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EXERCISES

B Exercise 1
Find the general solution of the equations:

Yy’ + 4y +3y=0.
y' +4y +4y=0.
Yy’ + 4y + 5y = 0.
v"' =y +y —y=0.
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Exercise 2

Solve the equations
y =3y
y/ — ly + Te—

x

2 //+xy +y_0

Exercise 3
Solve the equations

2z 4+ y)dx + xdy = 0.
(24 %)dx + dy = 0.
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Exercise 4
Solve the sytem of differential equations
{ vi = 2y1 — b
Y2 = Y1 + 22
B Exercise 5
Find the eigenfunctions of the momentum operator
p=—id
corresponding to the eigenvalues AeR,
that is, solve the differential equation
— =M.

by looking for complex functions as solutions.
B Exercise 6
Find the linear second-order differential equation
with variable coefficients satisfied by the function

()

1,.2
=xe 27,
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Theorem ( Euler’s equation).

change linear equation with

(n)
’aom Yyt tanazy fany = 0‘ —o! constant coefficients

Theorem (Primitives of a continuous function)

We have
Primitives of f are: )= f(x
Frlad) ok | g ) 7@
fi(a,b)—=R . x
continuous ) :7{ f@)dt+C (i(ff(t) dt) = f(z)

xo € (a,b) is fixed

for any x € (a,b).

Theorem (Separable equations).
The solution y(z) of y o

- , [ —~du=

y' = f(x) g(y) | is defined by 9(u)

Yo
Linear equation.

To, Yo constants, g(yg)#0.
y'=f(x)y| has the general solution |y(z)=Ce
Method of the variation of parameter.
’y’:f(x)y+g(x) ‘ admits a particular yp(z)=C(x) ofe FB)AE

solution of the form
Linear non-homogeneous equation.

f f)dt+C

2 f(@de

general solution of
y'=f(x)y+g(x)

a partlcular solution of

general solution of
1y =f @)y +g(e)

Y =f(x)y

SOME DEFINITIONS, THEOREMS and REMARKS
Theorem (Linear equations with constant coefficients).

The space of all the real solutions of
apy™ +ary" T+ tan Y +any=0 (1)
where ag,...

,a, €R, is a real vector space of dimension n.

Definition. The polynomial
PA)=ap\"+a A\ - a1 A an
is called the characteristic polynomial of the equation (1).
Theorem (Particular solutions).

’y(x):e” is a solution of (1) ‘@ P(\)=0
Definition (Complex exponential).

’ eletBz — 00T o5 B+ e sin S ‘

Theorem. General solution of  agy” +a1y’+asy=0.

P(\)=apA?+ajA\+az has the roots )\ngﬂ— V;(i_m.
General solution:
e Mi#FER = y( )=
L IPVEDTED) y(z)=
° )\1}2 :ai/Bl (3?

& e)‘l‘”—i-Cg e)‘”’
4 e +Cox et
=(C1 e cos Bx—i—Cg e** gin Bx.

Theorem (Ezact equations).
The function F:D—R,

0

2= F(z,y)= [, Pde+Qdy,
in a simply N where 7:[a,b]— D is an arbitrary path
connected connecting a fixed point (xo,yo) with (z,vy),
domain D defines a function satisfying the relation

P(z,y)dz+Q(z,y)dy=dF

Remark.

In D, the equation P(z,y)dz+Q(x,y)dy=0 can be written as
dF =0, and its solution is described implicitly by F(z,y)=C.

Remark. By denoting Y (z)= <y1 (»’U)) A= (Gu a12>

UQ(I) a21 Aa22

can be written as

{ Y1 =0a11Y1+012Y2

Yo =a21Y1+a22Y2
Theorem.

The space of all the real solutions of Y’'=AY,
where a;; €R, is a real vector space of dimension 2.

Definition. The polynomial

_ aip—A ai2
P(/\)_ a21 a2 — A

is called the characteristic polynomial of Y'=AY.

Theorem (Particular non-null solutions) P(\)=0 and

Y(z)= (Z) M £ (8) satisfies Y'=AY & A(p) —)\(p> .
q q

Theorem. If \; and Ay are the solutions of P(\)=0, then:

° /\17 /\2 eR
= Y(z)=C (p1> eMT 4Oy (p2> et2t,
q1 q2

()~ (o)
- Y (z)=C1Re { (Z) e(a+ﬁi)z}

linearly independent
1Cyom { (g) e<a+ﬂi>w} .

_ 2
=A—(a11+a22)\ + a11a22 — a2a21

[ ] /\LQZO[iﬁigR
A(g):(a—kﬂi) (Z)



B SOLUTIONS

Exercise 1.
We use T2 and T3.

NHAH3=0 = M =-1, Ay =—

TS = y(:l?):cl e T+ (s e 37,
N +H4=0 = A=) =2

T3 = y(x)=Cie 2"+ Coze 2",
NHAA+5=0 = Aao=-2+1.

T3 = vy(zr)=Cie ?*cosx+ Core **sinz.
A=1D)(X2+1)=0 = M\ =1, Ayg= =i

73 = y(x)=C1e"+C5 cosz+ C5 sinx.

Exercise 2

(=] W

We use T7.
The equation can be written successively as follows:
y/:%yv %:%v (lny)/:@

Iny=Inz+InC,
We use T8 and T9. Looking for a particular solution
of the form y,(x)=C(z) z we get successively:
C'z+C=1 C ztae™?, C'=e",
z)=[e *dz=—e"" and consequently yp(z)=—ne
T9 = the general solution of y' = %y +ze " is
ylx)=Cx—ze~

y=Cx.

(=]

—x

T

We use T4, T2 and T3.
We use the change of variables:

Tt e r=e', y(x)=2z(Inz),
Yy 2, satisfying =lnz, 2(t) =y(e).
Since y'(z)=2'(Inz)(Inz) =12 (Inz),
y'(2) ==z 2'(Inz)+ 5 2" (Inw),

in the new Varlables the equation becomes
e (—k 2+ & 2) +el L 2/ +2=0,
that is 2" +2=0.
Because \2+1=0 = A2 =,
and consequently, T3 = 2(t)=C} cost+ Cy sint,
we get y(x)=C4 cos(lnz)+ Cy sin(ln z).
Remark.

The given equation can be written as

(:r I +xdT +1> y=0.
and by using the operatorial relation
we get the equation for z(t),

(theftC(iit 7td+eteftd+1) —=0.
namely, 2”+2z=0.

B Exercise 3
The equation is exact in D=R?,
0Qz+y) _ 1= 0z

oy oz *
By using T10, R3 and the path
7:[0,1] = R?, (1) = (xt, yt)

connecting (0,0) with (x,y), we get

1
F(z,y)=[(2z+y)dz + zdy= [ [(2xt+yt)x + xty] dt
gt 0
1 o (t=1
= (222 +2zxy) [tdt = (222 +2zy) % 0:x2+xy.
0 =
The given equation can be written as (see R3)
d(x?+zy) =0,
and its solution is described by
22 4+zy=C,

namely y(x):%—a: for x#0.

@ This equation can be reduced to the exact equation
by multiplying it with the integrating factor u(x)=x
The two equations have the same solutions, namely

22 42y=C.
B Exercise 4
The system can be written as Y’ =AY, where.

- () 4-(F 7).

‘:O = Ai2=2+i and

In this case,
2—x -1
1 2—A

(0= () = 0-()

By choosing the eigenvector , we get (see D2 and T13)

—i
vi(e) =C} Re 1. e(F)z L 4 Cy Jm 1. e(2t)z
ya(x) —i —i

e%® cosx e*ginx
=01 (62” sin x > +Cs (—eQz cosx) ’

C €%® cosx+C5 e®® sinz,

that is
y1(r)=
ya2(z)=

Cy e*® sinz—Cy e®® cosz.

B Exercise 5.
The equation can be written successively as follows:

-1 =X,
P=iAy,
L=in
(@) =Ce,
P(x)=C (cos(Ax)+1i sin(Az) ).

B Exercise 6.
Because
Y(x)
'(/J/(./I;):e_%zz _ g2 e—gacQ’

(@) =—ze 2% —2pe 3 4gdem3

1,2
—=qxe 2% ,

P (x )f—Sxefix 23637
the function 1 satisfies the equation
—P" 2 =3¢
Remark.

The last equation written in the form
—3¥" 3’ =3¢
shows that is an eigenfunction of the Hamiltonian

1,2

H=—3i5+3
of the quantum harmonic oscillator
corresponding to the eigenvalue Fy =<

It describes the first excited state.



