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ll COMPLEX NUMBERS C={z=x+yi| z,ycR}

l Definition. B COMPLEX LINE INTEGRAL
def
For _g:gH_yi Rez=w real part of z Let DCC be an open set,
Tmz dﬁfy imaginary part of z f:D—C be a continuous function,
RcC . sldef yi complex conjugate of 7:[a,b] — D be a path of class C* (y and 4’ are continuous).
v =at0i |Z|d£f,/x2+y2 modulus of z

Bl [dentification C=R? (as normed spaces and metric spaces).

C— R2 is linear . ]
x4yir (z,y)| bijective and | [z +yi| =22 +y? =[[(2, y)ll

Bl Distance in C

|21 — 22| = distance between z; and z5
|z| = distance between z and 0

B Definition.
‘ B.(z0)={z| |z—z0|l<r } ‘ open ball of center zg and radius 7. The complex line
integral of f along v

DC Cis def for any z€ D
open set there exists r>0 Definition can be extended to the case when  is piecewise of class C*.
B Convergence to oo. lim z, =00 <:> hm | 2| = 00. Eeﬁnition does not depend on the parametrization of v we use.

such that B,(z)CD.

n—oo
B A fundamental inequality. g:D —C is a primitive of f
. = z)dz= b))— a
For any z:x+y17 we have ||;j||} < |$+y1| < |J;|—|—|y| (tha,t is g/:f) f’y f( ) 9(7( )) 9(7( ))
B If f: D—C admits a primitive and ~ is closed, then fv f(z)dz=0.
Bl Convergence ) ) ' lim z,=a M Definition.
of a sequence nliﬂgo(wn +ynl)=a+pi & "h_;go Y= Two paths 70,71 : [a,b] = D with the same endpoints are homotopic in
n—oo D if one of them can be continuosly deformed into the other inside D.
0 [2|>1 = lim z"=o0. |z2]<1 = lim 2"=0. Path homotopic to zero in D = path homotopic to a constant path.
n—oo n—oo 3 .
21<1 = 14z4224 = lim (T424224 o +27) = 75 W Theorem (Cauchy). For an open set D:
—00 f:D—C is a holomorphic function . = [[f(z)dz=0
N Euler’s formula. ot f osttisint v:[a,b] — D is a path homotopic to zero in D ]
B Argument of a complex number. B. Theorem For an open set D:
For z+#0 2= 2| (cos(arg z)+i sin(arg z)) f:D—C is a holomorphic function do— d
there exists guch that =|z|elare= 0,71 are paths homotopic in D = f,mf(z) sz,hf(z) o

B Definition. Let D be an open set and f: D — C holomorphic.

ll COMPLEX FUNCTIONS (Notation: C*=C\{0}) €C\D i an dsolated .o there exists r >0 such that
B Complex function = a complex-valued function. 0 'S singular point {z] 0<]z—20|<r}CD.
Ezamples: f:C—C, f(z )*zgfzzz . a zero of f(z0)=F"(z0)= ... = fFD(z)=0
C* —C, =1 1 __« ¥ j 20 €D is multiplicity k if d (k) 20) #0.
f f( ) Z0 i 2% y? | aipy?
. — m+ i_ .z | L A
f-gﬁg ff((Z)) ) defy e;zfefzoserle Smy., 20€C\D is 0%502,6 Oojjff if zg is a zero of multiplicity k of %
f:C—C, =cosz = ,
f:C—C, f(z)=sinz def oiz_e—iz B Theorem. Let D be an open set and f: D — C holomorphic.
: , S
ll Definition. Let D CC be an open set, and zg€ D. there exists a unique Laurent
A function f:D-—C is there exists and is finite Z,O Is a an i§olated serleoi such that
complex-differentiable £ f’(zo)dif L L& =fGo) singular point and =l f2)= Y an (z—2)",
(C-differentiable) at zg z—zo  ETR0 {z]0<[z=20[<r}C D =T
for z satisfying 0 <|z—zp|<7.
ll Theorem (Cauchy-Riemann).
A function f:D—C u,v:D— R are The number ResZOfdg a_1 |is the residue of f in zg.
f(z+yi) =u(z,y)+v(z,y)i differentiable at (zq, yo) — —
defined on an open set | < | and satisfy the relations - le of order & f(z)= (—0)" +...+ =0 +ap+ai(z—20)+ ...
DCC=R? is 54(x0,90) = g_;(%,yo)v %o pole otorder =1, 14 Res,, f= (k—ll)! lim ((z—z0)* f(z))(k_l)
C-differentiable at zg€ D g—Z(xO, Yo) = —%(1’0, Y0) PR
. M Definition. (Index of a point zy with respect to a path).
If these conditions v .
are satisfied. then f'(wo+yoi) = (manO)"‘%(JCOv?JO)l For a closed path vy ( )dgfL I 1y shows how many turns
B Definition ’ not passing through zg, |"\*®7) = 2 Jy 7=2%*| around zy, 7 makes.

f:D—C defined on an open B Theorem of Residues. For an open set D C C:

f is C-differentiable

set D ;LS lcalled ((}i—diﬁ eret@tiable if at any point zp € D. f:D—C is an holomorphic function f f(z)dz=
(or holomorphic function) S is the set of isolated singular points | = —27i Y n(z,7)Res. f
B Ezamples: ‘ (") =nz""" ‘ ‘ (e*) =e” ‘ (sinz) =cos z ‘ ~:[a,b]— D homotopic to zero in DUS s o




