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Definition

For a, b, c∈R with σ=

(
a b
b c

)
>0, beside the standard Gaussian function of two discrete variables

gσ(n1, n2)=
∞∑

α1,α2=−∞
e
−πd (n1+α1d n2+α2d)σ

(
n1+α1d
n2+α2d

)
=

∞∑
α1,α2=−∞

e−
aπ
d (n1+α1d)

2

e−
2bπ
d (n1+α1d)(n2+α2d) e−

cπ
d (n2+α2d)

2

we define other three complementary Gaussian functions of two discrete variables

g+0
σ (n1, n2)=

∞∑
α1,α2=−∞

e
−πd (n1+(α1+

1
2 )d n2+α2d)σ

(
n1+(α1 + 1

2 )d
n2+α2d

)
=

∞∑
α1,α2=−∞

e−
aπ
d (n1+(α1+

1
2 )d)

2

e−
2bπ
d (n1+(α1+

1
2 )d)(n2+α2d) e−

cπ
d (n2+α2d)

2

.

g0+
σ (n1, n2)=

∞∑
α1,α2=−∞

e
−πd (n1+α1d n2+(α2+

1
2 )d)σ

(
n1+α1d

n2+(α2+
1
2 )d

)
=

∞∑
α1,α2=−∞

e−
aπ
d (n1+α1d)

2

e−
2bπ
d (n1+α1d)(n2+(α2+

1
2 )d) e−

cπ
d (n2+(α2+

1
2 )d)

2

.

g++
σ (n1, n2)=

∞∑
α1,α2=−∞

e
−πd (n1+(α1+

1
2 )d n2+(α2+

1
2 )d)σ

(
n1 + (α1 + 1

2 )d
n2+(α2 + 1

2 )d

)
=

∞∑
α1,α2=−∞

e−
aπ
d (n1+(α1+

1
2 )d)

2

e−
2bπ
d (n1+(α1+

1
2 )d)(n2+(α2+

1
2 )d)

e−
cπ
d (n2+(α2+

1
2 )d)

2

.

Fourier transform

LEMMA 1.

•1. F[gσ](k1, k2)= 1√
detσ

∞∑
β1,β2=−∞

gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

•2. F[g+0
σ ](k1, k2)= (−1)k1√

detσ

∞∑
β1,β2=−∞

(−1)β1 gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

•3. F[g0+
σ ](k1, k2)= (−1)k2√

detσ

∞∑
β1,β2=−∞

(−1)β2 gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

•4. F[g++
σ ](k1, k2)= (−1)k1+k2

√
detσ

∞∑
β1,β2=−∞

(−1)β1+β2 gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

Proof.
•1 The periodic function of two continuous variables

Gσ(q1, q2)=

∞∑
α1,α2=−∞

e−
π
d [a(q1+α1d)

2+2b(q1+α1d)(q2+α2d)+c(q2+α2d)
2]

can be expended into a Fourier series

Gσ(q1, q2)=

∞∑
m1,m2=−∞

am1m2
e

2πi
d (m1q1+m2q2),

where

am1m2
=

1

d2

d∫
0

d∫
0

e−
2πi
d (m1q1+m2q2)

∞∑
α1,α2=−∞

e−
π
d [a(q1+α1d)

2+2b(q1+α1d)(q2+α2d)+c(q2+α2d)
2]dq1dq2.

By using the formula

F

[
e
− 1

2 (q1 q2)σ

(
q1
q2

)]
(p1, p2)==

1√
detσ

e
− 1

2 (p1 p2)σ
−1

(
p1
p2

)

and the change of variables q1 =y1

√
d
2π−α1d, q2 =y2

√
d
2π−α2d, we get

am1m2
= 1

2πd

∞∑
α1,α2=−∞

(α1+1)
√
2πd∫

α1

√
2πd

(α2+1)
√
2πd∫

α2

√
2πd

e−
2πi
d (m1(y1

√
d
2π−α1d)+m2(y2

√
d
2π−α2d)) e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2

= 1
2πd

∞∫
−∞

∞∫
−∞

e−
2πi
d (m1y1

√
d
2π+m2y2

√
d
2π ) e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2 = 1

d
√
detσ

e
−πd (m1 m2)σ

−1

(
m1

m2

)
.

Consequently, we have

Gσ(q1, q2)=
1

d
√

detσ

∞∑
m1,m2=−∞

e
2πi
d (m1q1+m2q2) e

−πd (m1 m2)σ
−1

(
m1

m2

)
.

1



and the relation

gσ(n1, n2) = 1
d
√
detσ

∞∑
m1,m2=−∞

e
2πi
d (m1n1+m2n2) e

−πd (m1 m2)σ
−1

(
m1

m2

)

= 1
d
√
detσ

j∑
k1,k2=−j

∞∑
β1,β2=−∞

e
2πi
d ((k1+β1d)n1+(k2+β2d)n2) e

−πd (k1+β1d k2+β2d)σ
−1

(
k1 + β1d
k2 + β2d

)

= 1
d
√
detσ

j∑
k1,k2=−j

e
2πi
d (k1n1+k2n2) gσ−1(k1, k2)= 1√

detσ
F−1[gσ−1 ](n1, n2),

equivalent to F[gσ]= 1√
detσ

gσ−1 .

•2 The periodic function of two continuous variables

G+0
σ (q1, q2)=

∞∑
α1,α2=−∞

e−
π
d [a(q1+(α1+

1
2 )d)

2+2b(q1+(α1+
1
2 )d))(q2+α2d)+c(q2+α2d)

2]

can be expended into a Fourier series

G+0
σ (q1, q2)=

∞∑
m1,m2=−∞

am1m2
e

2πi
d (m1q1+m2q2)

where

am1m2 =
1

d2

d∫
0

d∫
0

e−
2πi
d (m1q1+m2q2)

∞∑
α1,α2=−∞

e−
π
d [a(q1+(α1+

1
2 )d)

2+2b(q1+(α1+
1
2 )d))(q2+α2d)+c(q2+α2d)

2]dq1dq2.

By using the formula

F

[
e
− 1

2 (q1 q2)σ

(
q1
q2

)]
(p1, p2)==

1√
detσ

e
− 1

2 (p1 p2)σ
−1

(
p1
p2

)

and the change of variables q1 =y1

√
d
2π−α1d− d

2 , q2 =y2

√
d
2π−α2d, we get

am1m2
= 1

2πd

∞∑
α1,α2=−∞

(α1+
3
2 )
√
2πd∫

(α1+
1
2 )
√
2πd

(α2+1)
√
2πd∫

α2

√
2πd

e−
2πi
d (m1(y1

√
d
2π−α1d− d2 )+m2(y2

√
d
2π−α2d))e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2

= (−1)m1

2πd

∞∫
−∞

∞∫
−∞

e
−2πi
d (m1y1

√
d
2π+m2y2

√
d
2π )e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2 = (−1)m1

d
√
detσ

e
−πd (m1 m2)σ

−1

(
m1

m2

)
.

Consequently, we have

G+0
σ (q1, q2)=

1

d
√

detσ

∞∑
m1,m2=−∞

e
2πi
d (m1q1+m2q2) (−1)m1 e

−πd (m1 m2)σ
−1

(
m1

m2

)
.

and the relation

g+0
σ (n1, n2) = 1

d
√
detσ

∞∑
m1,m2=−∞

e
2πi
d (m1n1+m2n2) (−1)m1 e

−πd (m1 m2)σ
−1

(
m1

m2

)

= 1
d
√
detσ

j∑
k1,k2=−j

∞∑
β1,β2=−∞

e
2πi
d ((k1+β1d)n1+(k2+β2d)n2) (−1)k1+β1d e

−πd (k1+β1d k2+β2d)σ
−1

(
k1 + β1d
k2 + β2d

)

= 1
d
√
detσ

j∑
k1,k2=−j

(−1)k1 e
2πi
d (k1n1+k2n2)

∞∑
β1,β2=−∞

(−1)β1e
−πd (k1+β1d k2+β2d)σ

−1

(
k1 + β1d
k2 + β2d

)
,

equivalent to F[g+0
σ ](k1, k2)= (−1)k1√

detσ

∞∑
β1,β2=−∞

(−1)β1 gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

•3 The periodic function of two continuous variables

G0+σ (q1, q2)=

∞∑
α1,α2=−∞

e−
π
d [a(q1+α1d)

2+2b(q1+α1d)(q2+(α2+
1
2 )d)+c(q2+(α2+

1
2 )d)

2]

can be expended into a Fourier series

G0+σ (q1, q2)=

∞∑
m1,m2=−∞

am1m2 e
2πi
d (m1q1+m2q2),

where

am1m2
=

1

d2

d∫
0

d∫
0

e−
2πi
d (m1q1+m2q2)

∞∑
α1,α2=−∞

e−
π
d [a(q1+α1d)

2+2b(q1+α1d)(q2+(α2+
1
2 )d)d)+c(q2+(α2+

1
2 )d)d)

2]dq1dq2.

2



By using the formula

F

[
e
− 1

2 (q1 q2)σ

(
q1
q2

)]
(p1, p2)==

1√
detσ

e
− 1

2 (p1 p2)σ
−1

(
p1
p2

)

and the change of variables q1 =y1

√
d
2π−α1d, q2 =y2

√
d
2π−α2d− d

2 , we get

am1m2
= 1

2πd

∞∑
α1,α2=−∞

(α1+1)
√
2πd∫

α1

√
2πd

(α2+
3
2 )
√
2πd∫

(α2+
1
2 )
√
2πd

e−
2πi
d (m1(y1

√
d
2π−α1d)+m2(y2

√
d
2π−α2d−d2 )) e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2

= (−1)m2

2πd

∞∫
−∞

∞∫
−∞

e−
2πi
d (m1y1

√
d
2π+m2y2

√
d
2π ) e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2 = (−1)m2

d
√
detσ

e
−πd (m1 m2)σ

−1

(
m1

m2

)
.

Consequently, we have

G0+σ (q1, q2)=
1

d
√

detσ

∞∑
m1,m2=−∞

e
2πi
d (m1q1+m2q2) (−1)m2 e

−πd (m1 m2)σ
−1

(
m1

m2

)
.

and the relation

g0+
σ (n1, n2) = 1

d
√
detσ

∞∑
m1,m2=−∞

e
2πi
d (m1n1+m2n2) (−1)m2 e

−πd (m1 m2)σ
−1

(
m1

m2

)

= 1
d
√
detσ

j∑
k1,k2=−j

∞∑
β1,β2=−∞

e
2πi
d ((k1+β1d)n1+(k2+β2d)n2) (−1)k2+β2d e

−πd (k1+β1d k2+β2d)σ
−1

(
k1 + β1d
k2 + β2d

)

= 1
d
√
detσ

j∑
k1,k2=−j

(−1)k2 e
2πi
d (k1n1+k2n2)

∞∑
β1,β2=−∞

(−1)β2e
−πd (k1+β1d k2+β2d)σ

−1

(
k1 + β1d
k2 + β2d

)
,

equivalent to F[g0+
σ ](k1, k2)= (−1)k2√

detσ

∞∑
β1,β2=−∞

(−1)β2 gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

•4 The periodic function of two continuous variables

G++
σ (q1, q2)=

∞∑
α1,α2=−∞

e−
π
d [a(q1+(α1+

1
2 )d)

2+2b(q1+(α1+
1
2 )d))(q2+(α2+

1
2 )d)+c(q2+(α2+

1
2 )d)

2]

can be expended into a Fourier series

G++
σ (q1, q2)=

∞∑
m1,m2=−∞

am1m2 e
2πi
d (m1q1+m2q2)

where

am1m2
=

1

d2

d∫
0

d∫
0

e−
2πi
d (m1q1+m2q2)

∞∑
α1,α2=−∞

e−
π
d [a(q1+(α1+

1
2 )d)

2+2b(q1+(α1+
1
2 )d))(q2+(α2+

1
2 )d)+c(q2+(α2+

1
2 )d)

2].

By using the formula

F

[
e
− 1

2 (q1 q2)σ

(
q1
q2

)]
(p1, p2)==

1√
detσ

e
− 1

2 (p1 p2)σ
−1

(
p1
p2

)

and the change of variables q1 =y1

√
d
2π−α1d− d

2 , q2 =y2

√
d
2π−α2d− d

2 , we get

am1m2
= 1

2πd

∞∑
α1,α2=−∞

(α1+
3
2 )
√
2πd∫

(α1+
1
2 )
√
2πd

(α2+1)
√
2πd∫

α2

√
2πd

e−
2πi
d (m1(y1

√
d
2π−α1d− d2 )+m2(y2

√
d
2π−α2d−d2 ))e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2

= (−1)m1+m2

2πd

∞∫
−∞

∞∫
−∞

e−
2πi
d (m1y1

√
d
2π+m2y2

√
d
2π )e−

1
2 [ay

2
1+2by1y2+cy

2
2 ]dy1dy2 = (−1)m1+m2

d
√
detσ

e
−πd (m1 m2)σ

−1

(
m1

m2

)
.

Consequently, we have

G++
σ (q1, q2)=

1

d
√

detσ

∞∑
m1,m2=−∞

e
2πi
d (m1q1+m2q2) (−1)m1+m2 e

−πd (m1 m2)σ
−1

(
m1

m2

)
.

and the relation

g++
σ (n1, n2) = 1

d
√
detσ

∞∑
m1,m2=−∞

e
2πi
d (m1n1+m2n2) (−1)m1+m2 e

−πd (m1 m2)σ
−1

(
m1

m2

)

= 1
d
√
detσ

j∑
k1,k2=−j

∞∑
β1,β2=−∞

e
2πi
d ((k1+β1d)n1+(k2+β2d)n2) (−1)k1+β1d (−1)k2+β2d e

−πd (k1+β1d k2+β2d)σ
−1

(
k1 + β1d
k2 + β2d

)

= 1
d
√
detσ

j∑
k1,k2=−j

(−1)k1+k2 e
2πi
d (k1n1+k2n2)

∞∑
β1,β2=−∞

(−1)β1+β2e
−πd (k1+β1d k2+β2d)σ

−1

(
k1 + β1d
k2 + β2d

)
,

3



equivalent to F[g++
σ ](k1, k2)= (−1)k1+k2

√
detσ

∞∑
β1,β2=−∞

(−1)β1+β2 gσ−1

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

THEOREM 1.
The discrete Fourier transform of gσ satisfies the relation

F[gσ]= 1√
detσ

gσ−1 .

Proof. This is just the first relation from Lemma 1, written in a different way.

LEMMA 2.

•1. F[g2σ](2k1, 2k2)= 1
2
√
detσ

(
g2σ−1(k1, k2) + g+0

2σ−1(k1, k2) + g0+
2σ−1(k1, k2) + g++

2σ−1(k1, k2)
)
.

•2. F[g+0
2σ ](2k1, 2k2)= 1

2
√
detσ

(
g2σ−1(k1, k2)− g+0

2σ−1(k1, k2) + g0+
2σ−1(k1, k2)− g++

2σ−1(k1, k2)
)
.

•3. F[g0+
2σ ](2k1, 2k2)= 1

2
√
detσ

(
g2σ−1(k1, k2) + g+0

2σ−1(k1, k2)− g0+
2σ−1(k1, k2)− g++

2σ−1(k1, k2)
)
.

•4. F[g++
2σ ](2k1, 2k2)= 1

2
√
detσ

(
g2σ−1(k1, k2)− g+0

2σ−1(k1, k2)− g0+
2σ−1(k1, k2) + g++

2σ−1(k1, k2)
)
.

Proof. The relations

•1. F[g2σ](2k1, 2k2)= 1
2
√
detσ

∞∑
β1,β2=−∞

g(2σ)−1

(
(2k1+β1d)

√
2π
d , (2k2+β2d)

√
2π
d

)
•2. F[g+0

2σ ](2k1, 2k2)= 1
2
√
detσ

∞∑
β1,β2=−∞

(−1)β1 g(2σ)−1

(
(2k1+β1d)

√
2π
d , (2k2+β2d)

√
2π
d

)
•3. F[g0+

2σ ](2k1, 2k2)= 1
2
√
detσ

∞∑
β1,β2=−∞

(−1)β2 g(2σ)−1

(
(2k1+β1d)

√
2π
d , (2k2+β2d)

√
2π
d

)
•4. F[g++

2σ ](2k1, 2k2)= 1
2
√
detσ

∞∑
β1,β2=−∞

(−1)β1+β2 g(2σ)−1

(
(2k1+β1d)

√
2π
d , (2k2+β2d)

√
2π
d

)
can be written as

•1. F[g2σ](2k1, 2k2)= 1√
detσ

∞∑
β1,β2=−∞

g2σ−1

(
(k1+β1

d
2 )
√

2π
d , (k2+β2

d
2 )
√

2π
d

)
•2. F[g+0

2σ ](2k1, 2k2)= 1√
detσ

∞∑
β1,β2=−∞

(−1)β1 g2σ−1

(
(k1+β1

d
2 )
√

2π
d , (k2+β2

d
2 )
√

2π
d

)
•3. F[g0+

2σ ](2k1, 2k2)= 1√
detσ

∞∑
β1,β2=−∞

(−1)β2 g2σ−1

(
(k1+β1

d
2 )
√

2π
d , (k2+β2

d
2 )
√

2π
d

)
•4. F[g++

2σ ](2k1, 2k2)= 1√
detσ

∞∑
β1,β2=−∞

(−1)β1+β2 g2σ−1

(
(k1+β1

d
2 )
√

2π
d , (k2+β2

d
2 )
√

2π
d

)
.

By separating the even case from the odd case for β1 and β2, we get the relations from lemma 2.

Wigner function

LEMMA 3.

If f is such that the series are convergent, then:

∞∑
α,β=−∞

f(α, β) =
∞∑

µ,η=−∞
f(µ+η, µ−η) +

∞∑
µ,η=−∞

f(µ+η+1, µ−η).

Proof. After separating the sum as

∞∑
α,β=−∞

f(α, β) =
∑
α, β

both even
or

both odd

f(α, β) +
∑
α, β

one even
and

other odd

f(α, β)

we use the substitutions (α, β)=(µ+η, µ−η) and (α, β)=(µ+η+1, µ−η).
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THEOREM2

The discrete Wigner function of gσ is an algebraic sum of 16 products of Gaussian like functions:

Wgσ (n1, n2, k1, k2) = 1
2d
√
detσ

g2σ(n1, n2)
[
g2σ−1(k1, k2) + g+0

2σ−1(k1, k2) + g0+
2σ−1(k1, k2) + g++

2σ−1(k1, k2)
]

+ 1
2d
√
detσ

g+0
2σ (n1, n2)

[
g2σ−1(k1, k2)− g+0

2σ−1(k1, k2) + g0+
2σ−1(k1, k2)− g++

2σ−1(k1, k2)
]

+ 1
2d
√
detσ

g0+
2σ (n1, n2)

[
g2σ−1(k1, k2) + g+0

2σ−1(k1, k2)− g0+
2σ−1(k1, k2)− g++

2σ−1(k1, k2)
]

+ 1
2d
√
detσ

g++
2σ (n1, n2)

[
g2σ−1(k1, k2)− g+0

2σ−1(k1, k2)− g0+
2σ−1(k1, k2) + g++

2σ−1(k1, k2)
]

Proof. By using the definition

Wψ(n1, n2, k1, k2)
def
=

1

d2

j∑
m1=−j

j∑
m2=−j

e−
4πi
d (k1m1+k2m2) ψ(n1−m1, n2−m2)ψ(n1+m1, n2+m2)

and Lemma 3, we get

Wgσ (n1, n2, k1, k2)= 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
α1,β1=−∞

e−
aπ
d (n1−m1+α1d)

2

e−
2bπ
d (n1−m1+α1d)(n2−m2+β1d) e−

cπ
d (n2−m2+β1d)

2

∞∑
α2,β2=−∞

e−
aπ
d (n1+m1+α2d)

2

e−
2bπ
d (n1+m1+α2d)(n2+m2+β2d) e−

cπ
d (n2+m2+β2d)

2

= 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
α1,α2=−∞

∞∑
β1,β2=−∞

e−
aπ
d (n1−m1+α1d)

2

e−
aπ
d (n1+m1+α2d)

2

e−
2bπ
d (n1−m1+α1d)(n2−m2+β1d) e−

2bπ
d (n1+m1+α2d)(n2+m2+β2d)

e−
cπ
d (n2−m2+β1d)

2

e−
cπ
d (n2+m2+β2d)

2

= 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
aπ
d (n1−m1+(µ1+η1)d)

2

e−
aπ
d (n1+m1+(µ1−η1)d)2

e−
2bπ
d (n1−m1+(µ1+η1)d)(n2−m2+(µ2+η2)d) e−

2bπ
d (n1+m1+(µ1−η1)d)(n2+m2+(µ2−η2)d)

e−
cπ
d (n2−m2+(µ2+η2)d)

2

e−
cπ
d (n2+m2+(µ2−η2)d)2

+ 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
aπ
d (n1−m1+(µ1+η1+1)d)2 e−

aπ
d (n1+m1+(µ1−η1)d)2

e−
2bπ
d (n1−m1+(µ1+η1+1)d)(n2−m2+(µ2+η2)d) e−

2bπ
d (n1+m1+(µ1−η1)d)(n2+m2+(µ2−η2)d)

e−
cπ
d (n2−m2+(µ2+η2)d)

2

e−
cπ
d (n2+m2+(µ2−η2)d)2

+ 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
aπ
d (n1−m1+(µ1+η1)d)

2

e−
aπ
d (n1+m1+(µ1−η1)d)2

e−
2bπ
d (n1−m1+(µ1+η1)d)(n2−m2+(µ2+η2+1)d) e−

2bπ
d (n1+m1+(µ1−η1)d)(n2+m2+(µ2−η2)d)

e−
cπ
d (n2−m2+(µ2+η2+1)d)2 e−

cπ
d (n2+m2+(µ2−η2)d)2

+ 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
aπ
d (n1−m1+(µ1+η1+1)d)2 e−

aπ
d (n1+m1+(µ1−η1)d)2

e−
2bπ
d (n1−m1+(µ1+η1+1)d)(n2−m2+(µ2+η2+1)d) e−

2bπ
d (n1+m1+(µ1−η1)d)(n2+m2+(µ2−η2)d)

e−
cπ
d (n2−m2+(µ2+η2+1)d)2 e−

cπ
d (n2+m2+(µ2−η2)d)2
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= 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
2aπ
d (n1+µ1d)

2

e−
2aπ
d (m1−η1d)2

e−
4bπ
d (n1+µ1d)(n2+µ2d) e−

4bπ
d (m1−η1d)(m2−η2d)

e−
2cπ
d (n2+µ2d)

2

e−
2cπ
d (m2−η2d)2

+ 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
2aπ
d (n1+(µ1+

1
2 )d)

2

e−
2aπ
d (m1−(η1+1

2 )d)
2

e−
4bπ
d (n1+(µ1+

1
2 )d)(n2+µ2d) e−

4bπ
d (m1−(η1+1

2 )d)(m2−η2d)

e−
2cπ
d (n2+µ2d)

2

e−
2cπ
d (m2−η2d)2

+ 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
2aπ
d (n1+µ1d)

2

e−
2aπ
d (m1−η1d)2

e−
4bπ
d (n1+µ1d)(n2+(µ2+

1
2 )d) e−

4bπ
d (m1−η1d)(m2−(η2+1

2 )d)

e−
2cπ
d (n2+(µ2+

1
2 )d)

2

e−
2cπ
d (m2−(η2+1

2 )d)
2

+ 1
d2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
µ1,η1=−∞

∞∑
µ2,η2=−∞

e−
2aπ
d (n1+(µ1+

1
2 )d)

2

e−
2aπ
d (m1−(η1+1

2 )d)
2

e−
4bπ
d (n1+(µ1+

1
2 )d)(n2+(µ2+

1
2 )d) e−

4bπ
d (m1−(η1+1

2 )d)(m2−(η2+1
2 )d)

e−
2cπ
d (n2+(µ2+

1
2 )d)

2

e−
2cπ
d (m2−(η2+1

2 )d)
2

= 1
d2

∞∑
µ1,µ2=−∞

e−
2aπ
d (n1+µ1d)

2

e−
4bπ
d (n1+µ1d)(n2+µ2d) e−

2cπ
d (n2+µ2d)

2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
η1,η2=−∞

e−
2aπ
d (m1−η1d)2 e−

4bπ
d (m1−η1d)(m2−η2d) e−

2cπ
d (m2−η2d)2

+ 1
d2

∞∑
µ1,µ2=−∞

e−
2aπ
d (n1+(µ1+

1
2 )d)

2

e−
4bπ
d (n1+(µ1+

1
2 )d)(n2+µ2d) e−

2cπ
d (n2+µ2d)

2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
η1,η2=−∞

e−
2aπ
d (m1−(η1+1

2 )d)
2

e−
4bπ
d (m1−(η1+1

2 )d)(m2−η2d) e−
2cπ
d (m2−η2d)2

+ 1
d2

∞∑
µ1,µ2=−∞

e−
2aπ
d (n1+µ1d)

2

e−
4bπ
d (n1+µ1d)(n2+(µ2+

1
2 )d) e−

2cπ
d (n2+(µ2+

1
2 )d)

2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
η1,η2=−∞

e−
2aπ
d (m1−η1d)2 e−

4bπ
d (m1−η1d)(m2−(η2+1

2 )d) e−
2cπ
d (m2−(η2+1

2 )d)
2

+ 1
d2

∞∑
µ1,µ2=−∞

e−
2aπ
d (n1+(µ1+

1
2 )d)

2

e−
4bπ
d (n1+(µ1+

1
2 )d)(n2+(µ2+

1
2 )d) e−

2cπ
d (n2+(µ2+

1
2 )d)

2

j∑
m1,m2=−j

e−
4πi
d (k1m1+k2m2)

∞∑
η1,η2=−∞

e−
2aπ
d (m1−(η1+1

2 )d)
2

e−
4bπ
d (m1−(η1+1

2 )d)(m2−(η2+1
2 )d) e−

2cπ
d (m2−(η2+1

2 )d)
2

.

= 1
d g2σ(n1, n2) F[g2σ](2k1, 2k2) + 1

d g
+0
2σ (n1, n2) F[g+0

2σ ](2k1, 2k2)

+ 1
d g

0+
2σ (n1, n2) F[g0+

2σ ](2k1, 2k2) + 1
d g

++
2σ (n1, n2) F[g++

2σ ](2k1, 2k2).

Lemma 2 allows us to transform this relation into the formula from our theorem.

Discrete-continuous correspondence

The definition of gσ, the relation from Theorem 1 and the relation from Theorem 2 can be written as:

• gσ(n1, n2)=
∞∑

α1,α2=−∞
gσ

(
(n1+α1d)

√
2π
d , (n2+α2d)

√
2π
d

)
.

• F[gσ](k1, k2)=
∞∑

β1,β2=−∞
F [gσ]

(
(k1+β1d)

√
2π
d , (k2+β2d)

√
2π
d

)
.

•Wgσ (n1, n2, k1, k2)=Cσ
∞∑

α1,α2=−∞

∞∑
β1,β2=−∞

(−1)α1β1+α2β2

Wgσ

(
(n1+α1

d
2 )
√

2π
d , (n2+α2

d
2 )
√

2π
d , (k1+β1

d
2 )
√

2π
d , (k2+β2

d
2 )
√

2π
d

)
.
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