An introduction to MATHEMATICAL DESCRIPTION OF QUANTUM SYSTEMS‘

Nicolae Cotfas, version 28 Jul 2021 (for future updates see https://unibuc.ro/user/nicolae.cotfas/ )

From a mathematical point of view:

Quantum system = a complex Hilbert space H.

AXIOMS OF QUANTUM MECHANICS

B Definition. Closed system = a perfectly isolated system.
Open system = an imperfectly isolated system.

A rayin H is a set of the form { Al) | 0£NeC }
described by a representative |¢)) with |[¢||=

(Yly)=1.

Normalized vectors el?|1)), with 9 € R, represent the same ray.
B Azioms of quantum mechanics (for closed quantum systems).

e Aziom 2. Observable = a self-adjoint operator A€
o Aziom 3. Measurement. The measurement of an

@

the value of the corresponding eigenvalue.

then the outcome ay, is obtained with a priori prob

e Aziom 1. Pure state = ray |¢) in a Hilbert space H

observable A:H — H with the spectral decomposition

_ the orthogonal projector
onto the eigenspace of ay,

prepares an eigenstate of A, and the observer learns

If the quantum state just prior to the measurement is |1),

AH).

)

ability

| problax) =I| Exlv) |I%= ([ Ex|¢) =tx(Ex [0) (0]) |

B |¢)

B[]
If many identically prepared systems are measured

measurement is that is |¢) collapses to

value of the outcomes is

If ay, is attained, then the quantum state just after the
E|v)
(A

each described by the state |1), then the expectation

)

[(A) = ak ([ Exlv) = (6] Alw) = tr(A]p) (¥]) |

e Aziom 4. Dynamics. The time evolution of a closed

[()) =U (', ) |4 (1))

Schrédinger equation

() =H(t) [(t))
where H(t) is the Hamiltonian of the system.

system is described by unitary operators U(t',t):H — H,

The infinitesimal time evolution is described by the

e Aziom 5. Composite systems.

H 4 =Hilbert space of system A

‘Hp =Hilbert space of system B =

HAQHEB.

Hilbert space of the
composite system is

is the product [¢) 4 ® [¥) 5.

If the system A is prepared in the state |1)) 4 and B
in the state |¢)p , then the composite system state

6
Measurement in the orthonormal eigenbasis of A

(11 |12) =amplitude probability that 15 is in state ;.

If the eigenvalues of A are distinct, then A=Y ag|vr) (Vxl,

B Theorem.
ae (@22 Pl Wil | 0<p;, qe <1,
Two probabilistic - -1
representations of | = gkler) (Pl |22 Pi= 2 k=1

a density operator
7 o are related
through a unitary
transform

(see BT at pag. 9)

i

There exists a unitary
matrix (u;z) such that

VPil¥5) Z%:Ujk\/CTkWQ
0€D(H) 0<p<L
FEzxpectation value of

an observable A
in a state o is

’Qisapure state‘@’gﬁ:g‘@’trf:l‘@’HgHzl‘.

’ o is a mixed state‘ @)’ 927&@‘<:>’ tr o?< 1‘ @’ [lol| <1‘.

=

[(4)=(4),=tr(A0) = tr(0A). |

0ED(H) '
KeU(H)} =  KloKeD(H).
D(H) is a
01,02 €D(H) B
cogﬁiggget, Der<l (= (1=X)o1+ro2€D(H).
o is an extremal point of D(H) :
. =(1=A)o1+Ao2
14 s 5 PUre | o=( )
Ldlleisa gage 01,00€D(H), = o1=02=0.
0<A<1

QUBITS (quantum bits)

B Definition. )
Qubit = quantum system with a

B Remarks:
By choosing an orthonormal basis {|0), |1)} in H,
H={ca|0)+5|1) | @, 3€C} can be identified with

e=flo=(5) |asech=won-cn
<w1w2>=alﬂl+a2ﬂ2:k§0¢1(k>wz<k)

two-dimensional
Hilbert space H.

Computational _ 1 B 0
statre) basis is 0)=[1)= <0) ;D= = (1> .
The “bra - ket” -  (a

correspondence Wl=(a B) & |v= (5) )

B Theorem.
e In the complex Hilbert space of linear operators

L£(C%)= {A:CM C2 } (A,B)=tr(A!B),

A is linear
operator

By =) (W and  prob(ag)=|{tbk|v)|2. the Pauli operators (several notations are presented)
| B| DENSITY OPERATORS o —]I—( 1 0) N —X—<O 1)
0o=1= ) 1=0Uz= - )
u A pure state |[¢) can 5 01 10
alternatively be described |Ey:H—=H, . . . Ey =0, 0 —i 1 0
- satisfying =g =Y = —g.=7 =
by using the orthogonal Ey=[1) (| tr By =1. ox=oy=Y =\, () 03=0.=2=| ( _
projector corresponding to |¢)
B Definition. ) form an orthogonal basis: (o, 0%) =241, and
% density operator 0:H—H satisfying QZ_O, t_ 222 _ 0 for ik
is a linear operator tro=1.| 0;=0;4, oi=03=03=1 0jor+0o}0; or j#k.
Qalrllaggégls?sitér?f = a density operator o : H —sH. there exist rg, 71, 72,73 €C such that
A= 3(rooo+rio1+r02+7303
Set of all the Set of all the (6] Acc(c?)= 2 )

D(H)= =

quantum states | —| density operators |

1

Purity of a state o is satisfying g <tr 0’ <

2
T 1
@ Fidelity of two states is  F(01,02)= <tr\/ 0% 0207 > )

A mized state = a state which is not a pure state.

1.

To —|—’I"3 7‘1—i7"2

71 +iT‘2

_ 1

2

To—Ts3

( )

Eigenvalues of A€ L(C?) are A\j 2= UESVASRELRak} W
AeL(c?) tr A=ry.

=
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e In the real Hilbert space of Hermitian operators The transform D(C?)—D(C?): Q._>e—i%0y Qeig%
[9] A(C?)={A:C*—~C?| A=A}, (A,B)=tr(AB), corresponds to the rotation of 23 around Oy
the Pauli operators form also an orthogonal basis. 71 cosf 0 —sinf 71
there exist rg € R r=(ry,re,73) ER3 Q3= Q3: | 72 | = .0 1 0 T2
such that A = 1(roI+r-o) "3 sing 0 cosd "3

AcAC?)=

ri+iry ro—rs corresponds to the rotation of 23 around Oz

_1 <r0+7“3 1—iT2) The transform D((CQ)%D((CQ):gHe’i%”ZQei%"z

N 71 cos) —sinf O 71
Eigenvalues of A€ A(C?) are \; 2 = TOTHTH Q35— Q3:| ra | = | sind  cosf 0 o
ACAC®) = | A>0 & [Irf|<n | r3 0 0 1)\
. - 28| For any U €U(C?), there exist 6, , 3,7 €R such that
_1 . : den81ty TO—l - y o ’ s &y My -
o(r)=3(rol4r-0) is a operator = {|r|| <1. o (e? 0\ [cos g — sing e !z 0
The set of all _ U=e 0 ¢%) \sin?  cos8 0 et/
[14] the density )={o=3T+r-0) | |Ir||<1}| 2 2
fors |
gpera olrs ° ¢ 0eD(C2 Ny o Ll For any U €U (2)=U(C?), the transform
igenvalues of o€ D(C?) are 2= 5. D(C2) - D(C2): o U U
Purity of o€ D(C?) is % € [%, 1] . corresponds to a rotation of the Bloch sphere Q3.
o Q3 > D(C?): B Bit versus Qubit
= o(r)=5(I+7-0) . Indivisible unit of classical information.

Bloch sphere .

93:{r€R3| llr||<1} 18 a one-to-one map.
r corresponds
to a pure state

. It describes the state of a two-state classical system.
. It takes one of the possible values 0 and 1.
. There exists only one observable.
there exist . ge can H;)ea§ureha bit .Wit?hofut dist.urb.ing it. .
- 0 <0
1Y) is a N 0€l0,n] |vp) =cos £]0) +sin §e'#|1) . We can obtain the entire information it encodes

, by a single measurement.
pure state pe [O’ 27T) (a phase factor e'” is ignored) Y &

< |lrll=1] Bt

S T W N

such that
1 1’. indivisible unit of quantum information;
14cosf sinfe—i¢ 2'. Tt describes the state of a quantum system
=y)(¥|= (sm 0ei®  14cosd ) with a two-dimensional Hilbert space H.
3'. It takes any of the values

corresponds to |4) = a|0)+b|1) =cos Ze'#0|0) +-sin Zei¥1 1)
r=(sin 6 cos ¢, sinf sin ¢, cos ) € 9Q;. 7ei¢02(cos s ‘0>+Sij o)1)
= 2 2

Orthogonal pure states correspond to diametrically where {|0), [1)} is an orthonormal basis of

. . _ 3 _ .
opposite points of ?Qg—{reR | [[r]|=1}. Qubit and =1 —¢o. The physically irrelevant phase
Spectral decomposition of Pauli operators i .
il | factor €'¥9 can be ignored.
0r =12y Tz |—|1z) x|, where [12)= |+>:ﬁ<‘0>+|1>) 4'. There exist more than one observable.
* e B |z) = |—>:%(\0>—|1>) 5'. After a measurement, the state before the
11,) =L (|0)+i|1)) measurement [¢) collapses to a known state
oy =[Ty)(Ty[=[4y){{y |, where Y \{5 . which, in general, is different from [¢).
o [y >:ﬁ(‘0>_1‘1>) 6'. If the state |10y =a|0)+b|1) of a qubit is
|1.)=0) unknown, then there is no way to determine
o =[12) (T [—[{:){: |, where 14.)=|1) a and b with a single measurement.

A2=] = ’emA:cosﬁ]H-i sinh A ‘7 for any § €R. If we measure a qubit in the state |¢)) =a|0)4b|1) in
P the eigenbasis {|0),|1)} of 0., then |1/1> collapses to
o2=1 = e 139 = cosy  —lsing ) |0) with the probability \a|2—cos2 02, and to
—ising cos & |1) with the probability |b|? =sin
0 0 The state before the measurement |)) —a|0>+b|1>
- ~ifo, _ (%2 THW3 is a coherent superposition of |0) and |1).
3] 2=l = ooy 3 503 perp 0) and 1)
Sing  COSg It is not a probabilistic mizture of |0) with the

i 0 probability |a|? and |1) with the probability |b|?
o?=I = e—ifos — ¢ Y because, the state |1)) depends not only on |a| and |b],
0 ez but also on the relative phase ¢ of a and b.
Through Q3 —D(C?):r — o(r)=3(I+r-0), The result of certain measurements depends on the
. . i . .
the transform D(Cg)%D(CQ):QHe_Ig% Qelg(’l‘ phase factor €' (there exists quantum interference).

corresponds to the rotation of 23 around Ox If we measure [1)) in the eigenbasis {|+),|=)} of o5,
- 1 0 0 - then the state before the measurement |¢) collapses to

Qs— Q3| 7| > |0 cosd —sind | |+) with probability |a+b|%/2= ’cos +sin oe“"‘ /2 and
T3 0 sinf cosf T3 |—) with probability |a—b|%/2=|cos & —sin £ ew‘ /2.

[\

[N}
EIgE



[ D] COMPOSITE QUANTUM SYSTEMS

B Definitions and notations:
‘H,="H , = Hilbert space of the main quantum system.
‘Ho=H, = Hilbert space of a reference quantum system.
{Igh}={lj). } — orthonormal basis of H1=H,
{|k),} ={|k), } — orthonormal basis of Ho=H

o) =), @), = @), ®[1h)g

| {ortinliatia) = (p1lo) (v iia) |
(tk|jl) =0, Ore

Pure state of the
composite system

@) eH, @ H,
Quantum state of the

composite system | o= Z g klik) (je|
0:H1QHs—H1R@Ho .5,k

— Y @2 =1.
ik

D) :Zk Ok |ik) | (D|D)

020,
tro=1.

alpy) ={alp) [¥)

{blp) = (bl) |0)

(abl), = (ale) (O]
(abl), = (bl¥) (al

For H1®Ho- l)’;'—ll ®Ho we define the operators:
fa|T : Ha@Ho—=Ha : [p0) = (a|T|p))
0T Ha@Ha—=Ha o o) ,(a|T| )

T‘b>l cHo > HIQHS - |w> }—)T|b’l/)>
T|b), : H1—=H1@Hz : ) —T|pb)

A:Hy—H, ARB: H1QHo — H1QHo
= ’(

1<a| :7-[1 ®’H2_>H2’
{0 H, OH, = H,

(ab|: H, —H},
(ab|:H, - H*

[6]

B:Hy—Hs A% B)(py) =(Ap)® (BY) |
linear operators defines a linear operator.

trT'= Z<JkIT|Jk>
tr, T'= Z {15
wT=3 (k(TE).
trT:trl‘éCrQT:trztrlT

For H1®@Hs ——H1@Ho
tr, T Ho — Ha,
tr,T:H1 —H

m Fundamental formulas:
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16

(17] Hi@Hy S H @My =

Ne) oo

DO
s}

N
N}

] — —
—

[\
w

24

For 0:C?®C? - C?2®C?,
trio=
980
980

g:

10
€00
11
00

= 2 ofilik)(jel =

i,5,k,¢

HAH > te(|p) (W] A) =
tr, (I (|b

tr, (T(I®

tr((A® B)T
tr((A® B
tr((A® B)T

H1QHs —)7‘[1 ®H2

density operator

00
Qo1
Q01

10
Qo1

00
011

911
10
011

911

Q(l)O
Q?o
3
9%0

=

Q01

B Schmidt form:

W Purification:

tr(l)(¥]) = (Wle)
5] i]70) =04 1£), <ik|3>1 dij z</f\
zz<j|w>®|j>2=|wp>
J
{p11AR Blp2), = (p1|Alp2) B
11
2<¢1|A®B|¢2>2:<¢1|B|¢2>A
AH—H tr,(A®B)=(tr A) B
B:H;—VH;} tr,(A® B)=(tr B) A.
o191 (22| = 01) (02| ® [t61) (a].
tr, (J1901) (pata2|) = (pale1) [11) (Y2l
14
tr, (Jp101) (pathal) = (Y2(v1) |w1){p2l.
T tr, )k =, (k|tr, T|0), =S T9F
e
Tip = (ik|T'|5¢) (tr,7)s = (ilt, T|5), = ) T

Given

By choosing

we get

tr, 0= Z Al

Jik,L

tr,o= Y ol

1,5,k

i)l

Z 2<k|T‘€>2 ®|k>2 2<£| =T

k¢

T

b

(
b)

(
)
(b

(W] Alp)
)T) = ,(b[T|b),
1)) = (b|T|b),
tr(A tr,(I® B)T))

tr((A®1)(I® B)T)

)
)
)
(

[ tr((A@T)g)=tr

)=
(
tr(B tr, (A®D)T))
(
)

)
(A t1,0)]

| tr((I2 B)o) =tr(B tr,0) |

tr 0: Ho — Ha,

tr,o:H1—Ha
density operators

troo=

0
tr (980
Qoo

10

N AN
ry i1 11 ) Yl 44
Q00 Qo1 010

0
©00 011

0
20! 010
o1 |t 11
901 010

00 011
00

Q8(1’> e[ 10

QOI 910

00

10
11 |

00
011
of1
019

11
011

|©)
with {¢x} chosen such that
tr,

2; O o) @14,
)

|@)(P|

r—1
=" prlew) (ol
k=0

> ‘I’kj@li Dk Oke-
J

W]k> = \/%Z (I)kj|]>2
J

@)=

;Z_:: VPr|0k) ®|[Vr)

’mixed state = tr, (pure state) ‘

Given

0:C"—C", o= Z Prlor) (prl,

{lor) orthonormal basis in C™

{|®x)} orthonormal basis in C™,

b h : n—1
FERSIEEL ey = X vprlen) @lun)

k=0

we get o=tr,|D) (D]
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ORTHOGONAL MEASUREMENTS

B Description of a measurement
e To perform a measurement {P;}7~, Lof A,

P;P,=6;,P;, Pj=P], ZPj:H
=0

we use a n-dimensional pointer B with
fiducial orthonormal basis states {|j)}}_ 0
e The unitary operator U:H ,QH , —>7—l ®7{B,

U=3 F; ® k) (H
WL
transforms an initial state |¢)) ®|0) into
0 =U(j9)®[0)) =3 Pil) @),
J

that is, it correlates the states of A and B.
o If we perform the measurement {I®|j)(j|},
the outcome j occurs with probability

;= (W|(12[5) GDIY) = (| P]0) |
and the post-measurement state of A&B is
IS GDIY) _ Pi®l) _ _Bile) o 15)
N P )1~ T1P;[9) :
The post-measurement state of A is
@ Pjly)
1P [9)1 |
e Once the system becomes entangled,the state
of A is described by the operator

zpﬁﬁpm;’ =2 P l) 1.

o If the initial 5tate of our system is a mixed
state o, the measurement modifies it as

Q'—)ZPJQP]

J
® Example. Qubit A (system) & qubit B (pointer)

ENTANGLEMENT

System state: [) =a]0)+5|1),
Orthogonal proj.: {Py= |O>(0| P =1)(1]},
Pointer basis: {l7)j=o={l0),[1)}

Entangled correlated state:
[9]  19)=U($)®[0)=al0)®[0)+[1)@]1).
If we measure B in basis{|0), |1)}, that is, the

measurement {I®]0) (0], I®|1)(1|} of A&B:
Outcome Probability Pos%—mea?urement
state of A

0 |af? 0)

10
N 1)
B Remarks. Since PJT =F;= sz7

n—1 n—1
o can be o _
J;OPJ_H written as Z PJ'PJ_]I’

b
pi=WIP ) | SR s | P =tr(Pi) (| P)) |

If the state just prior to the measurement is o, then

the outcome j is obtained o ot
with a priori probability |Pi =tr(P; QPJ’) :

If the outcome j is attained, then

the state just after the | PieP}
measurement is p;i |
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GENERALIZED MEASUREMENTS

m Definition.

a system of 3
A generalized ;¢ measurement ... ' M;f M =L

measurement operators =
Mk H—H -
k occurs with _ +
® the probability P* =tr(MyoMy)
In a state o . ot
if k£ occurs, post- . _ MyoM}
measurement state > 6= T p
B Theorem.
In th e k occurs with —||M, |¢>||2
n the case | ® the probability Pk = 14k

f .
3 gta%cepms o i k occurs, post- o Mily)

measurement state S k-

Post-measurement states need not be orthogonal.

A rr%:;s%?égiit is repetable < it is orthogonal.

B Theorem (Naimark)

m—1
o Y MM;=I,
k=0

e Any o pr=tr(Myo, M),
generalized Mo, M
measurement ® 0, T 0=
in H, can
be described I

by a standard -
observable on | There exist: )
a larger Hilbert | ® H, of dimension m (called
space H , ®@H, apparatus, pointer or ancilla),
(7}'113 represents e an initial state g, =|w){w| of H,
the apparatus). e an entangling unitary transform
U

H,QH, = H, QH,
which correlates the states of the
system and of the apparatus,

[ ] .
From any such | o o) orthogonal measurement in H

a measurement

T [P = IRk 1y
a generalized corresponding to the orthogonal
measurement measurement {IQ P} in H,@H,

inH, is _
obtained by such that:

restricting the o Myly)=,(k|U[yw)
attention to o pr=tr(Up,®0,UTP,)
H, alone

(as an indirect =tr, (5(k|Uo, ® 0, UT|'I€>B)
measurement). | o 0, 0 _trp(Ue,®e,UNIRP:)
Ak Pk
_ ptklU0, @0 UMK},
- Pk ’
B Remark.

We obtain an information about a system by coupling it
to an ancilla, let them evolve together and then perform
the measurement of an observable on the ancilla.
B Description of a measurement
e To perform a measurement { My} "' of A,
we use a m-dimensional pointer B with
fiducial orthonormal basis states {|k)}7" .
e The unitary operator U:H ,®|0) —>H , QH,,

U= My |j+h)(j
Js

transforms an initial state |¢)) ®|0) into
[9] 9)=U(|9)©10) =5 Mi[¢) ©|R),

k
that is, it correlates the states of A and B.

o If we perform the measurement {I®|5){j|},
the outcome k occurs with probability

[ px = (| (T ) (K])| ) = ([ My )

and the post-measurement state of A&B is

)

A|k) DY) _ Myl|h)®lk) _  My|b) ® |k)
N M TTMe[9)]] :
The post-measurement state of A is
My |)
M) |
m Example. Qubit A (system) &qubit B (pointer)
System state: [y =a|0)+5]1),
Orthogonal proj.: {Ey=|0)(0], E1=|1)(1|},
. 0) 10") = 5 (10)+[1))
Pointer bases: | and v2
1) 1) = 5(10)—[1))

Entangled correlated state:
U(|¢)®[0)) = Eol¢) ®|0)+E1|¢) ®|1)
=Mo|¢))®[0") + M [¢) D 1),
where _— 10 — 1 0
°=va\o 1) "' va\o -1)°
If we measure the pointer in {|0'), |1")}, we get:
Outcome  Probability Postéggggs&r%nent

0 po={(Y|MIMopy=13 2ol¥d —|0)+8]1)

U pi=(@M{M ) =1 28 —qj0)- 1),

Remarks:

o || #|B| = post-measurement states are not orthogonal.

e The orthogonal measurement {I® |0')(0|, I |1")(1’|}
of A&B realizes a non-orthogonal measurement of A.

POSITIVE OPERATOR-VALUED MEASURES (POVM)

B Definition.

a system of Iy, >0,
A POVM is  operators such that S I=1
Hk H—H A k=2

A probability

pr=tr(oIly)

is attributed to each measurement outcome k.
B Theorem.
(M.} = geheralized = {IT,=M{ M, }=POVM.
For any {Uy}= 8‘8&%1? ors

{II,}=POVM = led
{M, =UpV/1y} = %?gessrgrlezr%ent.

® Remark.
The post-measurement state U ( VITa |9) )
VL)

depends on the unitary operators {Uy} we choose.



- page 6 -

QUANTUM CHANNELS/OPERATIONS

m Definition. A map L’(HA)gE(HA/) 0= &(o)
e is linear if E(ap1+Po2)= ag(gl)+ﬁ8( 2);
e preserves Hermiticity if ol =0 = E(0)T=E&(o);
e preserves trace if trE(p) =tr g;
e is positive (€>0) if 0>0 = &£(p)>0;

e is a completely
positive map if €®

B Definition.
A quantum channel

is a linear map such that |e £>0

E:L(HA) — L(Ha)

A quantum operation
is a linear map such
EL(Ha)— L(Ha)
B Lemma.

I >0, forany H.

L(H) —

tr&(o)=tro

E®1 >0, VH

L(H)

e 0<tré&(p)<tro
that |e¢ £2>0

Exl,,, >0, VH

L(H)

There exist
Any map K H H
. A
o E(o) linear
admitting an operators

m—1
. 5(9):ZO KjoK]
j=

m—1 +
Z Kj K=
§=0

such
that

operator sum T
representation

is a channel L(Ha) £> L(Ha)

o E&(o)

is a channel

B Theorem (Channel-state / Choi-Jamilkowski duality).

£
Up to normalization, L(Ha)=L(Ha)

there exists channel
a one-to-one
correspondence: i
channel EQL)(1ON@]) | {1k}, 112 basis in H,,
T m- {|k), }2=3 basis in H,,
state of a larger = J;O pi [W5) (¥ ol
system H,, @, density operator |2)= ﬁkgo k)4 ®1K)s
B Theorem (Kraus): e
A ma L(Ha) > L(Ha) is a channel
L0~ E(o) 0 £(0)
is a channel

i)

if and only if
There exist K;:H,—H,,

it admits an

operator sum Kj|k>A:\/”PjB<k|‘I’j>A/B

-representation |gyuch that m—1

E(o)= EO

m—1
K;joK], ) KIK;=1
]:

B Theorem (Stinespring dilatatio

m—1
_ T
LOHA) S L) E(0)= J;O K;joK;

A ma o E(o) m—1
o~ &(o) is a channel > K]TKJ- =I
is a channel =0
if and only if iy
it is a There exist:
partial trace e Hp of dimension m
of a unitary

evolution e {|j)s } ! basis in #,,
Hi'rllba larger ° 2 unltary operator

1bert space UH, oM, >H,OH,

with factorized
initial condition actln

Such that.

(0¥l =5 K;lv)@1))

o E(0)=t1, (U(e®]0)(0))UT)
b KJW» =B

J

(JlU$)® |0)

R k.
erar o+ &(p) is a channel

m—1 t
Elo)='% K,oK!
Any channel =0

L
is the partial
trace of a L2
unitary There exist:
operator o Hp of dimenbion m

o {|7)s 175 ! basis in H,

e the unltary operator
UH,—-H,QH,,
Ul) =2 Kl ®l5)

such that:
o E(0)=tr, (UoU")
o K=, jlU

B Theorem.

If o — E(0)is a quantum channel, then
E(density operator) = density operator.

Sum-representation of a channel is not unique.

@ Quantum channels form a semigroup

’E =reversible Channel‘ & ’S =unitary transform‘

Heisenberg picture

i(?):(Jz}(ft)>ﬂ74(z§)<i>;‘tr<Ag<t>>=tr<A<t>g>-

Dual £ of a channel €

;
ol Z;ﬁﬁ ¢ = HAE(0) = (E ().

B Example. Non-selective measurement
(measurement is performed,
but its outcome is not known).

System state: |¥) =a|0)+3]1),
Orthogonal proj.: {Ey=|0){0|, E1= |1><1|}

. o) 10") = —5(10)+[1))
Pointer bases: ) and 1) = (|0> )

The unitary entangling transform

U= ZE ® |k+5) (K,

transforms the product state [1))®]0) as
U([¢)®10)) = Eoly) ®]0)+ Exr[¢) @|1)
=al0)®|0)+5[1) (1)
=25 (al0)+8]1))2|0)
+75(al0)-B1)) (1)
=Mo|¢) @07+ M[g) 1),

where 1 0 /1 0
Mo= f (0 1)’ M= <0 —1)'
For A, considered alone, U defines the channel
[V) (] = E([¥) ()
=trp(U(|¢)®]0)((w|@(0)UT)
= Mo |v) (0| M + M |4) (| M],
that is

) (W] = E() (W) =3 M;[9) (| M].
J
For a mixed state o of A

0 E(0)=Y M;oM].
J




m Example. Depolarizing channel (Ha=C?)
® Description. |4)) with probability 1—p

) o1|y) with probability p/3
Eamasl) o2|t) with probability p/3

o3l1) with probability p/3

Where_ 01 (0 i (10
=\10) 2\ o) P \o -1)

e Unitary representation U,  ,, :C*—C2xC*
By using a 4-dimensional environment E, we
define the scalar product preserving map

)4 = VI=P [ ®0) + /T o), © 1)
+\/g0'2|’(/JA®|2 e T \/%US‘w 2 ®4)g.

e Operator-sum representation.
The Kraus operators are: M, = _(a|U.

MO =4/ 1—p I
_ 3 T My=+/p/301
0 5(9)—aX:ZOMa9Ma My=/pJ30s
Mz=+/p/303
e Relative-state representation.
By introducing a reference qubit R and the
orthogonal maximally entangled states

|67 )ra =75 (100) + [11),

07 )ra = (\00> 11),
[ pa = *(|01> +[10),
%7 )ra = 75 (101) — [10),

when the channel acts only on A, we get
[6T) (@[ —= (1=p)ldT ) (¢F|+ BT ) (v
2] + By,

e Bloch-sphere representation.

0=3(I+P-5) = £(0) =} (I+(1-4p)P-5)

B Example. Dephasing channel
e Unitary representation U, ,, :C?—C?®C2.
By using a 3-dimensional environment, we
define the scalar product preserving map
10, = VI=p[0),®|0); + /P[0), ®[1),
‘1>A =V l—p ‘1>A®|O>E + \/ﬁ|1>A®|2>E
e Operator-sum representation.
The Kraus operators are: M,=_{a|U.

M():\/].—p]:

1 0

2 Ml—\/13< >

0 E(0)=3 MuoM; 00
a=0

e (8 ).

Possible representation with two operators:

1 My=+/1—21
36 — E(0)=Y" M,oM! 0 2
[36] o Elo=3 MaoM] | Vg 2
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e Density operator evolution

gz(go" QOl)He(g):le)@oo <1—p)901>.

010 011 010 011

e Bloch-sphere representation.
0=3(+P-7) = E(0)= 3 (I+(1—p) Proy
+(1*]))P20'2+ P30'3) .

® Example. Amplitude-damping channel
e Unitary representation U, ,, :C?—C2®C2.

By using a 2-dimensional environment, we

define the scalar product preserving map
10),®0)5 — |0), ©10),,

1), ©[0); = VI-p[1),®|0)s+/P|0), ®[1)5

e Operator-sum representation.

The Kraus operators are: M,=_{a|U.

=y i
L ~\o0 vi-p
o E(0)=3 MaoM] 01
= My=/p (o 0)
e Density operator evolution p — E(p) :

(Qoo Q01>'_><900+p911 \/1—pQ01>.

010 011 VI-p oo (1-p) on

AXIOMS OF QUANTUM MECHANICS (for open systems)

Open system= an imperfectly isolated quantum
system which changes energy and information
with its unobserved environment.

B Azioms of quantum mechanics (case of open systems).

o Aziom 1°.

State = | a density operator ¢ with f_QO .

o Aziom 2’.

Measurement=a POVM {FE,} with a0,
Z E, =1

When the measurement {E,} is performed on the
state o , the outcome a occurs with probability

’prob(a):tr(gEa) :
e Aziom 3’. Dynamics. Time evolution is described by
a trace-preserving completely positive map (TPCP)

. trg(g)ztl" 0,
o—E(0) with 1S 0= £(0) 1T, >0.

B Remarks:

e closed system = limit case of open system.

e an open system A can be regarded as
a part A of a composite system A&B
when we observe subsystem A alone.

e every density operator has a purification in
an extended system.

e every POVM can be realized by an orthogonal
measurement in an extended system.

e every trace preserving completely positive map
has an isometric Stinespring dilatation.



ADDITIONAL DEFINITIONS/RESULTS

Exercise.

For a K-vector space V, AcL(V) and f:V— K:
Av=f(v)wv,

for any v

f is a constant function,

| f(v)=A, that is A= I

Theorem (Singular value decomposition).
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UeU(n),
there VeU(m), such
AeMxm(C) = exist (m) that LA=UDV Theorem.
D € M,5m(C)
diagonal A tensor product of tight frames is a tight frame.
Theorem (Polar decomposition). Remark.
UeU(n), The superposition (liniar combination) of states
A M@ = B DM, (0) perpes,on | )
with P>0 |¢>=k21 c|vr)
UeU(n) . e .
J pure state with the density operator
ACMuan(C) = G PEMuan(©) Hi n .
with P >0 o= ) (| =k21|ck\ |vk) <%/fk\+1§‘ck &j [¥e) (51
o . = J
Definition. The second sum contains the interference terms.
A IHIZQ%I:[(E%&)COT ;¢ there exists j consgmt C (0, 00) Exercise.
. : h that < N .
is a bounded operator sue at [|Az[| <Cllz]l, Vo eH Representations as a probabilistic ensemble of pure
Theorem. states of the maximally mixed state of a qubit:

Any linear operator
H—H

‘H is finite-dimensional = |
is a bounded operator.

o 0= 3[0){0[+31){1],
= e o= ) {++3l-)(-,

)

N

i Q:%|Ty><Ty|+%|¢y><¢y|,

Definition.
A tight frame in a set of vectors such | < N/
a Hilbert space H {uy,ug,...,us} that ]gl\ugﬂuﬂfﬂ?-t

o 0= 7]0)(0[+3[1)(1]
H )+ E)
e ctc.

Remark.
Exercise
Exercise.

(A€ AH) = teUH)|

Theorem Discrete (finite) Fourier transform.

Any orthonormal basis is a tight frame.

(ed)f=eA' |

F:Cr—C" n—1 2mig,
F k)= -L —=2kj (4
o Flo] [p](k) \/E];Oe ©(4)

defined by using the identification
{¢:{0,1,...n—1} =>C}=C"

is a unitary transformation. Its inverse is
n— 2

FHlh) =2 & e¥4()

n
J

F~1'=F% where

(pE((p(O), 90(1)’ ) 90(77‘_1))7 .

#11| Theorem Alternative definition of Hq®Hs.

the space of all the
anti-linear operators

T:HQ —>H1.

H1®H2 can be defined as

Exercise.

A mixed state ¢ of any quantum
system can be realised as an
ensemble of orthogonal pure states.

Exercise.

In the Schrodinger picture, the time
evolution of the density operator

d—1
0= Pr|tk) (V|
k=0
for a closed system is described by
ih20=[H, 0,
where H is the Hamiltonian of the system.




. MAIN PROOFS

Axioms of Quantum Mechanics

If {|35)}7_; is an orthonormal basis of H, then
tr(Ex [¢) ()= Z (V5] Ekl) (l5)

S

<1/f| Z |%3) (V5| Ex|9)
§¢|EkW1>
(
|

DI EZ )
Y| B} Ep|y)
|Ex|0)| 2.

If {|¢j)}7_; is an orthonormal basis of H, then

tr(A ) (¥])= Z<¢J|A|¢><¢\¢J>
- f:1<wwg><wj|A|w>
= (| E 1) (W5 Ale)
=<1/J|A|1/}>
and

(A)= EZ: ay prob(ax)
= 3= ax (6| Eul)
= (| ; ax Bl
= (Y| Al).

By = |r) (Vx|
J

prob(ar) = (Y| Erv) = (|v) (Yrl) = [(r|) 2.
Density Operators

o Bl =(ly)(w)) =) (w|=
. (GIEul0)= <¢|¢><¢Isﬂ>—|<¢|¢>l220.

o If we extend the set {|1))} up to an orthonormal
basis {|¥), [¢1), |©2), -, [on—1)} of H, then

n—1
tr By = (Y| Ey|¢)+ Zl<<Pj|Ew|<Pj>
f

=) B+ S el bl =1

ol =0 = o is diagonalizable 0= px|ws) (V|-
k

=1
where {|¢1), |¥2), ..., |¥n) } <wj|wk>:5jk

is an orthonormal basis,

0>0 = pr=(prloltr) >0,
tro=1 = > pp=tro=1
k=1

that is

} = 0<pp<1.

pk<pk
0 —Z Pilvw) (| = tro*= lek< Zpk—

The minimum Value of tr p? is obtained in the case

pr=pr=..=pp==,and itisn S =21.

n? n

3 ) (| =T
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(Case of a qubit).

If r lies on the line segment connecting
/ 1

two points 7/, 1" € 93, then there exists A€ (0, 1)
such that r= (1 /\)r +Ar”, and consequently
o(r)=%(ro I+ ((1=N)r"+Xr") o)
= (1-Me(r)+ Ae(r™).

0<p<l = 0< 3 pl(Weld)P < 3 (Gl P

k=1

<
n lJ/ n
0< kz::1 PP |Yr) (Yr|) < k§1<¢|¢k><¢k|¢>
n \U, n
0<(¢| g::lpk\ﬂfkﬂiﬁﬂ@ <(¥| g::l V1) (Vr[2)
N[
<

0<(Wloly) <(¥[I¥)

I
0<p<I

n n

sz;pk\wwWH = <A>g=k§1 Pkl AlYr)

= i e 0r(A [0 ()
Dr [Vr) (Vi)

We have ||o||?>= (0, 0) =tr 0°.

e 0=[) (Y =0 =|1/J><7/f\1/1><¢|
e 0’=p = Zpk|1/)k><¢k| Zpk|¢k><¢k\

= pkE{O 1}, for any k:
= there exists j such that p;, = dy;

=0 = tro’=1.

0=1[v;)(¥;].
® there exists
j such that = pi<p; = tro’<tro=1.
0<p;<1

Consequently:
tro?=1 = pp€{0;1}, for any k
= there exists j such that py = d;

0=1;)(¥;].
512
of=o, (KToK)'=KToK,
0€D(H) = (YlolY) >0, Vip = (Y|K oK) >0, Vo
tro=1 tr(KToK)=tr(oKK')=1.
B13

(1=N)o1+A02)"=(1=N)o1+ o2,
(@[(A=No1+Ao2|v) = (1=A) (W]e1[¥) +A(Ploz|ih) =0
tr((1=N)o1+A02) =(1=A)tr g1 + A tr oo =1.

B14
“é”

Let o=11){(1|, and let g1, 02 € D(H), A€[0,1]
be such that o = (1 — A) o1 + X g2. We have

*=0= 0= (1-X) o0+ oo,
1= (1—M\)tr(eo10) + Atr(0o20).



Density operators g1 and go satisfy the relations
tr(00;0) = tr(0%0:) = tr(0o;) = (0, 0:)
. < I{e, ei) < lell[el] < 1
tr(ooio) = >0, (5. 00i0¢5) = 35— {0, 0iovs) = 0,
where {[11), [1h2), ...
We have tr(gg10) = tr(oo20) = 1 because
tr(oo10) <1
or

tr(oo20) <1
Consequently,
(0:0i) = tr(00i) = tr(0®0;) = tr(ooi0) = 1.
Since (o, o) =tr 0> <1 and (g;, 0;) =tr 0? <1
in Cauchy-Schwarz inequality

= (1-X)tr(po10)+Atr(oo20) <1.

(0, 0i)* < (0, 0) {0i, 0:)
we have equality
|<Qa Ql>|2 <Qa Q> <Ql7gl>

This is possible only for o=c g;,
where c is a constant. But
tro=tro,=1 = o0=o0;.
44¢”
Let o be an extremal point of D(H) with the
spectral decomposition

0 =3 Pyl =paln) Wl - palto) (.
Z

Each pi must be either 0 or 1 because
O<pr<l1

0 ilpk |th) (V| + (1—px) ; - i) (W]

and this is possible only if
0 = |vw) (Vx| = Z o [0 (51,

and this is impossible since
b ) (owe| = ; ;) (W
|th) = V) (Y |vhr) = ; o [0 (W5]k) =

Qubits

Eigenvalues of A€ L£(C?) are the roots of the equation

ro+T r1—ir
02 3 _)\ 1 5 2
=0.
r1+irg To;Ts -\
C12
_ rotlIr]|
A="5—20
A>0 & and < ]| <ro.

— ro—|Irll
Ay=—"5—+12>0
The diametrically opposite point corresponding to
(0,0) has the angular coordinates (p+m, 0 —).
The corresponding pure States
cos & |0> +sin g el 1)
cos ™52 10) + sm e 8 i(@+m) 1)
are orthogonal.
C21
A2=T = otA =4 1t g4 G742 4 GO 434
2 4 6
:<1—t2, + 45— g—!+...)}1
. 5 7
+i (ﬁ—§+%—%+...)A.
=costl+isint A.

,|n)} is an orthonormal basis of H.
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C25
We have
14rs ri—ire ]_—|—7’:/3 r’l—jré
m(t)( >Rl(t):< )
ri+ire 1—r3 ri+iry, 1—rf
where
r} 1 0 0 1
rh | =1 0 cost —sint T9
4 0 sint cost T3
C26
We have
14rs r1—irg 147G ri—irh
Ry(t)< > RL(t): ( ) )
ri+irg 1—r3 7“/1—‘1-17"/2 1—’/‘é
where
r} cost 0 —sint 1
ry | = 0 1 0 T9
rh sint 0 cost T3
Cc27
We have
1473 ri—ire 1+rf ri—ir)
o g ()
ritire 1—rg ri4iry 1—rf
where
] cost —sint 0 1
rh | = sint cost 0O To
rh 0 0 1 T3
C28

A transform U : C? — C? with the matrix
Uo1 )
u11
is unitary if UTU =UUT =1, that is
[ugo|? + |uo1]? = 1, lugo|? + Juiol® = 1,

luiol? + |ui1]? =1,

(%)

luor|* + |un|* =1,
and

Ugou1o + orunn =0,  Ugouor + Urourr = 0.
Matrix U satisfies (*) if and only if it has the form

coséei% —51n5e2
U= B ig B
sin £ e'® cos§e2

This matrix satisfies the last two conditions if and only
if a—c=b—d. Consequently, U must have the form

cos ﬁ els —sin ﬁ ol
U = . ﬁ ﬁ -b+c—a N
sin § els  cos Se e

But, this matrix can be written as

. (a—b)+(a—c) . ,(a,C),(a,b)
(bte cosgelﬁ —smge1
U=e't | 7 wo-ew B —ile=bit@c)
sin 5 e z cos 5
i ix
e 0 cosg —sin g e 'z 0
=¢ 4 o . i
0 % J\sin2  cosZ 0 ez
— it
=e' Rz(a)Ry(ﬁ)Rz(7)7

_a— —

b __a—c
45 and y=

where 6= b;‘;c, «



@ Composite systems

=30 le)
=(¥|p).
Direct consequences of and (page 3).
(k€] . ev) ®1), =§ (kjlew) (€l7)
=§ (kjlew) bes
= (kl|py).

D11

{p1|A® B|p2),

(V1| AR Blipa), =

D12

(k| (l@1) (p2| @ |1h1)(¥2])]56)

D14

tr(le) (V1) =2_(le) ($1)

ApB= 5 |ik) ik 4@ Blj6)
= ZM<Z'7~€|A®BIJE> |ik) (5|
= Zk (A® B); |ik) (5]

= > Aj By [ik)(j!|
ijke

4

= 2};{ A5 By (p1ik)(jele2),
1]

= Z AL BJ (p1li) (jlgp2) k) (€]

:%X e1]i) (i |A|J><J|802>%Be k) (4]
=(p1|Alp2) B
Z A} By z<¢1|lk><ﬂ\¢2>

= Z Al BE (¢1]k) (lba) i) (4]
%<¢1|k><k\3|€><f|¢2> %:Aé |2) (]

= (¢1[Blh2) A

tr, (A®B):Z 1<.7|A®B|]>17

V=]
=>_(jlAlj) B
z(zcrA) B.

tr, (A® B) :2}; S{k|A®BIk),,
4 [o2]
:%j<k|B|k>A
=(tr B) A.

(
(il1) (2l ) (kl1) (¥2] )
(i[p1) (klh1) (2l ) (12 €)
(ik|p1101) (patba|j).

tr, (lp1901) (pata]) =tr, (l01) (p2] @ [11)(P2])
I [o15]
=tr(|e1)(w2l) [¥1) (¥2])
I [os]
=(2|1) |p1)(pal-

T= Z |ik) (ik|T|56) Gl =

ik|(|p1)(p2l7) @ [¢1)(W2|€))

4
tr, (T® (6)(0]))T) =
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tr, (|o1901) (p2ta]) =tr, (J1) (o] @ 1) (12|
U [13]

=tr(|1h1) (¥2]) [1) (2]
U [os]

=(p2le1) [¥1) (P2l

T=>_ |ik)(ik|T|56) (G| =

Z i} lik) (50|

e
=5 (1Tr).
=53 T rlik) el

T ijkl
=2 Z T7¥ 6ri 0|} ()

7’1]

ZT”“IW ¢

Jjke

\[8
(kltx, T|0) =" T3}
iT;‘f
z ik |ik) (j¢]
ijke
s
tr,T'= Z (r|T|r),,
=3 X T (k) il

T gkl

=53 Tk Sk buali) ]

T 1_7
;f”k\ i)l
ij
b
<i|tr2T|j>:Zk:T}’z§
(tr, 7)) = Ekj Tk

ijke

(tr, T)k =

D16
Direct consequences of (page 3).
D17
(ad| kZ% LEIT6), ® k), (] ed)
= 2 (ak[Tlef) (blk) {¢1d)

= Z (ak|T)cl) Sprdeq
(ab\T|cd>
D18
er(le)14) = X0 (1¢) (W1 4)1)
=S (ile)l A1)
=3l ALle)
— (lAly).
D19
(L& (B)b)T = 3 ST (1) BYETI [ik) (50

ijke rs

> 2 (@e (o) eDETR 1) (il

ijk rs

=232 6, (k[b) (bl s) Ty 14) (]

ijk Ts

)



ZZ Z<b|5>T}2<k\b> ) (4]
ZZ §< |s) (25T k) (k[b) |2) (4]
=Z<ZbIT|Jb>\ ) (]
:ZI i) (ib|T']jb) (5]
= <b\T|b>2
D20
Aj, = (i Alk) 4
B =(m|Bl0) = 5 AL By Thi=Y 4, 3 6§ By T,
Tkz (k’E\T|zm> ikfm jem
> (A® By T =S AL 1@ B T,
ikém *U ik jlm
Y \(A®B)T)i Xk)A W \(I®B)T)Ew
m lJ/Z m
tr (A®B)T)=3_Aj (tr2((I® B)T))}
llik
tr ((A®B)T)=tr(Atra((I B)T)).
D21
A =(i|Alk) 4
BP'=(m|B|) = Y Ai BTk = ZBMEAz seTR
TF = (k0|T|im)  iktm “ ijk
S (A® B)i Tht =SBy S (AR T)
ikém \Umé ijk
Z((A®B)T)%:Z€BF 2 ((AeDT)y,
m \U/Tn K3
tr (A®B)T) =3B (tr1 (A®D)T));,
llmf
tr ((A®B)T)=tr(Btr1((AQI)T)).
A®B=(AxI)(IB)
3
tr (A®B)T)=tr (A)(IeB)T)
Direct consequence of (page 3).
Direct consequence of (page 3).
2<¢\tr19\<p>2=2<90|Zl<j|g|j>l\<p>2
=2 (el {ileli) @),
=>_(j¢lolie) >0.
tr(try0) = Z (k|tr10|k),
ZZk: <k|Z (Flold), [k),
= <Jk|@|Jk>
:? o=1.
D26
(tr10)f = (k|tri0l0) = Z Qge ;=0 +olf,

(tr29)32<2|tr2glj>: Q]O+Qj1

1
> ol
k=0
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Schmidt decomposition.

{‘0>1? |1>17"'7 ‘n_1>1} baSiS Of Hl
{l0),,]1),, ..., |m—1),} basis of Ha
q)EHl@HQa
4
m—1
= > (PN (D[kL)

Z—O
Z (kL] @) (@|j6) =

=0
(o] (tr| @) (@] o), :"ki z (o1, (il ®) (ki) (K| ),
B)(@lei)= 5 |(pild) 20

(](tr2| @) (D) [K),

(K| (tra | @) (@[)] ),

01

= (e

1=0

(®[)

<:

’tr2|<I’><<I>| : H1— Hy is self-adjoint and positive‘

4

there exists {0, Y1, ..., On—1}
orthonormal basis of H; such that

tra|P) (P

r—1
=k2 Prlon) (Pl
=0
and po>p1 >...2p,—1 > 0.

(3
n—1m-—1 ki )
[@)=2" > ®[px )
k=0 j=0
(8
n—1 m-—1 ki =7 )
[P)(P|= >0 > M Dy 5) (i f]
i,k=0 §.6=0
(8
—1 m—1
tra| @) (®| = kZO Z ORI 1 [p1,) (4]
7 7=0
(s
r—1
> prler)(orl = Z Z kI D17 |pp,) (4]
k=0 i,k=0 j=0
|
i ORI B —py 5y for 0<ik<r—1
7=0
m—1

| P |2 = Z OFI Pri=0 for k>r—1

7=0

I
=]

J

U

m—1 o
{|¢k>=¢;7 X o |J>| ke{o,l,...,r—l}}
is an orthonormal set and ®*7 =0 for k>r—1

U’n—l m—1

LEDIIK )
k:O 7=0
= ZO ZO PRI o) ®|5)
= Z VPE [PE)® Y1) =

The set {|¢k) | kE{O, 1,..
to an orthonormal basis {|’(/J0> [th1), ..

Z Pk [Okk).

,7—1}} can be extended up
o [m—1)} of Ha.



D33
\¢>=§mm>®\wk>=2\/ﬁlwm>
|)(P|= Z\/pkpg lerr) (pis]
tr, [ @) (2| Z; VDG 5, ([on) (5])
I [o12]
trz\‘l’><q>|=%: VPED; (51k) lor) (4]
(3
tr, [ @) (P| :; VPkDj Sk |pn) (@]
(3
tr, [ @) (P

:Xk:pk|<ﬁk><¢k|-

Entanglement

Orthogonal measurements

Q%%, . U=XP;@|k+j)(k|
gk
j;o Pj=I is a unitary operator.
Indeed,
UUT= <Z P;® |k+j><k|> (Z Pl ® |b><b+a|>
7,k a,b
= PPl @ |k+j)(k+al
7,k,a
=3 PP, ® |k+j5)(k+al
7,k,a
=3 6;uP; @ |k+7)(k+al
7,k,a

—ZP ® |k+7)(k+]]
*ZP ®Z|k+J><k+JI
_ZP ®JI

Il

Generalized measurements
=) W] = pr=tr(Mily) (| M])
= tr (M} My |) (])

= ()| M| My )
= | Mg |)|>.

and

Mk\w>(w|M i the density o Mily)
operator Pk

See G15.

|
7“%/[](}1@';?')2“ =0y, for any [¢)
My, M;=6k; My, up to a phase factor.
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We choose:

e an arbitrary space H, of dimension m,

e an arbitrary |w)€eH, with (wjw)=1,

e an arbitrary orthonormal basis {|k)}7""," of 7—[ 5
By using the given operators {Mj:H —>’H et
we define the surjective map

U: V=W, U(ly)®|w))
where the sets

V=H, k) ={ el | e, )
:{ 5 gl | ver,

are vector subspzzces of H,QH,.
The map U is a unitary transform because

U el) Uleslo) =
(5 e, S Mol

= Mo k),
k=0

z: (Mo, Mip) (k10)
1<Mk¢7Mk<P>

MM, o)

—1
Z M My,

<1/J w) (([$)@w)), (lp) @w))) -

Consequently, U:V — W is also injective.

Il
MA

;1

/\gy

It is an isomorphism and dim W=dim V=dimH , =n.

The unitary transform U:V — W can be extended
up to a unitary transform U:H , @M, —H, OH ,
by following the steps:

- we choose an orthonormal basis {|Uo), |¥1), ...,

{|\I/0>a |\I/1>,..., |\I/n71>7~--7 |\I’nm—1>} of HA®HB,
- we extend the orthonormal basis
{|®0) =U|¥o), |@1)=U[¥1), ...,
up to an orthonormal basis
{|(I)0>7 |(I)1>~7"'7 ‘(I)n*1>7"'v |(I)nm*1>} Of:HA®HBv
- we define U:H,QH, —+H, OH, as U¥V,=>.

‘We have m—1
(k| kzo M|p) ®[€) = My|1).

|(I)n—1>:

(kU |¢w) =5

In the case of a density ope_rator

n—1
04 = 22 Ajlvy) (5]
7=0
we get
tr(Uo, @0, UTT®|k) (k)
U
=tr, (o(klU0, ® 0, UT[K) )
=tr ( (klUo, ® 0,U'[K) )

= Z At (o (kI [3) (5] @ [w)(wlUTE) )

4 [p12] W
= ;0 Ajtr, (kU0 w) (0w|UT|E) )

n

|
—

Aty (M) (] M)

I
=

J
n—1
=tr, (My 3 Al (4| M)
1=
:trA(MkQAM]I):pkv

Wo1)}
of ¥V and then extend it up to an orthonormal basis

U‘\I/n_1>} of W



Lir, (Uo, @0, UM k) (k)
=L (KU, ® 0,UTIK).,)
— Mio, M _

P Ak
By using the given unitary transform U, we define
the operators {My:H, —H , },, where
My|)) =5 (k|U¢pw).
They satisfy

m—1
(ol > M{Mylo)
k=0

g (Pl M{ M)

m—1

p2 <<ﬂw|UT|k><klU|¢w>

sowlUT Z k) (kU ¢pw)

=(

<sDwIUTUIww>
(pwlpw)
{
{

olY) (wlw)
ply) for any o, YeH ,

<= |l

m—1

> M My|y)=

¢) for any peH

m—1
S MM, =1.
k=0
In the case of a den51ty operator

04= ZO Ajls) (s
=
we get
pr=tr(Uo,®0,U'@P})

(2]
=tr, (B<k|UQA ® 0p UT|k>B)

=5 A (U (5] ) wlTT ),

n
n—1
= ZOA 1 (o (kU 50) (1w UTE) )

]:
n—1

= ZO Ajtr , (M) (05| M)
]:

n—1

=t (Me 32 3 [15) (4510
ps

=tr, (MkQAMII)v

Mo, M}
Pk :

0u =2, (kU0 ® 0, Ut |K),)=

U () ®]0)) = Eo|¢) ©0) + E1 1)) @ 1)
o[0)®[0) + A1) ® 1)
L (al0)+81))2(0')
+5(al0) = Bl1))® 1)

Mo|h)®|0')+ My |y @|17),

. (10 7110
Moﬁ(01 » Mi=75 -1)"
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Positive operator-valued measures

Quantum channels

m—1
o E(ao1+Po2)= Z K‘(C¥91+5Q2)KJr

—aZ KJQlKT"_BZ KjgzKT

j=0

*045(91)+55(Q2)
° tro=1
M T
tr£(o) =2 tr(K;0Kj)
J
¥ (7]
=> tr(K!K;0)
:trZK;K]Q
:trg].
o ZM\%)WH with Ap >0
(l€(0)e) = Z/\Msﬁ\K ) (n | K |op)
—;)\Msﬁ 70 (W, Kl )
5J
:Z)\M ) (K, )
—Z/\M% Kjr) (o, Kjvn)
—Z)\k|<<ﬁ7 Kijpp)|*>0, VeeH,,.
o 4 EE(H ), CQEE(H)
I3
(8®H£(H>)(Cl®02):5(01)@)02
=Y K;C1 K @C,
J

= (K;9L,)(Cial) (Kl aL,)

U
(€®HL(H) )(C) = Z(K7 ®HH)C(KJT®HH)

U J
(T(EDL 4, )(O) W) = 3 (V|(K; L, ) C (K] ©L, )| ¥)
1 C>0

(U[(ERL 4, )(O) W) 20, VWeL(H, )H.

L(H)



)

. ’E channel = (EQL,)(|®)(P|) density operator‘

|@)(@[>0
JERL, >0
(E®L,)(|2){(®[) =0, and

tr(EL,)(|2){(®]) = tr(E®1L,)([kk) (43])
tr(E@1L, ) (k) (7] @[k) (])

tr(E([k) G (k) )

o|& 0 (E2L)(|0)(D]) i
We have
‘¢>A:Z @k|k>A
U/ k
“p>A :Xk: @k3<k|¢>AB
“p>A :B<95|<I)>AB where B<¢‘ :zk: Pk B<k|'

Since

E(lo) () =E(:(2|P)(P[@)s)

=E((p k)(7319)s)
E((p ) (J1® 1K) (3|8)s)
S(kjwwjl )l
> e (IR ()

k,
kYD ®lk) (519)s
|k
|

|®)
\ZI
\ZI

<.

Pr P
=5 kE (I
kE YUlelk)GDIP)s
2 kk)(33)1@)s

@) (®])[),

&,

=s\¥

&,

(@l )
=s(Pl€eL;)(
(Pleel;)(
=s(Pl(E,)(
we have

(E®L,)(|)(®))= (€L, )(12){2])

{PI(ERL,)(|12)(2))|#),

(lp)(pl), for all |p)

SH{PIERL)(12)(@])]P)s

E(lp)(el)

4

g
&
Oy

(0), for all o

i

<=1 <l <) <

)
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o ’5 — (EQL)(|P)(P]) is a surjective map‘

For a density operator on H ,, @H
m—1
Q= ZO Pj lwj) {w;]
j=

there exist

Kj IHA%HA,

KJ |k>A: \Y2 nij<k|Wj>A,B
such that ;

£(0) =3 Kok
satisfies

(E21,)(19) (@)= S(ESL, ) (kR )
%;@®Hmmmwmm>
%; (R)(eD @Ik (€

=ES SRR sl ¢
31 ikl (w10, @1} (4
10 61k o

k,¢
[o17] (page 3).
Q.

2
k.l
)y

||<:

but,

ok KK 10, —NZPJ (wjlk)s 5(€lw;)
—nzng (wjlak),(a|b),, (blw;)
—nzzp] (wjlak) dap (b]w;)
_nz %:PJ (allw;) (w;lak)
:n;m(\mak)

=n y(l|tr,, Q|k), .

“4 7 See I2.
13 ‘U/ 9

n—1
|¢>:ﬁkzolk>A®\k>B

k). ii\/ﬁsmm

o) :§ Prlk)a
=vn Xk: Ok (kD)4
=1 p(@|®),, Where ,(p|= Ekj ok (k|
3



- page 16 -

I
E(lp)(pl) =n E((|P)(@[2),)

=nE(,(F| Zlkk><jj|¢>5)
=nE((P| Z 1) (j|@k)(|P)s)
7n5(Z<Pk %Ik><'l)

—1 T o€ (R G)
=n <<p| 25(|k><3|)®\k><3|30> “ |
B . = We choose:
- <¢|(€®H )(Z k)l @lk) D)1 e an arbitrary space H, of dimension m,
an<¢|(€®HB)(Z |kEY(57D|P)s e an arbitrary orthonormal basis {|k) kmfol of H,
- By using the operators {K;:H, —H ,, }1- ek
:nB<cp|(€®HB)(\ ><(I)|)|90>B we define the surjective map 1
4[] Uy V=W, U([9)el0)= Y Kl)elj),
=n 3 pj s(PI¥;){¥;]0)s where the sets =
J — —
= Kjlo) (0| K V=HA®|01>—{ [)®[0) | [¥)eH, }
J "= .
Y T W={ > Khel) ‘ e,
E(0)=S K, oK! I=
(o) Z 70y are vector subspaces of H,®H, and H ,,QH,,.
J A B A B
where K H M Téle map [g is a unitar% trafsform because
K lo)e sy () (U,(16)£10)), U, () 10)) =
In addition ~
’ _ S K el T Kdeel)
Ki|©)s = /105 (@1 ¥) 00 <J— =
U m=1 .
Kjli), = /5 (il¥5),. *jJZ:O( Ky Ko} G16)
=/np; 2|0, (0] m=1
VTP 3 O (1) =5 0. K
b . =
A/<€‘Kj|Z>A 1\/npj <€Z|\I/j> :mi < Tng g0>
7=0
AAE16),, = ap; (W;]6) m=1
J A ‘U( = P2 K;Kjwv "2}
K1|0),, = mp; S (51ek),,, [k), — (4, o)
and = (([)©]0)), (lp)©10))) -
K;Kj|k>A =./p; ZK;M) (Ck|T ;) Consequently, U, :V— W is also injective.
£ It is an isomorphism and dim W=dim V=dim #H , =n.
=i Z<£k|‘yﬂ><q] €)1 1) The unitary transform U, :)V —W can be extended
[} up to a unitary transform U:H,@H, —H,, H,
ZKTK k)a fnZWfo@H (@) (@])15) 24 by following the steps:
_ A\ - we choose an orthonormal basis {|10), [¢1), ..., [n_1)}
" éz; %(%KE@H 5 )laa) (BbI)143) [i). of}/ an(i then e%tend it up to an orthonormal basis
:Z E<€k|5(|a><bl)®|a><b|€i> ) {lo)s [¥1), -y [¥n—1), s [onm—1)} of H, @H,,
e B (Kl (bl 1 - we extend the orthonormal basis B
‘Emzlf E€(a)EDIE) kla) o) 2, {do) =Uy o). [61)=U, 152, - Inmr) =Uy dhur}} of W
_Z Z<€|5(|a><b|)|£>5ka5bi<b|i> /i), up to an orthonormal basis
{|¢0>7 |¢1>7 ] |¢n*1>7 ] |¢nm*1>} of HA/ ®H37
—Ztr5(|k>< DI 18 - we define U:H,@H, —H, OH, as U=y
—Etr(|k>< DIROA
—S0ilk) Ji),

=|k),, forany k

ZK}K =
J




We have
KE SRR

In the case of a density operator

n—1
04 =2 Ajlv) (1
7=0

B<k|U|¢w>= Mkhb)

we get
tr(Uo, ®0, UTT® k) (k)
I [29]
=tr, (s(k|U0, ® 0,UT|K) )
=tr ( (klUo, @ 0,UTIk) )

- z Mt (KU 18) (5] © )l R) )
um
=S At (U ) (5l U 1))

j=0

n—1
=3 Ajtr, (My|op;) (0; M)

=0
n—1

=tr, (M}, Z:O)‘j|¢j><wj|MlI)
j:

:tI'A (MkQAM]I):pka

By changing the basis |j) :Z Siklkh, we get
(|¢>®|O>)—ZM |1/)>®\n> ZNk|¢>®|k>
with the new Kraus operators Nk —E SikM;.

- page 17 -

110
((@77
E(o)=UoUT
U
E(0)=UtU satisfies
E(&(0)=UtUUU =0.
“:>77

o If for the channel £(p)=>" KoK
J
there exists a channel £(0)=>" MyoM ,I such that
k

E(£(p))=p, for any state g, then
ZMkK»|w><w|KTM,I =[0) (], for any pure state [1).

. Slnce M; Ny |) <w|NTMJr >0, the relation
> Mk, ) (I DM =) (0

Jik
is a representation of the pure state |1)) as a convex-linear

combination of pure states.
e From (page 1), it follows that

M K;|Y) = fij(1) [¥), for any pure state [1)).
e From (page 8), it follows that each of the functions

frj : H— C is a constant function, fi;(¢)=A;, and
MK =M1
e From the relation
KIK;j=K] Y M{MK;

k
=2 Ak =By,
%
by using the polar decomposition (#F4, pag. 8), we get

K;=Uj\KIK;=\/B;;U;
and consequently K TK =K;K; f
Zweﬂ DK KKK,

K[ K; =Byl
2By =Y K[KK;K
U; \/ BeeBij Ue E ¢
Vg, :K*K
= oL
K=t = Beel.
e The channel £ can be expressed as
E(0)=Y KjoK=3- E |Be; [2UsoU} =UyoU}.
J

Axioms of Quantum Mechanics (open systems)




Additional definitions/results

We have
A(av) = f(av) av,
a Av=f(aw) av,
o f(v)v=f(av) av,
| for a0 and v#£0
flav)=f(v).
If the vectors v and w are linearly independent, then
A(v+w)=Av+Aw
flotw) (v+w)=f(v) v+ f(w)w
J
flotw)=

f(v)
{ 4
fv)

f(w)
=f(w).
If {vg,v1,...,n—1} is & basis of V, then
fvo)=f(v1)="-=f(vn-1)

flotw)=

and

If {|e;)} is an orthonormal basis, then
[ Az|[= A lej) (ejl2))]
=2_1{ejlz))[ [ Ales) |l
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Since |u;vj) (uvj]=|u;)(u;|@|vj) (vj], we have
k£

; U;V; ) (U V5| =

E|u1><uz|:]lq_tl == | g ]>< i ]|

i71 =
levj><vj | =T,
j:

The superposition (liniar combination) of states

) = Z ck|Yr)

is a pure state w1th the density operator
=[y) (| :k21|0k| |¢k><¢k|+k§‘ck &j V) (sl
= J

The second sum contains the interference terms.
Example. Representations as a probabilistic
ensemble of pure states of the maximally
mixed state of a qubit:

< ) o 0= 3|0)(0]+3[1)(1],
0= =

15

=

;kl \uz><u2\®2|vg><vj|

=3, ®lsy, :HH1®’H2 -

o

o o= L) (+H+351-)~,

O =
o=

<V esl2)P VAl P
<[l=ll V22 1| Ales)|?

=C|[z].
-#8
oo i m i
. k
=(5,#) = pm, (£,4)
= lim > A=Al _eal
m=0p—0 = k=0
-#9
(eiA)TeiA_eflA*eiA:eOZ]I’
#10
n—1 .oon—1
(FIR)pl()=5; & 58 5 o= Fimp(m)
IJ;—l n—1 5 i_k )
=1 % X e kmip(m)
m=0 j=0
n—1n—1 i 7
=: 2 (62 (k m)) p(m)
m=0 j=0
n—1
=% . nen p(m)=e(k)
#11
@®¢ZH2—>H1, . . @EHh
is anti-linear, for an
(p@y)(n)=(nly)e Y peHs.

These particular operators span the considered space,
(P1+p2) @Y =1 @Y+ 2@
PR(Y1+92) = pRP1+ @2
AMp@y)=(Ap) @Y =pR(A)).

:%‘TZJ><TZJ|+%|\L'£/><\LZI‘7
e 0= 10)(0]+[1)(1]
) (5=,

e ctc.
#15
of=p = © is diagonalizable, that is, there exists
an orthonormal basis {|1x)} such that
o= Zpk\¢k><¢k|
0>0 = pk*<¢k|9|¢k>>0
tro=1 = Z pr=tro=1.
k=1
#16
. 0
1P =Hly) = %=l
o _ S j &)
= 1g:0=>_ pr (] = Zml%) e

k=
d—1
i 50= ZPkH|¢k><¢k|—ZPk|¢k><¢k\H
iD= HQ oH.

O
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