[LINEAR ALGEBRA - Solved Exercises 4|

(Real and complex finite-dimensional vector spaces)

Nicolae Cotfas, version 01 Feb. 2024 (for future updates see

PARTIAL EVALUATION A

B Exercise 1
Find the dimension of the real vector space

Vlz{x:(xl,xz,x3)€R3| 2$1+$2—$3:0}

and the dimension of the complex vector spaces

VQZ i1‘1—l‘3=0}

= (21,22, C3
(1; 2, 3)6 I2+I3:0

Vs =span{ (1,1,1), (i,1,—1), (0,14i,1—i) },
Vi=WVsnN{z=(21,72,23) €C3| 29 +23=0}.

B Exercise 2
In R3, find the coordinates of v=(1,2,3) in the
basis { e1 =(1,0,0), eo=(0,1,0), e3=(0,0,1) }.
In R3, find the coordinates of v=(1,2,3) in the
basis { v1=(1,1,1), v2=(0,1,1), v3=(0,0,1) }.
In C2, find the change of basis matrix from the basis
B={v=(1,1), vo=(1,-1) }
to the basis
B={ v =(Li), vh=(1,—0) }.
Prove that the space

W:{ A:(““ ‘“2> € Max2(C) ' AT:A}

where @21 @22
- a1 Gao1\ . .. a1 a
AT=AT = (71 "21) s the adjoint of A=~ "2}
aiz2 a22 a1 G22

is a real vector space of dimension 4 with respect to
the usual matrix addition and scalar multiplication.
B Excrcise 3
Find the eigenvalues of the linear operator
A:RQ —)RQ, A(l‘l,ﬂfg):(ﬂfl +l‘2,.131—$2)
Describe the eigenspaces of A.

Compute Tr A and det A.

Prove that the linear operator
A:R3 — R3,  A(xy,19,73) = (22,71, 273)

is diagonalizable, and indicate the diagonal form of A.

B Some definitions, notations and results
Definition. In a vector space over the field K=R or C,

span{vy, va, ..., U } def {aqvi +agve+...+anv, | apeK}

Definition. In the case of vector space over K=R or C,

e A\cK and

e there exists veV, v#0
(eigenvector corresp. to \)

such that .
The eigenspace corresponding to A is | {z | A=Az } |

Theorem. In the case of vector space over K=R or C,

A is an eigenvalue

of a linear operator if
A:V—=Y

e \cK and
\ is an eigenval e )\ is a root of the equation
. genvalue Ao gl . g
of a linear operator| < L, 5 2 n
AV Y T e )
a.’f ag : aﬁ.—)\

Definition. In the case of of a linear operator A:V—V
ImA={Az |z€V}| |KerA={z | Az=0}
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B Exercise 1
In the real Hilbert space R3 :

Compute (1,2, —1), (1,2,3)).

Find the projection of z=(1,2,3) on w=(1,2,—1).

Find an orthonormal basis in the subspace
H={(x1,22,23) | 1 —23=0}.

B Execrcise 2
In the complex Hilbert space C? | let

A:C?—(C? Alzy, 22)=((1+i)za, (1—i)21).
Prove that A is self-adjoint (also called Hermitian).
Find the eigenvalues of A.
Diagonalize A. Indicate the used basis.
B Excrcise 3

In the complex Hilbert space C? | let
U:C?2—=C2% U(xy,x0)= (%(ml — Ta), %(xl + x2)> .

Prove that U is a unitary transformation.
Find the eigenvalues of U.
Diagonalize U. Indicate the used basis.

B Exercise 4
In the complex Hilbert space C? | let

\/5 _L _L
. |v1>=< f) |v2>=<_%5>‘
0 V2 V2
Compute  |vg)(vo|+]|v1)(v1]+|v2) (V2.

Prove that,

[vo) =

2
3 0
1
wo=| 2 |, eo=|
1
% G

is an orthonormal basis in H =span{|wg), |w;)} C C3.
In C3, find the orthog. projector corresponding to # .

B Exercise 5
Let H be a complex Hilbert space H and P:H—H
satisfying ~Pf=P and P2=P.
Prove that eigenvalues of P belong to {0, 1}.

Prove that there exists a subspace KL C H such that
P is the orthogonal projector corresponding to K.

Compute (A,U) for A and U from the Ex.2 and Ex.3.

Definition In a Hilbert space H :

An operator A:H—H : _
is a self-adjoint operator if ’ (Az,y)=(z, Ay) ‘Vx,yé?—[.

@ Definition. In a complex Hilbert space H :

An operator A:H—H . _
is a unitary operator if ’ (Az, Ay) = (2, y) ‘ vz, yeH.

Theorem In a complex Hilbert space H :

its matrix in an orthonormal
basis is Hermitian (AT = A).
its matrix in an orthonormal
basis is unitary (ATA=T).

A:H—H is self-adjoint <

A:H—H is unitary &



B SOLUTIONS for PARTIAL EVALUATION A

[41]y,

:{(xla T2, 2x1 +$2)|$1,.’1¢2 eR

= {I1(1,0,2)+$2(O71,1)|1‘1, T2 GR} :Span{(13072)7(05171)}'

Since (1,0,2) and (0,1,1) are lin. independent,
it follows that dim) = 2 (a plane in R3).

Vo = {(x1, —iz1,iz1)|z; € R} = span{(1, —i,1)}
dimVo=1 (a line in R3).
(1,1, D)+i(4,1,-1)

2]

—~—~ —~

A3] (0,1+i,1-1)=

¢
,1),(i,1,—1)} basis = dimVs=2.

1) gV = dimVy <2,
1)€V4 = dimV,;>1

——

A

_ =
_ =

} = dimV,=1.

—_

[

(1,2,3)=1e1+2e2+3e3 = coordinates are (1,2,3).
(1,2,3)==21 (1,1,1) 422 (0,1,1)+x5 (0,0, 1)

b
<
|

b
S| |
<
|

(1,2,3)=(z1, x1+x2, 1+ T2+ 23)

.'I}]_Zl, 1‘2:1,

v =alv+a2v
A {1 11+12,:>{

:a2 v1+a2 Vg,
{a1+a1

o= of o\_(¥ %
= S= 1 2 7| 1
{042+@2—1 Qg 3 z z

8

!

3=1.
Li)=of (1,1)+a? (1,-1),
1,—i)=al(1

—~

1 2

a5 —os5=—1i is the change of basis matrix.
A, Bew +
o Ber [ = (@A+8B) =aA+BB = aA+BBEW.

b
ail a2 a1 agy ajl a2
W=< A= - ~ =
a1 Aa22 a1z @22 a1 a22

a11=4a1 a1 €R
o ailp a2 _ o a1 a2 _
= G21 =012 p = Q21 =0a12
a1 Q22 T a1 Q22 _ R
Q22 = Q22 a2 €
By denoting a11=c«, aj2=08+7i, axx=9, we get

o 5”1)’ a, B, 7eR

W:{A: 2
{a<(1) 8>+6 (? (l))ﬂ(fi 6)*5(8
=40 o) (o) (5 o) 9) )

is a basis in the real space W = dimg W=4.
In the canonical basis {(1,0),(0,1)}, the matrix of 4 is

(L) e i

1 —1-2X Ao =—/2.
{(z1,22) | Alw1,22)=V2 (21,22) } = span{(1, ~1+v2)}
{ (1, 22) | A1, 2)=—V2 (21,22) } = span{(1, ~1-v2)}.
[ANTrA=1-1=M\+X =0,
detA::l.(—l)—l.l:)\l.)\Q:—

— O
N—

[A12]
In the canonical basis {(1,0,0),(0,1,0),(0,0,1)}, matrix of A is
01 0 A 1 0 A =1,
A=|1 0 0]. 1 =X 0 |[=0= Xy=1,
0 0 2 0 0 2—X\ A3 =2.

This shows that all the roots of the characteristic
polynomial belong to R, and for each of them, the
algebraic and geometric multiplicities are equal (to 1).
Therefore A is diagonalizable. More exactly,

-1 0 0 1 10
S7tAS=( 0 1 0], where S=| -1 1 0
0 0 2 0 0 1

Bl SOLUTIONS for PARTIAL EVALUATION B

((1,2,-1),(1,2,3))=1.142.2+4(—1).3=2
__ \w,x _{((1,2,-1),(1,2,3
- Pur= ww>>w_<él,2,—1)?(§2 )ﬁ)(l 2,-1)

_6(172’_1):

H={(z1,22,23) | 1 — 23 =0} ={(z1,22,21) | z1,22€R}
={z1(1,0,1)+22(0,1,0) | z1,z2 € R} =span{(1,0,1),(0,1,0)}.
Since ((1,0,1),(0,1,0))=0, it follows that

(1,0,1) (0,1,0) (1 0 1)
{H(LOJ)H’II(O,LO)II} { i (0.1,0), }

1

= { (— 0, %) ,(0,1,0), } is an orthonormal basis.
The matrix of A in the orthonormal basis {(1,0),(0,1)}, namely

\/57

A:<1(ii 16“) is a Hermitian matrix because Af=A.
2 e o 2
=i =X Ao =—/2.

(1) | A1) =V (01,2 } = span{(1, 7))

{(z1,22) | Alw1,22)=—V2(21,22) } = span{(1, )}
In the basis {(1, ) (1, _H")} the matrix of A is (\{F ?/§> .
The matrix in the orthonormal basis {(1,0),(0,1)}, namely
U= <‘( \1[) is a unitary matrix because UtU= ((1) (1)>
fl v 1H
—=— A =2
7 ﬁ - SVCA

{(z1,22) | U(z1,22) =5 (1, 22) } = span{(1, —1)}
{(21,22) | U(z1,22)= 75 (x1,22) } = span{(1,1)}.

o
In the basis {(1, —i),(1,1)} the matrix of U is ( *65 1_i> .
V2

[v0) (tol+[v1) o +]uz) (v2] = [ (2 o)

_% 1 1 _% 1 _a1)\_(10
L V6 va)tT|\_L V6 v2)7 0 1
V2 V2
We have (wg,wo)=1, (wi,wi)=1, (wp,w;)=0.
2 1 1
3 73 73
lwo) (wo|+|wi)(wr|=| -5 3 —3
1 1 2
3 3 3

If X is an eigenvalue of P, then there exists #0
such that Pz=MAz. Consequently, P2z =Pz =\2x.
But P?=P = Mz=Xz = (\2-)\)z =0
= A-A=0 = A=0or A=1.
oy b= (P =o.Py) = (5.0) 0.
Therefore Im P L Ker P.
Since P(z—Px)=Pz—P?x=Px—Pz=0
any x admits the decomposition = Px+ (x— Px)
. PrelmP
Wlth{ x—PreKer P. Therefore, H—H : z— Pz
is the orthogonal projector corresponding to =Im P.

. 1 1
0 1+4i 7 T
<A,U>=<<1_i 0 )’(f \1[2>>
2 2

=THi(—3) +1-1 L =iv2

B14



