chose.

B Theorem. Let V be a K-vector space.
o« [ AB:VoY = [tw(AB)=tx(BA)]

linear operators
N A B ,C: V=Y
.

linear operators
B Definition.

An invariant subspace of a subspace WCV

23 a linear operator A:V—V is

- (A-invariant subspace) such that AW)CW,

B Theorem.

A is an eigenvalue of the
linear operator A:V—V

= |#(ABC)=tr(BCA)|

A is an eigenvalue e \cK and
of the linear operator| < | e P(\)=0, that is
A V=Y det(A — A\I)=0.

= V), is A-invariant.

Matrix of a linear operator

A:V—V relative to a basis
B={v1,v2,...,Vn}

is a diagonal matrix

All the vectors
2N V1, V2, ey Up
are eigenvectors of A

V1, Vg, ..., Uy are eigenvectors

of a linear operator A:V—V
corresponding to

distinct eigenvalues

{v1,v9,..., v}
=| s a linearly
independent set.

B Definition. Let V be a vector space over K.

Linear operator
A:V—Y
is diagonalizable

Algebraic multiplicity of .
an eigenvalue A of A *°

i there exists an ordered basis of V
consisting of eigenvectors of A.

the number of times A
appears as a root of the
characteristic polynomial.

the dimension of

Geometric multiplicity of ._ .
an eigenvalue A of A '8 thgiggflg%s;c%ng;ng

B Theorem.

. All the roots of the characteristic
Lmi@ﬁge)r}ator PN polynomial belong to K, and for
is diaconalizable each of them, the algebraic and

9 geometric multiplicities are equal.

TENSORS

B Definition. Let V be a vector space over the field K.

Linear functional . : .
(or lingar Jorm) is a linear map ¢:V — K.

B Theorem.

V*={¢:V — K| linear form }
(p+v)(z) =p(z)+ ()
(Ap)(x)=Ap(x)

B Definition.

a vector space
(dual space of V)
S and

dim V*=dim V.

—-

Dual basis of B ={v! 02 ... 0",

ual basis o | ; j

B ={v1, 02, ..., Un} 18 UJ:V._> K, ) UJ(UIC):(SJIC’
that is v’ (2Fvy)=27.

H Theorem.

B ={v1, v, ..., Uy N Matrix of ¢ € V* relative to B is

basis in V (p(v1) ©(v2) ... o(vy)).
Identification of V )k V' = K
with its bidual V= |V V)T g oy o)
is isomorphism
B Theorem.
B ={v1, va, ..., U}, v;:a?vk _
(6] B/ ={v], v, ...v0}, ve=p]v} v =Bl
* __f,1 .2 n . .
%/*7{1) /,11; 25 v }m dual of ‘B/ =Bl
B ={v"", 07, ..., 0"} dual of B

x:xivi:x’jv;
— Aok
P=pmv™=pLU

A:V—V linear operator

4t
Avy, = (42

:> /I .m
Pr =0 Pm

13 Qd . m i
a'y =B aiar,

vi, Avj=a'3v}

B Definition.
A (p, q)-tensor (p contravariant and ¢ covariant indices)
is a mathematical object T' described relative to a basis
B by its coordinates T;llizjk’; which, under a basis

v =akuy
change {v1,...,v}—={v],...;v}}, 7 % ) transform as
Vi = v

5] o

'j1j2---Jp __ Qi1 pi2 Jp M1 __mo Mg rt192...9p
Tkle...kq =0, 5¢2~~5¢p Qpy Xy -+, Trnyms."myg
B Theorem.

e Elements of V are tensors of type (1,0).

e Elements of V* are tensors of type (0,1).

e Any linear operator A:V—V is a tensor of type (1,1).

e Any multilinear map
T:V"XV'X- - xV'xVxVx--xV—K

p times q times
is a tensor of type (p,q) with
J1j2---J i i
Tklkzmkz:T(lﬂl,...,vJP,vkl,...,vkq)

and any tensor corresponds to such a map.

B Theorem. The following relations define tensors.
e Tensor addition

Jijz2---dp _ mqd1de--Jp J1jz---Jp
(T+5)1 10k = Ties ks ey T SkrTom b
e Scalar multiplication
Jijz--Jp __ J1j2---Jp
()‘T)klkg‘..kq_/\Tklkz..‘kq
e Tensor product
Jledpitoder _ dtedp Qiy.iy
(T®S)k1...k,qm1...ms _Tkl...kq Sml...ms
e Tensor (r,s) contraction
J1--Jr—1Jr41--Jp __ J1--Jr—1MJr41---Jp
Skl...ks,lk’”l“.kq* Zl Tkl...ks,lmkyrl.“k'q
me




- page 4 -

[D| FINITE-DIMENSIONAL HILBERT SPACES

m Definition. Let either K=R or K=C (K=field of scalars).

inner product

’Hx%%K:(az,y)H(&y”

Inner product space H

=| (vector| +
over the field K space)

satisfying the relations:

(z, ay+Bz) =a(z,y) +B(, 2),
(x,y) = (y,x), for any z,y, z,
(x,2z) > 0, for x#£0.

B Remark. One can prove that:
Any finite-dimensional inner product space is a Hilbert space.

HxH—-K:

(z,y) = (z,y) | =
inner product

B Theorem (Cauchy-Schwarz).

H—-R:x—||z||=+/(x,z)| is a norm.

’HxH%R:(m,y)HHx—yH ‘ is a distance.

onor | el l@wl <llallllyll | for any z,yeH,

(z,y) — (z,y)| =

inner product

e For non-null vectors:

)| =|z|| |ly] < there exists AcK

such that x=Ay.

B Definition.
@ x€H is a unit vector if ||z||=+/(z,z)=1.

x,y €H are orthogonal vectors ’xj_y & <x,y>:0.‘

: th [ set . )
{v1,v2,...,v,} is an (Eﬁst(,)gsgg‘?erfle) if (vj,vg) =0 for j#k.

. orthonormal set . 1 for j=k,
@ {01, vn} s an (list, system) if <vj’v’“>:5j’“:{0 for g;«ék

A basis {e1, e, ...,e,} is an orthonormal basis if (e;, ex) =d;i.

H Theorem.
(z,y)=0 =

{v1, 2, .6,;1?1};102‘2h0g0;1a}1}:> {v1,v2, ..., v, } linearly indep.
) PR n

Orthogonal projection of  on w0 is Pz =2y

(w,w) *

lz+yl2=[lz|P+[lyll* (Pythagoras).

Orthogonal projection on a unit vector u is Pyx = (u, x)u.
B Theorem (Gram-Schmidt).

o {wy,ws,...,w,}, where
wyp = vy,

— o fwi,v2)
W2 = U2 7 Turwn)

{v1, ey 00}
linearly =
indep.

................ (wl’vn> ..... - I
(w1,w1) (Wn—1,Wn—1)

is an orthogonal set such that
e  span{wy,ws,...,wg } =span {vy, Vg, ..., Vg },
for any k€{1,2,...,n}.

Wp =Un — wy—--- Wn—1,

o {uy,ua,...,u,}, where
V1

U1 = Tl
Uy = v —(u1,v2) U1
T ve— v2) 1 ’
{o, oo} |7 loa”frel 7
linearly =~ _ wvn—(u1,on) uatuz,on) ua == (un_1,0n) un s
=

indep.

J[vp—(u1,vn) ur—(u2,vn) uo——{(Up—1,0n) Un—1]|’
is an orthonormal set such that

. span {uy, u, ..., ux } =span {vy, va, ..., Vg },

for any k€{1,2,...,n}.

B Theorem.
For any x,y €M we have:

n
° x=Y_ {(ek, z)eg,
k=1
{e1,€2...,en} n
orthonormal |[=|e (z,y)=> (z,er){ek,y),
basis in H k=1

n
o lzll=y/ X [ew, 2}
k=1

B Theorem.

’Mlz{xEH | (x,y)=0, Vye/\/l}‘

/s\ﬁbcsg‘-s[} = is a vector subspace of ‘H and
’ dim M+ =dim H —dim(span M). ‘
KCH

=
B Theorem.

s el = o=

The dual of H is| H* ={ HK:z+(a,z) | ac H}|

subspace

there exists a € H uniquely determined

For any
and such that ¢(z)={(a,x), for all zeH

peH*

B Notation (Dirac’s “bra-ket” notation).

¢(z)=(a,z)
for any x€H

(a] for ¢
|z) for x

suggests us
the notations

[\
w

H={l|z) | veH}
H*={(a| | acH}

24 Thus, and | (a,z)=(a|z)

[\]
(@31

x=>Y (e, z)er becomes |x)=> |ex)(ex|)
k=1

and can be written as I
(resolution of the identity)

=3 lex) (el

AH—H can be —
? Al Sl ble) witten 2 [A=1a)
P, H—H can be —
P,|zy=|u)(u|z) written as | P, = |u)(ul

emarks.

B={le1), le2), ., len)}

° <6j|€k> :5jk' and

ER-NEIN I It
@wOO\]OB

orthonormal basis “ e i lek) (er| =1
k=1
B={ler), lez), s [en)}] | B ={{en], (e2], ... {enl}

orthonormal basis dual basis ((ej|er)=0d;x)

W Theorem. Let {|e1),|ea),..., |en)} be orthonormal basis.

n

trla) b= 3 (exla) blex) = 3= (bl exla) = (bla).

n

n |2)=Tz) =3 |ex){ex|2),
I=>_ lex)(ex| = Ml
=t (@)= (2|l=)_ (xlex) (x|

H Theorem.

HoKk={(z,y) | zeH, xeK}
is a Hilbert space with
((@,9), («",y)) = (&, 2"} +(y,9/).
dimH @ K=dim H+dim K.

Direct sum of
two Hilbert
spaces over

the same field



B Definition. Conjugate transpose of a matrix
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1 1 1 -1 =2 —m
a% ag ag a% a% ay

= =m

A= 92 e g A=) 92 92 @2
a;" a’%I a;” dl dé d'm

1 2 n n n n

W Definition. A matrix with complex entries

a){‘ DR al

n

e
: IS{
: °
n

(35 A

a Hermitian matriz if AT=A.

a unitary matriz  if ATA=I.
a1]i7’ ... an
B Definition. A matrix with real entries
a% .. a; ' ' o
A—| - . LR symmetric matriz  if A =A.
Y . e an orthogonal matriz if A'A=I
a .. a d
1 n

B Theorem. Let H be a Hilbert space over the field K.

Change of basis
matrix between | . S {

two orthonormal

e an orthogonal matrix if K=R
e a unitary matrix

bases of H
B Theorem. Orthogonal projector on a subspace K CH.
. H 1 m
def r=x'"4+x P :Z ‘e ><e |
=l L K k kl»
Pex =2l for H—KmIt =
orthonormal e P = er)(ekl,
{61762...76771} basis in IC, = Kt k:§+1‘ k>< k|
{e1,€2...,€m, _orthonormal o Pr+Pe =1y,
emﬂ, .y €p } basis in H e Py Pe=0.

SELF-ADJOINT (HERMITIAN) OPERATORS

B Theorem.
‘H, K Hilbert spaces,

over the same field.

AH—-K

linear operator

H Definition.

of 541K
H Theorem.

A, B:H—H linear ope
reK

Matrix of AT:H —H
4| with respect to an
orthonormal basis B

is AT:KC—H satisfying

There exists a unique operator
AT K—H
satisfying ’ (Atz,y)=(z, Ay) ‘

for any ze€C, yeH.

(A, y) = (x, Ay)
Veell, VyeH.

(A+B)T=A"+Bf,
(AA)T =) AT,
(AB) =Bt Af,
(AHT=A.
the conjugate transpose of

is the matrix of A:H—H
with respect to the basis 9B.

rators,

The linear form corresponding to A|z) is (x|AT.

(6] (la)(b)=1b)(al.

B Theorem. The vector sp

A:

ace of matrices

11 1
a% a% ... aél

a a ... a

12 n a?ekK
al a2 ... an

is a Hilbert space with

(A,B)=tr(A'B) =

Hilbert-Schmidt
inner product

Zak b’C

B Theorem. The space of linear maps

L(H,K)=

{AH—=K |

A is a linear map }

is a Hilbert space with

(A+B)x=Az+ Bz

AN)z=A

and | (4, B)=tx(AB) |

Ax

if K=C.

B Definition.

A linear operator A:H—H —
@ is a self-adjoint operator  if (Az, y)=(z, Ay)
(Hermitian operator) Ve, yet.

Notation : ’A(H
H Theorem.

={A:H—H | Hermitian operator } ‘

[A€AH) & A=Al

A,BEA(H) A+BEA(H),
AeR AA e A(H).
.| @ real Hilbert space with (A, B)=tr(AB),
AH) is |, dimg A(H) = (dim H)?.

For A,BEA(H): |ABEA(H) < AB=BA|

If A€ A(H) is invertible, then A~!'e A(H).

B Theorem. Let H be a Hilbert space over the field K.

Matrix of A with respect

to an orthonormal basis is:
- a symmetric matrix if K=R.
- a Hermitian matrix if K=C.

Ac A(H) &

e Eigenvalues of A are real;

e Eigenvectors of A corresponding to
distinct eigenvalues are orthogonal.

A€ A(H) =

All the roots of the characteristic
polynomial of A are real.

A€ A(H) =

There exists an orthonormal basis B
in H such that the matrix of A with
respect to B is a diagonal matrix.

Ac A(H) =

there exists a unitary
matrix S such that STAS
is a diagonal matrix

AeM,y,(C)

Hermitian matrix

there exists an orthogonal
matrix S such that STAS
is a diagonal matrix

AcM,xn(R)
symmetric matrix

A€ A(H) There exists an orthonormal
= |AB= BA & basis consisting in common
Be A(H) eigenvectors of A and B

Orthogonal projectors. For Pe€ L(H, H):

| pl=p=p?]

There exists a

] n
ACAM), (ejler) =djr, | fF(A)= 30 F(M)lex)(exl,
T=3 lex)exl, 2
i | et= X Men)(enl,
k=1
A= Melex)(exl, n
k=1 VA= Vilex) (exl,
f:{)‘lv)‘2v"'7>‘n}_>c k=1 for A >0.
B Definition. For A, B€ A(H):
A<B if |(z,Az)<(z,Bzx), for any x €H.
A is called a positive operator if A>0.

B Theorem. .
A=AT= 3" Mpler)(ex] >0
k=1
P orthogonal projector

< A\ >0, for any k.

= 0<P<L
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UNITARY TRANSFORMATIONS

B Definition. Let H, K be complex Hilbert spaces.
A linear map A:H—K is . _
a unitary transformation if ’ (Az, Ay) = (z,

A linear map A:H—H —
is a wunitary opemtor if ’ (Az, Ay) = (z,y) ‘ Va,y e M.

Notation ’ UH)={A:H—H | unitary operator} ‘
B Theorem. Let H be a complex Hilbert space.
A€UM) = ||Az||=]|z]|, for any z € H.
A,BEU(H) = ABcU(H).
AeU(H) =  Ais bijective and A~'€U(H).

AH—-H _ A leeCthG

@ unitary operator = | and A-l=At
’ U(H) isa group‘

Matrix of A with respect to an
orthonormal basis is a unitary matrix.

AcUH) &

e )\ eigenvalue of A = [A\|=1;

e Eigenvectors of A corresponding to
distinct eigenvalues are orthogonal.

(]

AcUH) =

There exists an orthonormal basis B
in H such that the matrix of A with
respect to B is a diagonal matrix.

AcUH) =

there exists a unitary
matrix S such that STAS
is a diagonal matrix

A eM,yn(C)
unltarynmgtrlx =
B Definition.

Unitary representation of _ any mor

a group G in the space H — o:

hism of groups
—U(H).

ORTHOGONAL TRANSFORMATIONS
B Definition. Let H, KC be real Hilbert spaces.

A linear map A:H— K is an . —
orthogonal transformation if ’ (Az, Ay) = (2, y) ‘ vz, y.

A linear map A:H—H is . _
an orthogonal operator if ’ (Az, Ay)=(z, y) ‘Vm, Y-

Notation ’ O(H)={A:H—H | orthogonal operator} ‘
B Theorem. Let H be a real Hilbert space.
AcOM) = ||Az||=]||z||, for any zeH.

A,BEO(H) =  ABecO(H).
A€O(H) = Ais bijective and A~1€O(H)

B Theorem. Let H be a real Hilbert space.

6] AH—H @@

orthogonal operator
is a group. ‘

AcOH) &

A bijective
and A" 1=A4

]O(H

Matrix of A with respect to an ortho-
normal basis is an orthogonal matrix.

e )\ eigenvalue of A = A=+1;

@ A€O(H) = | e Eigenvectors of A corresponding to
distinct eigenvalues are orthogonal.

A€eO(H) # A is diagonalizable.

H Remark.

B Definition.
Orthogonal representation of _

any morphism of groups
a group G in the space H 0:

G— O(H).

Y) ‘Vx,ye?—l.

TENSOR PRODUCT OF HILBERT SPACES

B Definition. ad a? B0 0
Tensor product of A= < %) and BZ( 9 %) is
(10 ay bO b1
opn (130 gt atby aily
~(adB a¥B\ | adb} adbl a%b{ afbi
A®B< §B aiB) | apb) apd?  aidd albh
aiby agbt alby albl

B Remark.
Any K-Hilbert space _
={0:{0,1,.,n—1} =K
‘H of dimension n can H={e:H0. 1, ,Zfl boK
be identified with a with {p, )= >" p(k) (k).
space of functions k=0
B Definition (in a particular representation).

The tensor product of the Hilbert spaces
Hi={¢:{0,1,....,n—1} =K},
Ho={1:{0,1,....m—1}—>K} is

Hi@H={P:{0,1,...,n—1}x {0,1,.. m—1}—K}

3 .
with (@.9) =" 3 B R ¥Gb),
Jj=0 k=

For any o€ H; and v € Ho, the map

e®11:{0,1,....,n—1}x {0,1,....m—1} =K,

H Theorem.

6]

|23 (j, k) =(j) (k) | belongs to Hi@Ha

(p1+92) @Y =1 @Y+ @1
PR (Y1 +12) =R +pR1ho
AMp@1Y)=(Ap) @1 =p@(A\P)

(P1@Y1, P2 @12) = (01, p2) (Y1,12)-

{"Sgggéhg’fr%?f} {mm =imei | gSiEn )]
{90,901, .., 91} = is an orthonormal basis of Hi®Hs
Og;gzngg%ZI ’ dim Hi1 ®Ho=dim H; dim Ho ‘

Canonical bases of H and H1®H, are
[ {Ik)=10k) | where 0 (j) = 0;.

ik =lj)® k) | 0<j<n—1,0<k<m—1} ]

Matrix of an operator is
T:Hi®Hos —>H1QHs

[9]

T = (T = (ikT]j0))

ARB:H1QHs —H1QHo
= |(A®B)(p2y)=(4p)@ (BY)|

defines a linear operator.

A:H1—>H1
B:H2—>7'l2

linear operators

the tensor product of the

The matrix of A® B is matrices of A and B

The adjoint of A®Bis | (A®B)l=Alw Bl |

| o191) (92| = 1) (2] © [1b1) (o).

B Definition Partial traces of T € L(H1 @ Ha) are:
the only map tr (I® B)T) =tr(Btr 1),
triT: Ho —Ho or'any BeL(Hz),

the only map tr (A@DT) = tr (Atry Tg,
B Theorem. 1
(kltr,T|€) = z Ty

troT:H1 —Hq for any AeL(H;
Y (it )= X T
7=0 k=0

B Theorem (Schmidt decomposition). For ® € H1@Ha,

satisfying

satisfying

POZPlZ Zpr—l >Oa r—1
there {©o, @1, n-1} such | 2= /Pr |ox¥r)
exist {w07¢17 "'7¢m71} that k=0

orthonormal bases where r=rank(®7F).
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B Theorem.

I| QUADRATIC FORMS . .
# real Hilbert space, There exists an orthonormal basis

B Definition. — Q:H—R quadratic form, B’ such that the expression of @
A bilinear form |a map g:VxV— K| satistying: g11 912 Jin in terms of B’ is
on the K-vector | g(aa+ By, z) = ag(z, 2)+89(y, 2) G=[ 92 9227 Bon | Ol Qo) = A A hah 2 A Al

space V is |7, LN o N a0 N BT L
g(:c ay_i_ﬂZ) (x’ y)+ﬂg(z, Z) 9nl Gn2 *°° Gnn where )\1, )\2, ceey )\n are the elgen—
. : lues of G, that is the roots of
B Theorem. Let B ={v1,vs,...,v,} be a basis in V matrix of () with respect va bl _
v, 02 nl to an orthonormal basis %) |the equation det(G-AL)=0.

If g: VxV—K is a bilinear form r=xlvj, y= yFvy, and

gik=9(vj,v) |, then |g(z,y)=gra’y"” | that is

g1 912 - Jin y; CONICS
g(z,y)= (xl 22 xn) 921 G22 " G2n Yy ~ m Definition.
R R We describe the geometric plane by using Cartesian coordinates.
Gn1 Gn2 = Gnn/ \y" the set of all the solutions (x,y) €R? of an equation
B Definition. The matrix of g with respect to B is A conic is ’(111 2242 a1 2y ass y2+2a10 2+ 2a0 y+ago =0|,
gin o Gin g(vi,vr) - g(vi,vn) where at least one of a1, ai2, ass is non-null.
G=|: - = : : * ® Theorem.
Inl **" YGnn 9(n,v1) - g(vn,vn) Under a change of the system of azes
i s x=x0+ 2 cosa—y'sina
B Theorem. Let g:VxV —K be a bilinear form. { y=1yo+ ' sina+y cosa
B={v1,...,vn}, Gjr=9vj, V), g_]k‘_a Oél”gzm ) the Eq[.1] transforms into an equation of the same form, and

B ={vf,.., v} Gp=9(vj,vi) = thatis

bases in V, v, =av; . I=ay1+a, 0=

m Definition.

a1l aiz aio
) A=| a2 az a
a10 az0 Goo

a1l a2
a12 a2

Bilinear form remain nvariant.
qg: V)( V_>K iS Symmetric lf g(l’, y) :g(ya .’E), va Yy S V | ] Theorem.

_ there exists a symmetric The point (2o, yo) : a1 Zo+a12 Yo+aio=0
@ Q:V—=Kisa quadratic s bilinear form g:VxV—K is a center of the conic < a12 To+age Yo+azp =0.

symmetry of
Jorm such that | Q(z)=g(z,z) |
B Theorem. If §#0, then:

B Remark.
- . Th h
The symmetric bilinear form g corresponding to a onl?r %onrgccr i?- (€0, 90) = ((15 —ai0 Q12 , % a1l —aio ) _
quadratic form @ is uniquely determined symmetry, namely —a20 022 a2 —ao
7 =1 — _
d th g(x,i;). }éQ(I Ey) Qt(ff) Ci(y) )f’ After the translation
an e matriz of ) in a basis is the matrix o g1 with (0, yo), the a11 2242 a1o TY-+ags y2+% —0.
gi1 - Jin €z equation becomes
o\ — g dek (1 . . )
Qz)=grr’x 7(x x") : . R . . Alx’2+/\2y’2+%:0 )
Gnl **° Gnn " The orientation of axes

can be chosen such that where A;, A\, are the roots of

B Theorem (Gauss). the equation to become a11—XA  aio ‘—O

By using a change of basis B — B', the matrix of a

quadratic form can be reduced to a diagonal matriz a12 azg—A
/ o B Theorem.
g 0 0 .
0 ghy -~ O 5=0 There exists a change of system
@ G+— G'=S'GS= 22 . a_;éO N of axes such that to become
B, 1
00 = gun A=0 ahoy'” +2aboy’ +ajy =0 |
In the basis B’, Q has the reduced form 0 — -
e g e L e 5=0 There exists a change of system
Q(z)=g11(2")"+ 952 (2")* ++ -+ g5 (™). @ a_;é() N of axes such that to become
11
B Theorem (Jacobi). If Q:V—K is a quadratic form A#0 y'?=2pa’ | where p= 5.
Ay =g11 #0,
g1 912 " gin |
G= |91 922 - g Ap=| 911 9121 1 [ Case I Conic |
921 922
g 1 g 2 e g ................................... 5 < 0 and A # O hyperbOIa
is its matrix with Gi1 G12 -+ Gin g > 8 anzll ;i < 8 elhp:e -
respect to a basis . >0 an > empty se
S An= |71 922 S 20 5>0 and A=0_| apoint
Gni Gn2 *** Gnn 0<0 and A=0 pair of intersecting lines
There exists a basis 8’ such that =0 and A =0 pair of parallel lines,
th the expression of ) in terms of B’ is a line or empty set
en 0=0 and A#0 parabola

2 Apy 12
Q(l")—l 1 A1x2‘*‘ + R,




B Reduced forms ( a,be(0,00) are parameters).

e Ellipse

Hyperbola
Parabola

Two intersecting lines
Two parallel lines

A line
e A point
e Empty set

QUADRICS

H Definition.

2 2
i —1=0;

2 2
g 1=0;
y?—2ax=0;

2 2
a-z=0
22 —a?=0;

2?2 =0;

2 2
Ztiz=0;

2 2
St +1=0;
22 +a?=0.

the set of all the solutions
(7,y,2) ER3 of an equation

A quadric is

a11 ¥ +ag y? +ass 22 +2a12 2y
2 a13xz+2a93yz+2a10x |,
+2a20 y+2as0 z+ap0=0

where at least one of a11, ass,
ag, @12, a13, a3 is non-null.

H Theorem.

Under a change of Cartesian coordinates the Eq[x1|

transforms into an equation of the same form, and
I'=a11+ax+ass,

ailr a2
J= +
ai2 a2
ail a2 ai3
0=| a2 ag a3
ais az3 ass
a11 aiz2 ais
a a a
A= 12 22 23
a13 a2z a33
aip azo aso

remain nvariant.

B Reduced forms ( a,b,ce (0,00

e Ellipsoid

e FElliptic paraboloid

Elliptic hyperboloid
of one sheet

Elliptic hyperboloid
of two sheets

ail
ais

ai0
a20
aso
aoo

e Hyperbolic paraboloid

e FElliptic cone

e Elliptic cylinder

Hyperbolic cylinder

Parabolic cylinder

Two intersecting planes

Two parallel planes

A plane
o A line
e A point
e FEmpty set

a13
ass3

a23
ass3

@22
a23

+

ar

@

+5—1=0;
2
-5 -1=0;

gw‘ Hl\) gw‘ &[\J ~
+ +
U TS

|
EE
I
y
I
L
I
=

M

_|_

\

[
SN

I

T
@ o e v e
[ TS
|
‘N
V)
Il o o
S

|
— =
- Il
L2

|
|

|
YR
I
=

I
‘@ Q-‘t: w‘@ c-‘@ O [
o] 0N e
[ I
‘N n‘u =
[V I SIS I Ry
+ 1l
T = o
|
L

NN NN NN N N [\jl\?‘l\) MN‘NN NN NN NN N NN
e Do
o 1) Q
8
jen]

++ + + +

HN@‘&a‘ap‘a@‘s 8 8a8 @@Hp‘a@‘&a‘ap‘a m‘@.
Q o

[
I+ + +
S~

I

=

parameters).
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LINEAR DIFFERENTIAL EQUATIONS

B For any a9 #0, a1, ..., an, €R, by denoting D’“:di,c we get

d
P(AN)=ap\"+---+a,
1
W Linear equation with constant coefficients

is the characteristic
Theorem:  Solutions . form a real vector

Ly=aoy ™+ +an_1y +any
=(agD" 4 -+an_1D+a,)y=P(D)y

polynomial
y:R—>R space of dimension n.
B General solution of Ly=0.
Yy=c1yi+...+¢pYn

is the general solution S Y1 yn} i
B Particular solutions of Ly=0.
’y(gc):eMc is a solution of Ly=0 ‘ < | P(A)=0
In the case A=a+fi,
[6] P(a+ ) =0 = { y1 () = cos B

yo(z) =e** sin Sz

a basis in the vector
space of solutions

i) def . .
eletfz £ 0 cog B 4162 sin S

linearly independent
solutions of Ly=0.

yi(2) :em)\ are linearly
A root of P of Ya(r) =z e’® independent
multiplicity & ) oo solutions of

k=1 Az Ly=0.

B Method of the variation of parameters.

y=cryr1+...+¢nYn Ly= f admits a particular
general solution |= solution of the form
of Ly=0 y(x)=ci(x) y1(x)+...+cn(x) yn(x)

The functions [ ¢} (z) y1(x)+...+c),(z) yn(z)=0
(), .. enlx) | @)y (x)+...+c,(2) y,(z)=0
can be obtained 4 i D o
by solving the

P

@)y (@) et (2) P () =0
system @)y (@) e @)y (@) =L

B Linear non-homogeneous equation.

[9]

H Euler’s equation.

a particular solution

general solution
of Ly = f.

general solution |_
=" of Ly=0 [T

of Ly=f

(n) / — ] change linear equation with
’ aoz" Y™ +... +an_12y +any=0 ‘ T constant coefficients

r=e

W Systems of linear equations with constant coefficients.

Y1 fi ail ... Qip
Y'=AY+F| Y=(" |, F=|"1 ), 4a=( : o
ann

Yn fn anl .-

. Solutions T form a real vector
Theorem: Y:R—-R" of space of dimension n.

B Wronski matrix

v Y11 v Y1n\ form W Y11 -+ Yin has
1= : sy In= . a << = . :
Yn1 Ynn) basis Yt oy ) det W0

m Particular solutions of Y/=AY.

Y :we)\m: <w1> e)\m

Wn

is a solution wy w1

of /=4y A (wn> = (w)
A=a+pi = Yi(z)=Re(we ), Yo(z)=Tm(we ?) solutions.
B General solution of Y/ =AY can be written as ( )

¢
V=c1Yi+- -+, Yo=W-C, where C=| :
B Method of the variation of parameters.

Y =W - C general Y'=AY +F admits a
solution of Y'=AY| 7|solution Y (z)=W - C(z)

=
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DESCRIPTION OF QUANTUM SYSTEMS WITH FINITE-DIMENSIONAL HILBERT SPACE

From a mathematical point of view:
Quantum system = a complex Hilbert space H.

AXIOMS OF QUANTUM MECHANICS

B Definition. Closed system = a perfectly isolated system.
Open system = an imperfectly isolated system.
A rayin H is a set of the form { A\|¢) | 0#£AeC }
described by a representative |¢) with |[v]|=+/{¥|Y)=1.

Normalized vectors e'?|¢)), with 9 €R, represent the same ray.
B Azioms of quantum mechanics (for closed quantum systems).

e Aziom 1. Pure state = ray |¢) in a Hilbert space H

o Aziom 2. Observable = a self-adjoint operator A< A(H).

e Aziom 3. Measurement. The measurement of an
observable A:H — H with the spectral decomposition

— _ the orthogonal projector
(Ek ~ onto the eigenspace of ay
prepares an eigenstate of A, and the observer learns
the value of the corresponding eigenvalue.

If the quantum state just prior to the measurement is [1)),
then the outcome ay, is obtained with a priori probability

[problar) = Exl) = (W1 Elw) = te(Ey [0) (%) |
If ay, is attained, then the quantum state just after the

o Erly) ; Eg|¢)
measurement is gt that is |¢) collapses to BT

If many identically prepared systems are measured,
each described by the state |1), then the expectation
value of the outcomes is

[(A) =3 ar (| Bylv)) = (0] Alg) =tr(A [$) (w]) |
e Azxiom 4. Dynamics. The time evolution of a closed
system is described by unitary operators U(t',t):H — H,
[ (@) =U(t',1) [ (1))

The infinitesimal time evolution is described by the
Schridinger equation i%hﬁ(t)) —H(t) [y (1))

where H(t) is the Hamiltonian of the system.
e Aziom 5. Composite systems.

T . g Hilbert space of the
‘H 4 =Hilbert space of system A _| composite system is

H  =Hilbert space of system B Ha@HpB.

If the system A is prepared in the state |1)) 4 and B
in the state |¢)p , then the composite system state
is the product [Y)4® |¢) p.

6| (11]12) =amplitude probability that v is in state ;.

Measurement in the orthonormal eigenbasis of A
If the eigenvalues of A are distinct, then A=Y ag|vr) (V]

Ep=e) (x| and  probay)=|{yi|¢)[*.
DENSITY OPERATORS

B Theorem.

)

Two probabilistic 2 Pilvs) (sl | 0 SPj k<1,

representations of | = @k|ok) (k| 2 p=2ak=1.
a density operator T
o are related
through a unitary | There exists a unitary
transform matrix (u;x) such that

(see BT at pag. 21) \/gTj|1pj>=2k:ujk\/q7k|90k>

0€D(H) = 0<o<L
Ezxpectation value of

@ an observable A ’ (A)=(A),=tr(Ap)=tr(pA). ‘
in a state p is

’Q is a pure state‘@’g)Q:g‘@’trQQ:l‘@’ HQH:I‘.

’ o0 is a mixed state‘ @’ 927ég‘<ﬁ>’ tr 0?< 1‘ @’ [lol| <1‘.

0€D(H) '
KGU(H)} = KoK eD(H).
D(H) is a
01, 02 GD(H) .
cogﬁgg:izet, Der<l (= (1=X)o1+Xo2€D(H).

o is an extremal point of D(H) :
. =(1=A)o1+Ao2
14]|ois a PWe || © ( ’
lleis e Gare 01,00€D(H), = o1=02=0.
0<A<1

@ QUBITS (quantum bits)

H Definition. : ;
ubit = quantum system with a ﬁvﬁ%ggtmsegl;égnﬁl

B Remarks:

By choosing an orthonormal basis {|0), |1)} in H,
H={a|0)+3]1) | o, 8€C} can be identified with

C2={ |y =(2) | a,8eC2t={4:{0,1} »C},
(i9=()] e =t
<¢1WJ2>2@151-1-5[252:];;01#1(79)1/J2(k)~

Computational a1 _
state basis is 0)=I1)= <0) D) =|
The “bra - ket” .- 5
correspondence (Wl=(a B) < )
B Theorem.
e In the complex Hilbert space of linear operators

£(C?)= {A:(C2—> c2|Als ”near}, (A,B)=tr(AB),

operator
the Pauli operators (several notations are presented)

i
<D
N———",

_- (10 _  _+ (01
- UO:H—(O 1), 0'120'1:X—<1 0),

O'QO'yY<? _(;), 0302Z<é_0>

u A pure state |[¢) can
alternatively be described | Ey:H —H, tisfin Ey >0,
by using the orthogonal Ey=[v) (| satislying tr By =1.
projector corresponding to |y
| Deﬁnitiork densit ; >0
ensity operator ) cfs 0>0,
is a linear operator |¢° H—H satisfying tro=1.
wantum state of _ . .
Qan open system = & density operator ¢ : H—H.
D(H) = Set of all the | _| Set of all the
~| quantum states | —| density operators |
A mized state = a state which is not a pure state.

Purity of a state o is satisfying diriH <tro?<1.
2
T 1
@ Fidelity of two states is  F(01,02)= (tr\/ 07 0207 ) .

form an orthogonal basis: (o;, 0x) =20,%I, and

T 2_ 2 2 _ ;
o;=0j, oi=o03=03=I, ojop+o,o;=0for j#k.

there exist rg, 71,72, 73 € C such that

Blacoct)s| A= Brmtn ot o)
_ 1 7’0+’I"3 7‘1717"2
T2 7"1+i’f’2 To—7T3
Eigenvalues of A€ L£(C?) are A\; 2= TRV TS W
A€L(C?) = trA=n.
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e In the real Hilbert space of Hermitian operators The transform D(C?)—D(C?): Q._>e—i%0y Qeig%
[9] A(C?)={A:C*—~C?| A=A}, (A,B)=tr(AB), corresponds to the rotation of 23 around Oy
the Pauli operators form also an orthogonal basis. 71 cosf 0 —sinf 71
there exist rg € R r=(ry,re,73) ER3 Q3= Q3: | 72 | = .0 1 0 T2
such that A = 1(roI+r-o) "3 sing 0 cosd "3

AcAC?)=

ri+iry ro—rs corresponds to the rotation of 23 around Oz

_1 <r0+7“3 1—iT2) The transform D((CQ)%D((CQ):gHe’i%”ZQei%"z

N 71 cos) —sinf O 71
Eigenvalues of A€ A(C?) are \; 2 = TOTHTH Q35— Q3:| ra | = | sind  cosf 0 o
ACAC®) = | A>0 & [Irf|<n | r3 0 0 1)\
. - 28| For any U €U(C?), there exist 6, , 3,7 €R such that
_1 . : den81ty TO—l - y o ’ s &y My -
o(r)=3(rol4r-0) is a operator = {|r|| <1. o (e? 0\ [cos g — sing e !z 0
The set of all _ U=e 0 ¢%) \sin?  cos8 0 et/
[14] the density )={o=3T+r-0) | |Ir||<1}| 2 2
fors |
gpera olrs ° ¢ 0eD(C2 Ny o Ll For any U €U (2)=U(C?), the transform
igenvalues of o€ D(C?) are 2= 5. D(C2) - D(C2): o U U
Purity of o€ D(C?) is % € [%, 1] . corresponds to a rotation of the Bloch sphere Q3.
o Q3 > D(C?): B Bit versus Qubit
= o(r)=5(I+7-0) . Indivisible unit of classical information.

Bloch sphere .

93:{r€R3| llr||<1} 18 a one-to-one map.
r corresponds
to a pure state

. It describes the state of a two-state classical system.
. It takes one of the possible values 0 and 1.
. There exists only one observable.
there exist . ge can H;)ea§ureha bit .Wit?hofut dist.urb.ing it. .
- 0 <0
1Y) is a N 0€l0,n] |vp) =cos £]0) +sin §e'#|1) . We can obtain the entire information it encodes

, by a single measurement.
pure state pe [O’ 27T) (a phase factor e'” is ignored) Y &

< |lrll=1] Bt

S T W N

such that
1 1’. indivisible unit of quantum information;
14cosf sinfe—i¢ 2'. Tt describes the state of a quantum system
=y)(¥|= (sm 0ei®  14cosd ) with a two-dimensional Hilbert space H.
3'. It takes any of the values

corresponds to |4) = a|0)+b|1) =cos Ze'#0|0) +-sin Zei¥1 1)
r=(sin 6 cos ¢, sinf sin ¢, cos ) € 9Q;. 7ei¢02(cos s ‘0>+Sij o)1)
= 2 2

Orthogonal pure states correspond to diametrically where {|0), [1)} is an orthonormal basis of

. . _ 3 _ .
opposite points of ?Qg—{reR | [[r]|=1}. Qubit and =1 —¢o. The physically irrelevant phase
Spectral decomposition of Pauli operators i .
il | factor €'¥9 can be ignored.
0r =12y Tz |—|1z) x|, where [12)= |+>:ﬁ<‘0>+|1>) 4'. There exist more than one observable.
* e B |z) = |—>:%(\0>—|1>) 5'. After a measurement, the state before the
11,) =L (|0)+i|1)) measurement [¢) collapses to a known state
oy =[Ty)(Ty[=[4y){{y |, where Y \{5 . which, in general, is different from [¢).
o [y >:ﬁ(‘0>_1‘1>) 6'. If the state |10y =a|0)+b|1) of a qubit is
|1.)=0) unknown, then there is no way to determine
o =[12) (T [—[{:){: |, where 14.)=|1) a and b with a single measurement.

A2=] = ’emA:cosﬁ]H-i sinh A ‘7 for any § €R. If we measure a qubit in the state |¢)) =a|0)4b|1) in
P the eigenbasis {|0),|1)} of 0., then |1/1> collapses to
o2=1 = e 139 = cosy  —lsing ) |0) with the probability \a|2—cos2 02, and to
—ising cos & |1) with the probability |b|? =sin
0 0 The state before the measurement |)) —a|0>+b|1>
- ~ifo, _ (%2 THW3 is a coherent superposition of |0) and |1).
3] 2=l = ooy 3 503 perp 0) and 1)
Sing  COSg It is not a probabilistic mizture of |0) with the

i 0 probability |a|? and |1) with the probability |b|?
o?=I = e—ifos — ¢ Y because, the state |1)) depends not only on |a| and |b],
0 ez but also on the relative phase ¢ of a and b.
Through Q3 —D(C?):r — o(r)=3(I+r-0), The result of certain measurements depends on the
. . i . .
the transform D(Cg)%D(CQ):QHe_Ig% Qelg(’l‘ phase factor €' (there exists quantum interference).

corresponds to the rotation of 23 around Ox If we measure [1)) in the eigenbasis {|+),|=)} of o5,
- 1 0 0 - then the state before the measurement |¢) collapses to

Qs— Q3| 7| > |0 cosd —sind | |+) with probability |a+b|%/2= ’cos +sin oe“"‘ /2 and
T3 0 sinf cosf T3 |—) with probability |a—b|%/2=|cos & —sin £ ew‘ /2.

[\

[N}
EIgE



[P| COMPOSITE QUANTUM SYSTEMS

B Definitions and notations:
‘H,=H, = Hilbert space of the main quantum system.
‘Ho=H, = Hilbert space of a reference quantum system.
{I7h }={lj). } — orthonormal basis of H1=H,
{lk), } ={|k), } — orthonormal basis of Ha=H,

)=o), @), =p), ®[1)g

[(erthiliatia) = 1 lia) (rl¥) |
(tk|jl) =08, Ore

Pure state of the

composite system ||®)=>" ®F|ik) | (D)= |P*|2=1.
|P) eH, @H, ik ik
Quantum state of the _ 0>0
composite system | o= > o%*|ik) (5| =
0:H1OHy > Hi@Hy | igie tro=1.
a1, @H,—H,, | (alpd)=(alp) )
A0 H @M= Hy | (blpw) = (Bl9) |¢)
(ab|: H, —H, (able), = (aly) (bl
(ab]: H, = H} (ablep), = (bly) (al
For H1®H- lﬁ’-[l ®Ho we define the operators:
{a|T - H1@Ha = Ha : |pt) = (alT|py)
{aIT : Ha@Ha = Ha + o) alTlow)
T‘b>l tHo—=>H1QHs : |¢>’—>T|b¢>
T|b), : H1—=H1QHa 1 |@)—T|pb)
A:Hl —>H1

@ B:’Hz*)sz

linear operators

A2 B)(p¢)=(Ap)a (BY) |

defines a linear operator.

AQB H1@Hs — H1QHo-

tr = Z<JkIT|Jk>
tr, T'= Z (1T
tr2T=Zk32<le\k>2,
tr T'=tr, tr, T =tr,tr, T

For H1®@Hs ——H1@Ho
tr, T:Ho—Ha,
tr,T:H1 —H

B Fundamental formulas:
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16

(17] Hi@Hy S H @My =

Ne) oo

DO
o

N
NG}

[N} = —
—

[\
w

24

o= Y ofilik)(je| =

i,5,k,¢

HAH — tr(|p) (W] A) =
tr, (T ([b

tr, (T(I e

tr((A® B)T
tr(A® B
tr((A® B)T

HiRHs —>H1 ®H2

density operator

tr 0= ol |k
7.k,

tr,o= 3 ol

1,5,k

i)l

Z 2<k|T‘€>2 ®|k>2 2<€| =T

kL

T

b

(
b)

(
)
(b

(v[Alp)
)T) = ,(b[Tb),
) = (b|T|b),
tr(A tr,(I® B)T))

tr((A 2 1)1 ® B)T)

)
)
)
(

[ tr((A@D)g)=tr

)=
(
tr(B tr, (A®I)T))
(
)

)
(A t1,0) ]

’ tr((I® B)p) =tr(B tr, 0) ‘

tr, 0: Ho— Ha,

tr,o:H1—Ha
density operators

For ¢:C?®C? - C2C?,

0

trio= €00

01

980 98(1J Q(l)o Q?(f 00
o= ng 901 «Q(lJO 911 - o0
= | 10 ,10 10 .10 00
%00 Q01 Q10 011 t1"<Qo
11 11 00

200 201 olo o1l trop=

B Schmidt form:

011

g ot 010
o1 |t 11
901 010

00
98‘1)> e[ €10

901 Q%

011

10

N AN
ry i1 11 ) Yl 44
Q00 Qo1 010

10
11 |

00
011
o1
019

1
91%

)

=>_ oM |pr) ®|y),
kj

tr(|0) (%) = (W]p)
9] (i) =0ij |€), (ik|j), = di; 2<k\
(k|70 = ke |7), (ik|€), = Ope , (i
Y ilew) @), =lew)
J
{01|A® Blp2), = (p1|Alp2) B
11
L(V1|AR Bltba), = (11| Blapa) A
AH—H tr,(A®B)=(tr A) B,
B e
lpr1) {patal = |01) (2| ® 901 (Wal.
tr, (J191) (p2tb2|) = (p2le1) [11) (Y2
14
tr, (Jo101) (pathal) = (P2(91) |w1){p2l.
T (tr, T)k = ,(k|tx, T| ), =S T7F
Hl@lﬁ ﬁ’}‘h'@fr’b N ] le
Tif = (ik|T|j¢) (tr, T)} = (iltr, T'|), = ) Ty

Given with {¢x} chosen such that
r—1
trz|‘1’><¢’\:kzopk|<ﬂk><<ﬁk|
e
> OM D = py. Op.
J
>
By choosing |nk) = MZFP 5)
r—1
we get )= > /Prler)®|nk)
k=0
B Purification: ’mixed state = tr, (pure state) ‘
Given 0:C"—=C", o= Z Prlex) (@l
{lex)} orthonormal basis in C"
{|1%)} orthonormal basis in C™,
32 by choosin n-l
2] by || I0= X VEleosli)
we get o=t,|®) (9|




ADDITIONAL DEFINITIONS/RESULTS

Exercise.

For a K-vector space V, AcL(V) and f:V— K:
Av=f(v)wv,

for any v

f is a constant function,

| f(v)=A, that is A= I

Theorem (Singular value decomposition).
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UeU(n),
there VeU(m), such
AeMxm(C) = exist (m) that LA=UDV Theorem.
D € M,5m(C)
diagonal A tensor product of tight frames is a tight frame.
Theorem (Polar decomposition). Remark.
UeU(n), The superposition (liniar combination) of states
A M@ = B DM, (0) perpes,on | )
with P>0 |¢>=k21 c|vr)
UeU(n) . e .
J pure state with the density operator
ACMuan(C) = G PEMuan(©) Hi n .
with P >0 o= ) (| =k21|ck\ |vk) <%/fk\+1§‘ck &j [¥e) (51
o . = J
Definition. The second sum contains the interference terms.
A IHIZQ%I:[(E%&)COT ;¢ there exists j consgmt C (0, 00) Exercise.
. : h that < N .
is a bounded operator sue at [|Az[| <Cllz]l, Vo eH Representations as a probabilistic ensemble of pure
Theorem. states of the maximally mixed state of a qubit:

Any linear operator
H—H

‘H is finite-dimensional = |
is a bounded operator.

o 0= 3[0){0[+31){1],
= e o= ) {++3l-)(-,

)

N

i Q:%|Ty><Ty|+%|¢y><¢y|,

Definition.
A tight frame in a set of vectors such | < N/
a Hilbert space H {uy,ug,...,us} that ]gl\ugﬂuﬂfﬂ?-t

o 0= 7]0)(0[+3[1)(1]
H )+ E)
e ctc.

Remark.
Exercise
Exercise.

(A€ AH) = teUH)|

Theorem Discrete (finite) Fourier transform.

Any orthonormal basis is a tight frame.

(ed)f=eA' |

F:Cr—C" n—1 2mig,
F k)= -L —=2kj (4
o Flo] [p](k) \/E];Oe ©(4)

defined by using the identification
{¢:{0,1,...n—1} =>C}=C"

is a unitary transformation. Its inverse is
n— 2

FHlh) =2 & e¥4()

n
J

F~1'=F% where

(pE((p(O), 90(1)’ ) 90(77‘_1))7 .

#11| Theorem Alternative definition of Hq®Hs.

the space of all the
anti-linear operators

T:HQ —>H1.

H1®H2 can be defined as

Exercise.

A mixed state ¢ of any quantum
system can be realised as an
ensemble of orthogonal pure states.

Exercise.

In the Schrodinger picture, the time
evolution of the density operator

d—1
0= Pr|tk) (V|
k=0
for a closed system is described by
ih20=[H, 0,
where H is the Hamiltonian of the system.
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‘ MAIN PROOFS a1V + ...+ apUp + Lrwr + ..+ B Wi 11U+ YU =0
VECTOR SPACES 0 U1 F ... 0 U+ Srun +U/~-+Bmwm:_71u1 T VEUE
Al16 —MUL— - —VEUR EWINWs
a1 +agve+- - - +a,v, =0
a, =0 since —YUL — e — YU = 0101 ...+ O U
4 o #0= vy =—y —. - F=ly, J
101+ v+ ~+an,12n,120 n MN=..=Y=01=...=6, =0 etc.
U apn—1 =0 since o - A30
Ap_17#0 = Un—1=—g U1 == Un—2 zeEWINW, = r—2+0=0+u.
v+ oVt - a2V, —2 =0 z#0
lﬁ ............................. wlm:ﬁ:iﬁwg} = w1 —wy=wz—wj=0.
! A34
ajv; =0 {v1,v9,...,v,} basis of V;
Jv1#0 {wy, wa, ..., wy} basis of Vg}
(651 =0. ll
{(v1,0), (v2,0), ..., (v, 0), (0,w1), (0, w2), ..., (0, wx) }
T101 F LoV - - -+ T Up =2) 01 +Thvo+- - 2] vy is a basis of V3 xVs.
U A35
(1 —2)) v+ (r2—2h)va+- - -+ (xn —2) v, =0 {v1, v2, ..., v, } basis of complex space V
xl—x’lzxg—xéz'l%-:xn—xgzo {v1,1v1, Ve, 1V, ..., Uy, iU, } basis of real space V
M A36
Ty =), To=xh, ..., T=1. {v1, v, ..., v, } basis of real space V

Al 4
{(v1,0), (v2,0), ..., (vn,0)} basis of complex space V©

We repeat as many times as necessary the

procedure of eliminating the first vector which A37 )
is a linear combination of the vectors written (1,02, ..., vn } basis of W ) }
before it (see [A1c))- {v1, v, ...mmuif,wg, .oy Wi } basis of V
{1, Wa, ..., 0} is a basis of V/W.
Step 1 : V=span{wy, wa, ..., wi} Ad5
! _ k _ k k_
V1 = QW1 +QaWa - - - QpWh,. Uj _O‘Jﬂv’f} vj=aq; B,’C’;vin ﬁlznaj =03
There exists a;, #0 and consequently Uk :Bi”j Uk = B 0o Uk o, B = ;..
Sl:{vlvwlaw%"'7wk}\{wi1} Spans V.
Step 2 : V=spanS; vl =akuy , . A
‘U x:ka::x'jjv’, zkvk:x/]aka xlj :Bixk
vy = P11+ ) Yiw;. 5 ! 2 =a Bl ah=afz.
i v = B}
There exists v;, #0 and consequently E LINEAR MAPS AND MATRICES
Sy ={v1, va, w1, Wa, ..., wi P\{w;, , wi, } spans V.
Step 3 : V=span Sy
{v1,va,...,v;} basis of Ker A
vs=avi+bvet+ > cw;. {v1, U2y oy Uy Vg1, -y U } basis of V
ig{i1 iz}
There exists ¢;, #0 and consequently {Avgt1, AVkta, ..., Av, b is a basis of Im A.
83 ={v1,v2,v3, w1, ..., w P\ {wi, , Wiy, wi, } spans V.
Aft~er at most n steps we can arrive at ar+By=aAA o+ BAA Y= A(aA e+ BAy)
S={v1, e, Un, W1, ooy Wi P\{ Wiy, .., w;, } spans V. U
Therefore n < k. A N az+By)=aA  a+BA™y.
From S we can extract a basis by using [a19].
A22 ) Ay — W 1somo1tph1sm} = {Avy, Avs, ..., Av, } basis of W.
{v1, va, ..., v, } basis ofV} A21 {ngm {v1,v2,...,vn} basis of V
{v{,v},...,v,,} basisof V[ = |m<n. {v1, 02, ..., } basis of V

= A(aFv) =aFwy,
is isomorphism.

AV—W
{w1, w3, ..., wy } basis of W}
We extend {v1,va, ..., v, } basis of WiNWs up to B13

{v1,v2, ..., Up, W1, W2, ..., Wy, } basis of Wy A j /i
. V =ay,V; a' vt = Av, = A(a™v,,) = ol Av
{v1, V2, .oy U, U1, U2, ..., ug } basis of Wh Ao — g k"3 k 7& kl ) m’f i o
E=% k% o = U U5 = O Ay 95 V5

'] .
{’U],’UQ,...,Un,wl,UIQ,...,wm,U1,U27...,Uk} /Uk_a]lccv] /i i
: : J— / J— 3 m
is a basis of Wi +Ws. vj*@jvk a’y, =B ap, ai’.
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| B Al — ey )
. Ave—=al v 'yl =Avy = Ao 'vm) =aj Avy,
cjwj=Cuy=(BA)ur=B(Auy) ' ” x J/} = —a"d vi—a™ i B
Av), =a'5v k “mYi k “mPi Y
=B(ajv,)=a}' Bup,=a}' bl w;. k=% k !
it ey
! __ 1
det(A’—AI)= det(g " AAS ,\/I\Ic)l tgeti ) (j: /<\II)S (particular case p=1, ¢=2)
B8 19 = qers det( )de et ( ) T:V*xVxV—K three linear map
, 4
PO)=(=1)"A"+(=1)" 1 tr AX" 4. fdet A. T’ﬁh:T(v’?a%N%)
B22 =T(ptv" amlvm L, O U,
(a%_)\)x1+a%m2+_“+a?11mn:0 —ﬁ](lﬂ my m2kT( Z11 N 2§
A eigenvalue < ajz! Ha3—N)a?+- - +aja" =0 lela ’ map e
.................................... =0l o i1
n .1 n .2 n n i1 k1 ke m1m2
atzt4+alx*+-- 4 (al —AN)z" =0 Conversely. T' J1 M1 M2 T
admits a solution ¥ k= P Oy O T,
(xl,IZ,...,In)#(o,o,...,O). T/ilﬂczwjl /kly,hiﬂjlalﬂ ang:ﬁnnz ]1 6[)290(1137 y
325 )\1 0 0 _T’I}l’%lngoll m1ym2
o X - 0 B
A= oo & Avp = the three linear map defined by using a basis
0 0 - A, T:V*xVxV—K, T(p,z,y)= Tﬁnlmz%lxmlym“’
(Particular case n=3.) does not depend on the basis we chose.
QU1 —l—agvg—l—agvg:OA (part;cular ca;sep 1, g= 2)
\ 5. +59" BlramamaTi 4 gI MM g
1A 11 Fag AV +azA3v3 =0 baka T ke = I 21 :; Zl 2 11 ki ke Tmama
U/ :B'Ll ak‘l akQ (T’IT%lmg S’n’lllmg)
a1 (A1 —A3)vi+as(Aa—A3)ve =0 (particular case p=1, ¢=2, r=1, s=1)
lLA T/Jl S/ ]la"ha 271 Jza”LsSlz
Otl)\l()\l—>\3)U1+042)\2(/\2—)\3)1}2 =0 kaka k1 k2 mlmQﬁ
lL _5511ak1 ale 5220‘2? (T727%1m2 S}ﬁs)
a1(A1—A2) (A1 —A3)v1 =0 (partlcular case p=2, q 2, r=1, s=2)
‘U’ m 211
ap=ag=a3=0. k Z T/kljni* Z B 35;‘%1 Z2Telle§
‘=7 4 911 i1
MO - 0 _“Zj Bl Tyl 2 =Pl o) Z Toyiy
0 )\2 - 0 __ Qe ZlSzz
A= . = PA)=(A1=N)Xa=A) - (An—N). _/Bizo‘lcl 0
() 0 W
“«” (Particular case of two |, __ anfor, g} [ D] FINITE-DIMENSIONAL HILBERT SPACES
eigenvalues A\; and Ao V/\l :Sgan {wh i} ws}
of multiplicities 2 and 3) A2 1 s Case y=0:  |(z,0)|=0=|z|| ||0]l.
4 Case y#0: z=Xy = (z,y) =Ny, y) = A= L2,
()
a1v1 +ave+Prws + fows + Bzws =0 lz—Ay|[2>0 r=\y
4 A -
A1 (@1v1 +aov2) + Ao (Brwr + Bows + Bzws) =0 g I
Il For |(@=Ay,2=Ay)>0 || (z=Ay,z—Ay)=0
(A1 =X2)(a1v1 +agv2) =0 \= (o) (i ()
I (W) <x7m><y,y>2|<x,y>|2 <x,x>(y,y):\<m,y>|2
== =02=53=0 1} i
> =
o oa .0 i b of . el iyl > b1 || el lsli=1 gz )
D12
TENSORS n
{vl 02, . o ll n n
{U}b’a?l;;)f%} v_j Y —K, is a basis of V*. m= Z:: k (Um V) :< Z:: kvk>
v (zFvy) =27
C6,7.8 Pu,xEAw
=) =i, [y R
v = BV} v = B 0, Uk ol B = D15
, , —— (wl,w2>:<w1,v2 - <w1’v}2> w1>
v=atvi=av] [ @i =vi(@) | | om=p(vm) e
0= pmv™ =o' 27 =" (z) o =p(v}). = (w1, ve) — <w11”wr‘;> (wy,w1)=0 etc.




D17

n
T= Z O Cm

(er, >ll< z amem> mi: o (€8s €m) = .

(3

el = 3 (. ex)ew. )=

{v1, V2, ..., Uy } basis of span M
J extended up to
{v1, V2, ooy Uy Ut 1y -y Un } basis of H
J Gram-Schmidt orthonormalization

n
6k; ek; > ‘T ek 6k7y>'
k=1

Nlew, 2.

I} M:

{1, U2y vy Ui, U415 -+, Uy } OTthonormal basis of H
{u1, ug, ..., um } orthonormal basis of span M
{Um1, s Uy } orthonormal basis of M.

reKNKt = (z,2)=0 = z=0.
= dimK ® KL =dimH.
D20
(x,v)y=(y,v) = (r—y,v)=0 for any veH
Jv=x—y
(x—y,x—y)z()
z—y=0.
D21
{e1, €2, ..., e, } orthonormal basis of H

(@)

|I<:

w@m, z)ex)

> (ex, z)p(ex)

kil
3> (@lentera)

k_n
< ole ek,x> = a=
k=1 k=1
D37

1
1
{617627"'7671} Qg
/ / / 2
{er,e5,.en} g | ad
orthonormal

bases of H

-

~
Il
-

~
Il
-

I
NE
—

D)
2
)
<.
~
=
R
~
Q
3
=

.
Il
i

I
)
20
=

P
D)
<
)
3
=
)
<

I
GY
==

3
3~

|

>
>~
3
¢
!
n
'L

D38
[Z)EH = lz)= 2 ledlenlz)+ 20 lex)(exlz)

k=m+1
\

)=
¢
Iy =Pic+Prr.

P]C|.T>+P]CL |£C> eke K-
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SELF-ADJOINT (HERMITIAN) OPERATORS

Uniqueness of A

(Alz,y)=(z, Ay)
<A£‘T7 y> = <"1:7 Ay>

= (Alz,y)=(Abz,y), Va,y

Alz=Alz, V.
Existence of Af
{e1,€2,...,e,} orthonormal basis of H

<A+x,y>:<x,,4y>j< A3 (e )

E
w
N
+
Z
&
s
”;;
_|_
53
S

< +(z, By)
=§AT:U Yy +(Blz,y), Vao,y
(

(AT +BYx,y), Va,y

At 4+ BNz, Vaz.

AA)tz=X Atz Va.

((AB)'z,y)=(z, ABy)
=(A'z, By)
E<B*Afx,y>, v, y.
(AB)lz=B"Alz, V.
((AD)Tz, y) = (z, ATy)
=(y, Az)
:<Ax7y>, vxvy
(ANfz=Az, V.
Let {e1, ea, ..., e, }be an orthonormal basis of H
Aejza;?ek ATej:aTjkek
Vv k
afz(ek,Aeﬁ aJ‘J» = (ex, Ale;)
:<AT€j7€k>
:<ejaAek>
=aj.
(Axly) = (| Aly) = (2] A"]y), ¥
!
(Az|=(z|AT.
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E12

{e1,ea,...,e,} orthonormal basis of H

{er){er| | 1<k <n}U {[er)(em|+|em)(ex| | 1<k, m<n}
Utilex) {em| —ilem) {ex| | 1<k,m<n}
is a basis in the real Hilbert space A(H).

E13
“=” AB=(AB)'=B'At=BA.
“c” (AB)'=B'At=BA= —AB.

FE14
I=Tf=(AA DN =(AHfAT=(A"1)TA = (A Hif=4"1.
FE15
Let {e1,e2,...,€,} be an orthonormal basis of H.
Aekzaiej I —le. Aer) = (Ae-
‘s U« = ak; <€], €k> < €],€k> L
a), = (e;, Aey) = (ex, Aej)=aj.
LL<:77
Ar=A(Y 27e;)=> a7 Aej= > xJa er= > 1/ ,;ek
j=1 J=1 7,k=1 3,k=1
= > 2 (Aeg,ej)er=> (Aep,x)er= > (ex, Ax)e, = Ax.
Gok=1 k=1 k=1
E16
(Az,z)=(z, Az)
= 3
If Ar=Ar then Az, x)=(x, \x)
x#0
.
A=A
(Az,y) = (z, Ay)
U
Az=Az Az, y) = (2, ny)
If  Ay=py then [
A Mz, y)=p(z, y)
3
(z,y)=0.
E17
The characteristic equation
al—\ ay - al
a? ai-\ - a2 —0
a'? ag az'—/\

admits in C at least one root A.

Let {e1, e, ...y en} For this root A, the system

n . .
be an orthonormal > aimk:)\:ﬂ, je{L,2,...,n}
basis of the space H. =1 .
P admits in C™ a solution
_k
Aej_ajek?' (‘Tlaz27 xn)#(070770)
Y oajakEi =N\ 2d 7
k,j=1 j=1
zn: a{ca:k zd i &?zk z
A="0 =2 =)
PIREAIE > |wi|?
j=1 i=1

E18
Step 1:
Statement is true for any A€ A(H) in the case dimH =1
Step 2:
Assume it is true for any B € A(K) with dimC=n—1.
Let Ac A(H) with dimH=n.
AMER and u; eH
with ||ui||=1,
det(A—MI)=0
veH, & {zeH | {x,u1)=0}

Recurrence with respect to n= dim H.

There exist such that Au;=Auz.

s
(Az,ur)=(z, Aur) =X (z,u1)=0 = AxeH,.
B=Ajy, H1—H; is self-adjoint and dimH;=n—1.
There exists an orthonormal basis {us, us, ..., U, }
of H; consisting of eigenvectors of B.

{u1,us,us, ..., un } is an orthonormal basis
of H consisting of eigenvectors of A.

E19] The Hermitian matrix A € M,,«,,(C) is the
matrix relative to the canonical basis of an
operator A€ A(C™) which is diagonalizable.
E20

The symmetric matrix A € M,,x,(R) is the
matrix relative to the canonical basis of an
operator A€ A(R™) which is diagonalizable.
“:>”
A1, A2,y A eigenvalues of B
Hr={x€H | Br=MNyx} eigenspace of \j
x€MHr = B(Azx)=ABx=M;Ax = AzcH
A‘Hk :Hyp — Hy is a self-adjoint operator

there exists {ug1, k2, ..., Ugn, } orthonormal basis
of H}, consisting of eigenvectors of A‘Hk

4
{u117 vy Ulpy , U215 -vy U2ng 5 ooy Umdy --vy umnm}
is an orthonormal basis of H
consisting of common
eigenvectors of A and B.
“¢”
{e1,€2,...,en} Qrtbonormal basis Aey = anen,
consisting of common Bey = Bre
eigenvectors of A and B k= PRCk
n ‘U/ n
ABx=AB(Y xFer)= " 2*anBrex
kn=1 k=1 n
=" 2 Brarer,=BA(Y xFey)=BAx.
k=1 k=1
E22
“=" Proof 1
H=KpkK+
=gl gt —l
r=zl+x Pr=x o
2l — 2l 40 poll— il = P°=P
=l y)=(zll,yl

<x7Py>:<w,y”> (o, ”>



“=" Proof 2

{e1,e2,...,em} orthonormal basis
in the subspace K

= PE=Y lex)(er] X lej) (el =2 lex)(er] =Pk,
k=1 =1 k=1

Pc=Y" |ex)(ex|=PL.
k=1

“@77
K=ImP = Kt ={z| (z, Py)=0, Yyek}
:{‘T | <PJL‘,y>=O, VyEIC}
={z | Px=0}=Ker P.
r€H = P(x—Pz)=(P-P*)z=0 = z—PrcKt

= r=Pz+(z—Pz)eK®K!t = Pr=Pcx.
E26
A>0 = )\k=<€k,A€k>ZO.

A >0 B
for all k } = <$7A$>—k§1&<x\ek><eklx>
=3 Xel(exlz)|*>0.
k=1

E27
pt=p=p? = S\k:)\k:Ai = )\kE{O,l}.
UNITARY TRANSFORMATIONS
AeUH) = ||Az|l=/(Az, Ax) = /{2, z)=]]z|l.

A,BeU(H) = (ABz, ABy)=(Bx,By)={(x,y).
AeU
ACUM) o Jja]|=||Ax]|=0 = 2=0 = Ker A={0}.
dimH=dimKer A+dimImA = ImA="H.

(@,y) = (AA" Lz, AA~Ty) = (A1, A~ly) = A-leU(H).[F11]

AcU(H) = (z,y)=(Ax, Ay)=(ATAx,y), Va,y

\
AT Az =z, Vz.

4
ATA=I.

ATA=T = det AT det A=1 = det A#0

= there exists A7 and ATA=1 = Af=A"1
AT=A"1 = ATA=L

ATA=1 = (Ax, Ay)=(ATAz,y)=(z,v)

g
AeU(H).
Let {e1, €9, ...,e,} be an orthonormal basis of H.

[ n o n
: > apad, =3 (ej, Aex){ej, Aem)
Aep=aje; =t j=1
| = =Y (Aey,e;)(e;, Aen
aiz(ej,Aem j§1< k J>< J )
n
= <Aek, > (e, Aem>ej>
j=1
=(Aey, Aen) ={(ek, em) =0Okm.
CC¢’7
ATAx=AVA(Y ale;) =3 ol ATAe;= Y xdafAley,
j=1 j=1 jk=1

n . n .
_ j j _ j =J =k
=5y af akATek— >zl ajayem
jk=1 jok=

n . n n
_ =J  m — i 5. — 0. —
= > daalen=> 7 djmen= ¥/ ej=ux.
k=1 j=1 j=1

= Px= er) (€L
3 lew) e
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(Az, Ax)=(z, x)

_ N
It A;f B g” then  (\z, ML =(z,z)
A=1.
Ax=M\z (A, uyiﬁ: (z,y)
If Ay=py  then \
)\7£,u, %(z,y>:<x,y>
I
(z,y)=0.

F10 . .
Recurrence with respect to n= dim H.

Step 1: Statement is true for any A€ U(H) in the case dimH=1
Step 2: Assume it is true for any BeU(K) with dimK=n—1.
Let AcU(H) with dimH=n.
AMeECand u1eH
with [|u1]|=1,
[A=1,
det(A—M\1)=0
veH, L {zeH | (z,u)=0}

There exist such that Au;=Mu;.

<A{E7 U1> :llj\1<A£C, )\1U1> :5\1<A.’E, AU1> = /_\1 <(E, U1> =0 = AzeH,.

B= Ay, :H1—H1 is a unitary operator and dim#H;=n—1.

Consequently, there exists an orthonormal basis {ug, us, ..., U, }
of H; consisting of eigenvectors of B.

{u1,ug,us, ..., un } is an orthonormal basis of H
consisting of eigenvectors of A.

The unitary matrix A € M,,«,(C) is the
matrix relative to the canonical basis of an
operator A€ U(C™) which is diagonalizable.

ORTHOGONAL TRANSFORMATIONS
A€O(H) = ||Az||=/({Az, Az)=1/(z,z)=]|z]|.
A,BeO(H) = (ABz, ABy)=(Bx,By)=(z,y).

ACOM) o |lef|=||A2]|=0 = 2=0 = KerA={0}.
dimH=dimKer A+dimImA = ImA=%H.

(m,y)=(AA 1z, AA" )= (A" e, A7ly) = A1 O(H).

ACO(H) = (v,y)=(Az, Ay)= (A" Az, y), Yo,y

.4
A Az=zx, V.

.4
AT A=L
A"A=1 = detA" detA=1 = det A£0
= there exists A~' and A" A=I = A =A"1,
A"=4A"1 = A"A=1L
ATA=1 = (Az, Ay)=(A" Az,y)=(z,y)

AeuO(H).



Let {e1,ea,...,en} be an orthonormal basis of H.
“j”

. > afad, = 3 (e, Aex) (e, Aem)
Aep=aje; =t =l
| = - Aey,ei)e:, Aey,
a?C:(ej,Aek) j§1< ks €5)(€; )
={( Aex, > (e;, Aen)e;
j=1
:<Aek7A6m>:<ek76m>*5km
LL¢77
A" Az=A (Y ade;)=> a7 A Aej= > al a?ATek
j=1 j=1 Jk=1
=Y ad aiA ex=y, aJ a,;afnem
Jok=1 k=1
=Y dlajalen=3 xdjmem= 2l e;=x
k=1 j=1 j=1
-G9 (Az, Ax)=(z, x)
= \lJ/
If A=Az then Az, Az)=(x,x)
x#0
N
A2=1.
(Az, Ay) = (z,y)
g
Az=Az Az, py) = (2, y)
If Ay=py then I
\
(z,y)=0.

TENSOR PRODUCT OF HILBERT SPACES
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e The canonical basis of K"® x K™ is

(R =)k | jef0,1,..n—1}, ke{0,1,....m—1}}
and l7)®|k)=16;)®|ok),
(0;®0k)(i, ) =6;(2) 6k (€),

n—1lm—1

|®) eEK"®K™ = \q>>:§0 kzoé(j,k) ljk).

where ®(j, k)= (jk|D).
n—1m-—1 _ )
(oivnlesin) = 2 EO 0 () Yi(0) @y (i) Prr (£)
=(@jles) (rltor) =050k
4
{ lejtn) [ 7€{0,1,...,n=1}, k€{0,1,...,m—1}}
is an orthonormal system in the
space Hi®Hso of dimension nm.
H11
(A®B)j;= (9| A® Bln;de) = (n:0x|(An;) @ (BYe))
= (mi| An; ) (9| BY) = A} BY.
H12

((A®B)Tp1®11, 2 @12) = (1 @11, (AQ B) 2 @1)2)
= (p1®@1, (Ap2) @ (B2))
= (1, Ap2)(¥1, Bip2)
= (AT 1, 2)(BTp1, o)
((ATp1)@(BY4h1), 2 @)
=((AT@BT)p1 @11, p2@12).

H13
Mi0k|(lp101) (p2tb2 ) In;0e) = (il 1) (Tk[¥01) (p2ln;) (2] de)

= ile1) (p2[n;) (Vx|¥1)(P2]Ve)
= (ni0k| (|p1) (p2] @ |91) (2| [n;0e) -

o If {eg,e1,...,en—1} is an orthonormal basis of H, then

n—1
{p:{0,1,....;n—1} =K} — H: p— > ok)ex
k=0

is an isomorphism which allows us to iden;ify the
K—Hilbert space H with {¢:{0,1,...,n—1}— K}.
e Particularly,

{¢:{0,1,....,n—1}—> R} — R™:
= (p(0), (1), ..., p(n—1))

allows us to identify R™ with {¢:{0,1,...,n—1} — R}

{¢:{0,1,....,.n—1}— C} — C™:
¢ = (9(0), (1), ., p(n—1))

Existence and uniqueness of tri7'.
The space L(Hz) is a Hilbert space (see [&s]) with
(By, By) =tr(B{B,),
and
L(H3) - C: B—tr((Ie B)T)

is a linear form. In view of there exists Y € L(H2)
uniquely determined such that

tr (I® B)T)=(Y,B), for any BeL(H2),
that is
tr (I® B)T)=tr (YIB)=tr (BY'), for any BeL(Hz).
Therefore, tryT=YT is the unique operator satisfying

tr (I® B)T)=tr (Btr1T), for any BeL(Hs).

allows us to identify C” with {¢:{0,1,...,n—1} — C}.

e The canonical basis of
Kr"={p:{0,1,....,n—1} = K}
is {00,061, .., 01}, where

. 1 if j=k
5e:{0,1,..,n—1} > K, 5k(g)—5kj—{0 ;f j#k.
e By using the shorter notation

k) =0k) |
we have
n—1
(ki) =ty % IRHKI=T

peKn = Iso>:Z;::Ik><klso>:§so(k)|k>~

Existence and uniqueness of troT'.
The space L(H1) is a Hilbert space (see [&s]) with
(A1, Ay) =tr(Al 4,),
and
L(H1) > C: A=tr (A DT)
is a linear form. In view of there exists X € L(H1)
uniquely determined such that
tr (A D)T)=(X,A), for any AecL(H1),
that is
tr (A D)T)=tr (XTA)=tr (AXT), for any A€L(H;).
Therefore, tro7=XT is the unique operator satisfying
tr (A@DT)=tr (Atr2T), for any A€ L(Hq).



= tr (BtrT)=>_.(B trlT)j =" BJ (tryT)5  and
tr (I®B)T) ZJZ((H@@B) )M > (I®B)GTE
:_z’_kz;(sz BITH = iéﬂ > 1l
_ { tri T : Ho j—) Ho defined by (trlT)j :Z]C:T,iff
satisfies tr (I® B)T)=tr (Btr,T) for any B.
tr (Atr,T) = Y (A troT)] =5 4] (D)} and
tr (AD)T) ZJZ((A@)]I) ) =3 kE(A@]I)” T
i.j i

=33 AL TE = zAz ZT.’;J
g kb
troT : Hi— Hp defined by (trgT)i => TZ;J
= j
satisfies tr ((A®I)T)=tr (AtroT") for any A.

Schmidt decomposition.

{]0),, [1),,...,|n—1), } basis of H;
{10),, |1),, ..., Jm—1),} basis of Ha
PeH®H,,
¢ —1
Gl @)K, =S Gee) @k
PRI CAICR
(]t @) (@])] ), =z: z {17 il ®) (@i (ko)
=T z|<1>><(1>|m>=m;j<m>>|220
(3

’tr2|<I>><<I>\ : Hi— H, is self-adjoint and positive‘
I
there exists {©o, 1,y Pn—1}
orthonormal basis of H; such that
r—1
tra| @) (P :kzopk|<ﬂk><€0k|

and pg>p; > -:2}?7’71 > 0.

4

n—1m-—1 .
©) =3 S Bk )
k=0 j=0
4
n—1
2

@) (®]=
i,k=
\

n—1 m—1

tro|@)(R[= Y Y OF DU [pr) (i
i,k=0 j=0

\[8
z prlo)onl= S mzlw 7 on) ]

1,k=0 j=0
\

m—1 — .
> ORI D [ 5) (i (]
04.0=0
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= R BT —py by, for 0< ik <71
7=0
m—1
|PFI |2 = Z ORI Pri=0 for k>r—1
j=0 j=0
m—1 ll
{wmﬁfk P | ke{o,l,...,rl}}
is an orthonormal set and ®*/ =0 for k>r—1
‘Un 1m—1 k
@)= > Z "7 ooy, )
k 0 ]
= Z Z DM |pr)®|7)
k 0]
= Z VD k) ®[r) = Z Pk |Prtbr)-
The set { |¢g) | ke {0, 1,...,7—1}} can be extended up
to an orthonormal basis {|w0> [1), oy |Ym—1)} of Ha.

m—1
{|wk>:¢;7 ZO O [19;) ‘ ke{O,l,...,r—l}}
J:

is an orthonormal set and ®% =0 for k>r—1

@)=

‘Unlml

> 2 OMlprdy)
k=0 j=0
r—1m-—1

=2 Z 7 |opp) @|9;)
k 0]

=k¥0f|s@k>®|¢k> Z VP [xtk).-
The set { |¢y) | kEEO, 1,...,7—1}} can be extended up
to an orthonormal basis {|1/10> [1), s |Ym—1)} of Ha.

QUADRATIC FORMS

Let B = {e1,ea,...,en}.
There exists a basis B’ =
6/1 = (X11€1
ey = ap2e1 + g€y

{€},¢€h,...,el,} of the form

€, = Q1pe1 + Qopes + -+ + Qpney
satisfying
/ _
gle; , e1) =0
g(e; ) 62) =0
...................... for any j € {1,2,...,n}
g(e},ejfl) =0
g(e;- ’ 6]) 1

that is, the Cramer system

grion; + gar1q; + -

g1j—1015+gaj—100j+- - +gjj—1a5; =0

g1jar; + gajan; + oo

+ gjjo; =1
from which we deduce that

g5 = g(€},eh) = glej, arjer + agjes + - + ajje )
=au; g(€}, e1)+az; gle), ea)+- - +aj—1; g(€}, ej-1)
+ay; 9(€f, e5) =aj; = Bj1/A;.
and

/ ! / /
Ik = 9(6]’7 €) = 9(8j701k61 + agpeg + - -

= a1k g€}, e1) + ag g(ef, ea) + -+
for k<.

+ akkek)

+ axk g(€f, ex) = 0.
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112 and the relation A’ = R'AR, that is
Let B = {e1,e9,...,en}. (an a12> ( cos sina) <a11 a12) <cosa —sin a)
The self-adjoint operator aly Gho 5 ;sina (/:osoz a12 @99 sina cosa
n leading to 0’ =6 and I' = I.
AH‘)H, Aei—nggﬁe]

is diagonalizable After a translation

(3 T=x0+7
there exists an orthonormal basis 28’ such that { y=1yo+a,

the matrix of A with respect to B’ has the form the polynomial

A 0 - 0 f(@,y) = a11 2 + 2a12 Ty + az y* + 2a10 & + 2a20 y + ago
Al — 0 X -+ O becomes
I SRR f@',y') = an x’2+2a12x’y’+a22y’2+2(a11 Zo + a12 Yo
0 0 - A,
The change of basis matrix S from 9B to B’ + a10)z’ + 2(a12 To + a2z Yo + a20)y’ + f(z0,%0)-
is an orthogonal matrix, and DESCRIPTION OF QUANTUM SYSTEMS
A'=S"'GS=S'GS
is also the matrix of @) with respect to 9B’. M | AXIOMS OF QUANTUM MECHANICS
CONICS If {l¥j)}j—1 is an orthonormal basis of H, then
tr(Ex [¢)(¥]) = Z (V51 Bk ) (ley)

j=1

§

By using the notations

(Y1) (i Ex )

X = <$) B = <a10> A= <011 au) =
v) azo) G2 w2) (01 35 14 5 el
! 1 = ]
P (= __[cosa  —sina - Ik
= (y) r= (yo) = <Sina cosa ) — (I Byl
the relation = (1 \E2W>
f(z,y)=an 2242 a19 2y+ags y*+2a10 v+2a20 y+ago :<¢\ETE [4)
can be written as K k2
=|Ex )%

a11  aiz2 aio z

fle,y)=(z y 1) [a2 a ax ] |y f L | basis of . th
810 G20 8o 1 {ls)};=, is an ort onorma asis of H, then

o (A BN (X (A= 55 AR )
ol W) 6) e o A

|
Mz

and the relation
T =x9+ ' cosa—y sina
y=1yo+ ' sina+y cosa

(| il ) (5 Al)
<

as
x cosa —sina  zg x q = (¥]A[y).
o . / aln n
0 L A B (4)= 3 ax probla)
=
[0 n
C X\ (R T\ /(X =3 o (G1ERl)
()= D)
From = (Y| ‘21 ax Ex|v)
B T A B X = j4: .
fa =x" 0 (g ) () (w1A1)
. T A B / B =[x) (Vx|
- (5 )6 ) (D0 “
0 prob(ay) = (Y| Exlth) = (|w) (1) = [(r]) [
= (X’T 1) ( %T l? > (X/> DENSITY OPERATORS
B @00 1
it follows t
i B o Bl =([0) (@) =) (¢|=Ey.
A" = det B 4 ) o (Pl Eyle) = () (®le) =|({¢l¥)|* >0.
00 o If we extend the set {|i)} up to an orthonormal

RT 0 A B R T basis {|¢>7 ‘¢1>7 |<)02>7 ey |90n—1>} of H’ then
= det T det < T ) det ( ) n—1
T ago tr By = (Y| Ey|) + Zl<<ﬂj\Ew|30j>
j=

A B n—1
O =W+ 5 (ol Wles) =1



of =0 = pis diagonalizable p= Zpk|1/1k>(wk|

where {[11), [12), .., [¥n) } that is

is an orthonormal basis, Z |¢k><¢k| =I
k=1
0>0 = pr=(Yr|o|vr) >0,
n
tro=1 = > ppr=treo=1 = Ospp=l.
k=1
pk<Pk

0 —Z pile) (Vk] = tro? *lek<zpk*

The minimum value of tr ¢? is obtained in the case
p1:p2:...:pn:%, and it is n#:l.
(Case of a qubit).

If r lies on the line segment connecting
two points 7/, 7" € 93, then there exists A€ (0,1)
such that r=(1—A)r"4+ A", and consequently
o(r)=%(ro I+ ((1=X\)r"+Xr") o)
=(1=A)e(r)+Xe(r").

n

0<pr<l = osépuwuwwskg|<wkw>|2
n U n
Skglpk@\i/fk)WMW§k§1<¢|¢k><¢k|¢>
n lJ/ n
0§<¢|kglpk|¢k><1/}k|1/}>§<¢|k§1|¢k><¢k|¢>
0§<¢|Q|¢>%<¢|H|¢>
0<o<I
QZ}?ZMWQ(%I = <A>g:k§1 PrlPrl Alr)
= 5= i tr(A i) ()
—tr(A Y pi o) ()
—tr(d).
We have ||o||*>= (0, 0) =tr ¢°.
=) (¢ =0 —|¢><¢|¢><¢| 0 = tro*=1.
e ’=p = Zpk|1/)k><1/1k| ZPka)WH

= pkE{O 1}, for any k
= there exists j such that p, = 0y

o=} (5]
® there exists
j such that = p?<pj = tro?<tro=1.
0<p;<1
Consequently:

tro?=1 = pp€{0;1}, for any k
= there exists j such that py = d;

= 0=[1;)(¥;]-
N12
o' =o, (KToK)'=KToK,
0€D(H) = (Ylolv) >0, Vi = (Y|KToK|y)>0, Vo
tro=1 tr(KToK)=tr(oKK')=1.
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N13

(1=X)o14+A02)T = (1=X)o1+ Aoz,
(Pl(1=N)o1+A02]t)) = (1= A)(¥]o1|¥) +A (Y] o2]0) >0
tr((1—XA)o1+A02)=(1—AN)tr o1 + A trga=1.

N14

“i”

Let o=|v)(¥|, and let g1, 02 € D(H), A€]0, 1]

be such that o = (1 — A) o1 + X g2. We have
0’=0= 0= (1-X)ooio+ oo,

1= (1-X)tr(oo10) + Atr(0o20).
Density operators o1 and oo satisfy the relations
tr(00i0) = tr(0?0;) = tr(o0:) = (0, 0)
< [{o, 0i)| < lell llel] <1
tr(o0io) = 37— (vj, 00iev) = 325_ (e, eiovs) = 0,
where {|¢1),|¥2), ..., [¥n)} is an orthonormal basis of H.
We have tr(po10) = tr(go20) = 1 because

tr(9@1@)<1

tr(@@z @) <1
Consequently,
(0, 0i) = tr(00;) = tr(0®0i) = tr(0oi0) = 1.
Since (o, o) =tr 0> <1 and (g;, ;) =tr o7 <1
in Cauchy-Schwarz inequality

= (1-X) tr(oo10) + A tr(oo20) < 1.

[0, 0) > < (0, 0) {01, 0i)
we have equality

This is possible only for p=c g;,
where c is a constant. But
tro=tro,=1 = p=gp;.
“<:77
Let g be an extremal point of D(H) with the
spectral decomposition

0 =32 Py 1) (] =paln) 4+ +pul il
2

Each pp must be either 0 or 1 because
O<pr<l1

0 iL]Dk [Yr) (V| + (1—pr) ;

and this is possible only if
0= [vr) Ykl = Z 215 (sl

and this is impossible since
|thr) (Y| = ; L[ ¥5) (]
4!
[vhr) =) (Vr|vbr) = ; o |3 (W5lve) =

@ QUBITS

Eigenvalues of A€ £(C?) are the roots of the equation

o |97) (45

ro+7Ts r1—ir
02 3 7A 12 2
=0.
71 +ir ro—T3
12 2 02 3 )\
012
— ro+lIrl
A = retllmll >
A>0 & and < ]| <ro.

_ ro—|Jr]]
A== 20
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The diametrically opposite point corresponding to
(0,0) has the angular coordinates (p+m, 0 —). T L p lamo—(a-n)
The corresponding pure states U — oitte < cosgy¢e 2 —simge 2 >

But, this matrix can be written as

COS 3 |0> + sin § e |01> sin g 1T s g it e
cos 75210 4 sin 752 19+ |1) PR 5 s PR
are orthogonal. —eitte[© N Cosg =Sy e .
021 0 €% )\sin g cos g 0 ez
. 3 .
A2=T = oA =T4itgq 4“) A:+%A3+--- =e" R.(a) Ry(B) R (),
_ ¢
—( —*+$—a+-~)ﬂ where =15 =20 and =€,
+i (—, L+ L L+ ) A. [P | COMPOSITE SYSTEMS
:COth+lblntA.
025 tr([e)(¥])=2_{ile) (V)
J
We have . _ =>_(¥5){ile)
14+ry r1—irg . 14+rf  ri—ir <J )
Ra(t) RL(t)= : =¥lg).
ri+irg 1—r3 ri+iry, 1—rf
where :
o Lo 0 " Direct consequences of and (page 11).
0 U B W T 5l ), = () (40
rh 0 sint cost T3 jQJSD ‘727k JI¥ J
026 :§ (kjle) bes
We have = (klpy).
® I+ry r—irg n 1+ry  ri—irg P11
Ry(t RI(t)= , s SN
! ri+irg 1—73 Y ri+iry, 1—rf A®B=ZjEM |ik)(ik| A® B|jl)(j¢|
where | = > (iklA® B|j¢) |ik) (j¢]
T cost 0 —sint 1 ijke
= 0 1 o . S~ (A@ B [ik) (74
4 sint 0 cost T3 ZJX’C: A1 B k)
= i 7 J
027 R 0t
We have 4 _
R 147y ri—ir - L7y ) —irf {p1[A@Blpa), = %Al- By (erlik) (il e2),
z t 2 t)= 5 R i
ritirg 1—73 il 1-7h = Z Al By (@1]i) (jlpa) [} (2]
where | —zw il A7) lea) 5 BE k) (4
T cost —sint 0 1 Il
ry | = | sint cost O re | . <<p1|A\<p2)
!
o A A B TRS s (k) (il
= Z Az BE (k) (Clwp2)]i) (3]
A transform U : C2 — C? with the matrix ¢
U ( Ugo o1 ) *Z<¢1\k><k|3|€><fl¢2>zﬁ 1) (il
U0 U1 <¢1|B|¢2>
is unitary if UTU=UUT =1, that is P12
ugol? + [uor|* =1, |uool* + [uiof* =1, tr, (A®B)=3_ ,(jIA®B|j),,
j
ol + st =1, fuoa? + funa 2 =1, ) Y
ad - —5141j) B
Ugou1o + Upru11 = 0, Uoouo1 + Uou1r = 0. B fﬂ B
Matrix U satisfies (*) if and only if it has the form =(trd)
B cosgei% —sméelz trQ(A®B):§k:2<k|A®B|k>27
singeig cos§e2 JED
This matrix satisfies the last two conditions if and only =" (k|B|k) A

if a—c=b—d. Consequently, U must have the form

k
cosgei% —singei% =(tr B) A.
U =
5 .
2

. ic .btc—a
sin 5 e'2 cosge1 2



(ik|(le1) (p2| @ [v1)(P2])|€) = (ik[(lo1){p2]5) @ [¥1)(12]€))
(ilp1)(pald) (k1) (2| €)
2 ilp1) (k[11){p2]5) (12| €)

ik|p191) (patpalil).

P14

tr, (1) (pathal) =t (1) o2 | © fn) (el
4 [=19]

= tr(lo1) {ipel) b1 o]
4[]
— (aln) lor)eoal.

tr, (o190} Coriel) = b, (o} (o2 © ) ()
En

=tr([Y1) (2]) [¢1) (2]
4[]

=(p2lp1) [1h1) (2],
P15
TZZ_%;Z|ik><ik|T|j€><j€|=i%;£Tf§ |ik) (]
4 [=7]
trlT:; (r|T|r),,
=23 T ((rlik) (jelr),

T ijkl

_Z Z T;éc Ori 57“]|k><£|

71]

=2 sz’“ LAY

jke

I
(kltr, T|f) = ZTjk

ZTJ’“
Z T3y k)il

en
i, T=3 (r[T1r),.
=35 Tk (rlik) el

T 15kl

—ZZ T}y 6r1 6reli) (4]

’I”lj

—ZTJ;’E\ i)l

ijk

Y
(i[tr, T'7) ZZkZ T
(tr, T); = in T

(tr, T)k
T= Z |ik) (ik|T'|j€) (3¢ =

P16

Direct consequences of (page 11).
P17

(ab| % LK), ® k), (] ed)
= kZ% (ak[Tlct) (blk)(¢]d)
= kZ% (ak|T|cl) dpidea
= (ab|T|cd).

I
tr, (T (16)(0)))T) =
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P18
w(le)14) = S0 19) (W1 4)15)
=Sl (] ALj)
=3l A le)
— (] Alg).
P19
o (B )T = 2 S0 () EDET? i)t

> (@ () (BETR 1i) (]

ijk rs

—ZZWWW?DI )Ty |6) (]

ijk Ts

—ZZ@I $)T;z (kIb) |7) (]

—%szbl )(is| T\ k) (k[b) [2) (5]

— 3" (ib[Tb) [i)
=3 |i) (i[T1b) (]

ij
=,(b[T|b),
P20
= (i|Alk) ,
Bm (m|Bl) = 3 Aj By Thi=> A} Y. of By T},
Tké <k€|T‘2m> ikém ik jem
Y (A® B Th = A S IeB)i T),
ikém ll ik jlm
Y((A®B)T)in = Z};A L (I B)T)E
m \U/ K3 m
tr (A@B)T) =Y A} (tr2((I B)T));
U ik
tr (A®B)T)=tr(Atra((I®B)T)).
P21
L= (i|Alk) ‘
Bi'=(m|B|l) = Y A, BT = ZB’”ZA?C 5T
Tké <k£|T‘2m> ikém ll ijk
Y (A® B Th =Y B - (AeD)i; Ty
ikém U me ijk
Y((A®B)T)in = Z%Bm > ((AeDT)y,
m \U]m 7
tr (A®B)T) =Y By (tr1((A®DT))y,
llmé
tr ((A®@B)T) =tr(B tr1 ((ARQI)T)).
P22
A®B=(A)(I®B)
J
tr ((A®B)T)=tr (AxD)(IeB)T)
P23
Direct consequence of (page 11).
P24

Direct consequence of (page 11).
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Additional definitions/results

We have

A(av)= f(av) av,
a Av=f(aw) aw,
a f(v)v=f(aw) av,
| for a#£0 and v#£0
Flow) = f (o).
If the vectors v and w are linearly independent, then
A(v+w)=Av+Aw

fotw) (vtw)=f(v) v+ f(w)w
P25 il
Apltriole), = (el 22 {ileli) @) { flo+w)=f(v)
j _
=5 el ), frrw )
j
=>_(jvlelip)>0. f0)=f(w).
j If {vo,v1,...,un_1} is a basis of V, then
tr(try 0) =§k: o{k[triolk), flvo)=Ff(v1)="--=f(vp-1)
=32 (k1 3 el k), and
J
=3 (jHleljk) A2 vy = 2 ey vy
Js e
=tro=1. ZZlajf(vj)vj
P26 =
1 =
(tr10)f = (k|tri0/0) = Zo Q;? =o0F + otk f(vo) J;] Qv
i=
T N L ik _ i0 | il
(trz0)j = (iltr20]7) kgo eik= ot e If {|e;)} is an orthonormal basis, then
P30 | Az|| = (A [e5)(es]=)l
See the proof of at page 19. =>_ [(eslx))] [[Alep)l]
P33 <V ele)P VT Ale)P
< /ST Ale )2
I #8
By el . N
z (Al = (z /;,) i (3 /;,)
4 k=0 m—oo \;Zp
tf2|‘1’><‘1>|=; VPiD; 5, ([eetn) (@505]) —lim 3 Al Al _ At
J m—ro0 : — .
TEm k=0 k=0
)| P (Wl ) o (4} =il A g0
v 410
tr2|‘b><‘1)|:% \/PEDPj 5jk |<Pk><90j| (FTF)[QO}(k)lelT?: e%kj ”Z: ef%ijO(m)
“U J;—l n—1 m.:
tr, [P P[=2_ pr [or) (Prl- =13 3 e R hmmip(m)
k m=0 j=0
= nil bl (e%(k_m)) p(m)
" m=0 j=0
n—1
35w plm) = (b
#11
@®¢:H2—>H1, . .. QOEHl,
(00) (1) = (1) is anti-linear, for any VEHs,

These particular operators span the considered space,
(P1+p2) @Y =1 @Y+ 2@
PR (Y1+92) = @1 +p Q12
AMp®@Y) =(Ap) @Y =& (A).
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Since |u;v;) (uivj| =|u;) (u; | @1v;) (v;|, we have

k ¢
; UV ) (U V5| =
> ug) (ug| =1, i;]zz:l| ) (uivs)
s = k ,
2 |0 (vil =T, =2 ><“i|®2\vj><vj\
J=1 H ®H’H2 _HH1®7{2

1]

The superposition (liniar combination) of states

V)= i cklr)

is a pure state with the density operator
n
:|1/’><7/’|:kzl|ck|2|wk><¢k|+k§vck &5 [¥e) (5]
= J

The second sum contains the interference terms.

[2]

Ezrample. Representations as a probabilistic
ensemble of pure states of the maximally

mixed state of a qubit:
= 310){0[+3[1)(1],

1 ¢ 0=
9<2 )2‘ o 0= ) (H+31-) (-,
Q:%|Ty><Ty|+%|¢y><¢y|a
o 0= 7[0)(0[+Z[1){1]
t%HHﬁH%h

o
N|=

#15

Q:kz Pr|r) (V|-
=1

0>0 = pr=(Yrloltx)>0.
tro=1 = > pp=tro=1.

k=1
#16

>mw:¢ﬂ§=wH
=X m i 2k g | X el 8|

QD‘QJ

i 2= ip/cH|1/)k><1/Jk| Zopk|1/}k><¢k|Ha

latQ HQ oH.

ofl=p = © is diagonalizable, that is, there exists
an orthonormal basis {|1)} such that
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