[LINEAR ALGEBRA - Solved Exercises 1|

(Real and complex finite-dimensional vector spaces)
Nicolae Cotfas, version 09 Feb. 2021 (for future updates see https://unibuc.ro/user/nicolae.cotfas/ )

PARTIAL EVALUATION 1

Find the values of A€R for which
B = {(1,-1),(2,)\)} is a basis of R?, and the
coordinates of v=(4, —3) with respect to B.

In R? consider the subspaces
V={(z,y,2) €R? | 2 — 22 =0} and
W= {(x,y, z) € RS‘ Y ytzzzzo(j
a) Compute: dimV, dim (VY nW),
dim W, dim (V+W).
b) Is it true that R3 =V oW ?

Let A : R? — R® be the linear map defined by
its action on the elements of the canonical basis:
Ae; =e; — e,
Aes = e1 + 2e5 + 3es,
Aes = e1 — 2e9 — e3.
a) Give the matrix of A in the canonical basis.
b) Compute dim (KerA) and dim (ImA).
c¢) Decide whether R? = KerA @ ImA or not.

Consider the basis B’ = {(1,i), (1, —i)} of C?

and the linear operator
A:C? = C?, A(z,w) = (2 — iw, iz + w).
a) Find the change of basis matrix from the
canonical basis B of C? to B’.
b) Find the matrix of A with respect to B’

|B| PARTIAL EVALUATION 2

¢) Determine A™, for n€N.

B Some definitions, notations and results

In a vector space V over K=R or K=C,
span {vy, vg, ..., vp } ={aiv1 +... + v, | ap €K}

e V=span {vy, vg, ..., v, } and

B= {1117?)27-- Un} ifle® av1tasvo+...+apv, =0
is a basis of V

ar=as=..=a, =0

. Canonical basis of
o K2={z=(21,72) | 2 €K} is {e1=(1,0),e2=(1,0)}.

c=fon(2) over) o fe=(3) (1)}

Change of basis matriz in K3 from the old basis
$B={v1,v2,v3} to the new basis B’'={v],vh,v5} is

Q11 Qp2 013 v = 01101+ 21V 03103

S= o1 (22 (x93 where 1)/2:0[1201'|-Ck221)2+a321}3

Q31 Q32 Q33 vy = Q1301 +Qr23V2 +Qr3303.

Matriz of A:K3— K3 relative to B={ey, e, €3} is

a1l Q12 013 Aei=ai1e1+azex+asie3

A= ag1 A22 0A23 where A62:a1261 +ag2e2+as3z€3

az1 a2 aG33 Aez=ayze; +azzez+aszes

Matriz of A:K3— K3 relative to 8B’ is A’=S"'AS.
Sum of subspaces

° W1+W2:{’w1+’w2 | w1 € Wh, ’LUQEWQ}.

Wi +Ws is a direct sum .
* denoted by Wy W, & WinWw,={0}.

o | dim(W1 +Wy) = dim Wi +dim W —dim(W1 1) )

@ Kernel of A:V—W KerA={ze€V | Ax=0}.
Image of A:V—-W ImA={Azx | zeV}.

ForA VoW, |dimV=dimKer A+dimIm A |
Standard e in R?: ((21,22), (y1,92)) =191+ 2292,
mnner

product ®in C% (w1, 22), (1, Y2)) =T1y1+ T2y

a) Find an orthonormal basis of
Kz{x:(xl,x2,$3,x4)€R4 | x2+x3+x420} .
b) Describe explicitly the orthogonal projector
P:R*—R* corresponding to K CR*.
¢) Find an orthonormal basis of

’H—{A— (””1 ”92) engz(R)’ AT—A}.

Tr3 X4

a) Find the eigenvalues and eigenspaces of
A:R?2—R2 A(zy,x0) = (721 + 22, TT2),
B:C?*—C?, B(z1,22)=(i21+22,22).

b) Investigate the existence of the diagonal form.

B3| Let 010

A=|1 0 1
01 0
a) Find an orthogonal matrix S such
that STAS is a diagonal matrix.
b) Find an explicit expression of A™ for ne€N.

a) Find the adjoint UT of the operator
U:C?2—C2% U(z,20)= %(izl +29,—21 —i22).
b) Prove that U is a unitary operator.
¢) Diagonalize U.

Let t€(0,1) and u1,us €R? be two orthogonal
unit vectors, (uy,us)=0, ||lui||=]usz||=1.
a) Prove that the operator A:R3—R3,
Az =(1—1t)(u1, z)us +t{ug, x)us.
is a self-adjoint operator.
b) Find the eigenvalues of A.
¢) Prove that (z, Az) >0, for any z€R3.

a) Assume that A is a self-adjoint (Hermitian)
operator on a Hilbert space H. Prove that
KerA1lImA and H=Ker A®Im A.

b) Solve the Schrédinger equation
= H
describing the time evolution of a qubit
with the Hamiltonian

H:C?—=C?, H=—woy=—w <0 _1> ,

1 0
wavefunction
() = o (D]0) - (1)]1) = <w§ §)
and initial state 1
$(0) =00+ 01 =% (})

Prove that [|¢(t)]|=1, for any teR.

Orthogonal projection of x on w#0 is Pyr= (w.2) ),
@ Gram-Schmidt orthogonalization method:

(w,w)

{v1, v2, ..., v, } linearly independent set of vectors

|
o {wy,ws,...,wy }, where
w1 = V1,
_ (w1,v2)
Wz = V2 — (w1,w1) wi,
o {wi,vn) _ __(wn—1,0n)
Wn ="Un (w1,w1) w1 (Wn—1,Wn—1) Wn—1,

is an orthogonal set of vectors such that
. span {wy, wa, ..., wg } =span {v, v, ..., v },
for any k€{1,2,...,n}.




Basis B={vy,...,

11| Dirac’s “bra-ket” notation (in the case of C?)

=), | o=

(z[=(Z1 2)| |2)(yl=

lull=1 = Pu=|u){ul.

v} is orthonormal if (v;, vk) =0dk.

(T1 Z2)

Y2
T1\, - -\ [T1Y1 T1Yo
(CC2> (yl y2) (1:2?1 x2g2> N

=211 +T2Yye,

Orthogonal projector

{uy, ..., um} orthonormal i PH A,
basis in a subspace KCH — O A 1S -
P P=3%" |uk)(ugl.
Eigenvalues A (T (0 az) (2
of AZ(C2 —>(C2, T2 B as1 a92 T
are the roots A of the equation Gi=A a3 =0.
az  az—A
FEigenspace corresponding to A is {z | Az=Az }.
15 .
The adjoint ¢ the operator (x, Ay)=(ATz, y),
of A:H—H AT satisfying | for any z,ye 7.

Wlth respect to an orthonormal basis,

t_ AT
the matrix AT of the adjoint of A is AT=A"
AH—H
is Hermitian < (&, Ay) = (Az, ), sS|AT=A
(self-adjoint) for any z,y € -

A€ M, n(R) is a symmetric matrix if AT =A.
A€ M, xn(R) is an orthogonal matrix if AT A=1.
A€M, (C) is a unitary matrix if ATA=1.
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ar(1,—1)+as(2, A)j(o,o)

a7 204220

a1(17*1)+a2(27>‘) = 041*62-:_7)?\7 042:2_._%~

only for A#—2.

(4,-3)=
(1) VZ{(2Z,y,Z) | y,ZER}
—{5(0,1,0)+2(2,0,1) | y,2€R }
W={(22,3z,2) | zeR}={z(2
{(0,1,0),(2,0,1)} basis in ¥V = dimV=2.
{(2,3,1)} basis in W = dimW=dim (VNW)=1.

dim(V+W)=dim V+dim W—dim(VNW) =2
b) dim(V4+W)=2 = R*#£V o W.
a)A€1:€1—€2+063, 11 1
Aes =e;+2e5+3e3, = A=|-1 2 2| =
A€3:€1—262—€3. 0 3 -1
T 1 1 1 T T1+To+x3
Alzs |=-1 2 -2 Ty | = | —x14+229—223 |,
I3 0 3 -1 I3 3I2—I3
A(wl,x2,$3):($1+1’2+$3, 71’1+2£B272l’3, 3.’527%3).
r1+xo+x23=0
b) Ker A=< (z1,29,23)| —x1+2x2—225=0
31‘2—$3:0

={a(-4,1,3)| aeR} = dimKer A=1.
dimImA=dimR3—dimKer A=3-1=2 =
Im A=span {A4e;, des}={a(1,-1,0)+5(1,2,3) |a, BER}
c) (—4,1,3)¢Im A = KerANImA={(0,0,0)}
= R?*=Ker A® Im A.

Change of basis matrix from 98 to B’ is S=

b) Matrix of A relative to B is A= 1 _11

Matrix of A relative to B’ is A’=S"1AS= (2 O> .

¢) 0 0
A%(z,w)= 2(z—iw, iz+w)=2A(z,w),
= A’=

, An=AA"1=9n=2A2=9n" 14,

A(z—iw, iz—l—w)
24, A3=22A4 ..

,3,1) | z€R}=VNW.

()
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a) K={(x1,22,23, —x2 — x3) | 1,22, 23R}

={z1(1,0,0,0)+z2(0,1,0, —1)+23(0,0,1,—1))| zx €R}

=span {v;1=(1,0,0,0), v2=(0,1,0,—-1), v3=(0,0,1,—-1))}
wi =01 =(1,0,0,0),

Gram- — oy {wi,v9) _ _

Schmidt W2 = V2 ((15)11,15;3 w1 (?;,21712; 1), ) )
w3 = v3 — 7{11)1:11)1) w, — 7{102:11;2) ’LU2:(O, -3 1, —5)
is an orthogonal basis of £ =

{U1:(170,0,0), U2:(07 %703 7%)7 U3:(0, - 16’ %7 7%)}

is an orthonormal basis of K. 3 0 0 0

L 0 2 -1 -1

b) P=lun){ui|+luz)(ua|+lus)(us|=5 |, _; o _4

0 -1 -1 2

0 L
c) <(1) 8>,< L ?), (8 (1])} is an orthonormal basis of H.
V2

ab) (r 1\ |r=A 1
AZ(O x) 0 =\ =0 = M=X=m.
A(x1,z0)=7(z1,22) = (x1,22)€{a(1,0) | R }.
A is not diagonalizable (there does not exist a basis
containing only eigenvectors of A).
i1
5=(i ). i

i-A 1

0 1-A
B(z1,22)=i(21,22) = (#1,22)€{a(1,0) | a€C}.
B(z1,22)=1(z1,22) = (21,22)€{a(l,1-1) | aeC}.
Matrix of B relative to {(1,0), (1,1—1)} is diagonal.

=0 = A\ =i,

[B3la) |- 1 0
I =X 1[|=0= \=0, lz=+V2
0 1 =X
1 1
Ar=0 = 2z=% 1| 0 |, Ar=+v22 = z=2 [ £v/2].
V2 2\
V2 o1 1 0 0 0
S:% 0 V2 —v2| satisfies STAS=(0 V2 0
V2 1 1 0 02
b) and is orthogonal, that is, STS=1I
o0 oY 0 0 0
A"=S |0 v2 0 |ST=S|0 (vV2 0 |ST=..
0 0 —2 0 0 (=vV2)"
(i1 foa (1 -1 P
U—ﬁ<_1 _i> = U _ﬁ< . 1) = UU=L
€ Y L Matrix of U relative to
VoI 4 J00e-D) -k
_—; A =0 = dg=4 Va—2vz T Vat2vz

is a diagonal matrix.

=
ot

a) We extend {uy,us} up to an orthonormal basis
B ={u1,us,u3} of R3. Matrix of A relative to B is

1-t 00
A= 0 t 0]=AT".b) Eigenvalues of A are 1—t, t and 0.
0 00
¢) (w, Az) = (1—t)[{u1, z)|? +t|(uz, x)|* > 0 for any z€R3.
ﬁggﬁﬁlﬁ = (v, Ay)=(Az,y)=0 = Ker ALImA =

Ker ANIm A={0}. But, dimKer A4+dimIm A=dimH.

_ (U0 (0 =i\ (%o W =wy
S = 1<¢E1)>_ w(i )(1/}1) {Q/J?—_QH/JO

N 4 +w?ihg =0 o(t) C’l sin wt4Cy cos wt
Py =wih 1(t C coswt—Cy sin wt

i)~ (
w(O)—;g<>:sw ﬁz) (

[9(8)|P=(Z sinwt-+ Lz coswt )+ 2 ¢

smwt—i—\/g cos wt

coswt—-L sinwt

NG
2
sin wt) =1.

%\%

cos wt— \/5



