ON A DISCRETE VERSION OF THE WEYL-WIGNER DESCRIPTION
Nicolae Cotfas

Faculty of Physics, University of Bucharest, E-mail: nicolae.cotfas@unibuc.ro

Abstract.

This is a tutorial! on a discrete version of the Weyl-Wigner description of quantum systems.

The definitions and results, presented in a very concise way, are followed by proofs in detail.
An extension to composite systems and a discrete version of some results concerning the
reduced density matrix, recently presented by Gosson [arXiv:2106.14056], are also included.

A WEYL-WIGNER DESCRIPTION IN
THE ODD-DIMENSIONAL CASE (d=2s+1)

B Definition. Alternative representations of the
Hilbert space H of dimension d:

o H=C={z=(z0,71,-,74-1) | T €C }

° HE{¢ {0 . d—l}—)(C | w is afunction}

° HE{¢ZZd%C|¢isafunction}

° HE{?/}{—S S-I—]. S}—)(C ‘ "LZ) is afunction}
(plv)= 32 PmIvin= 3 P vin).

The canonical orthonormal basis is formed by

O_5,0_s41y0y05:{—8,—s+1,...,8—1,8} =C,
_ 1 for n=m,
Om (1) =0 = 0 for n#m.
By using the notation |m)=|d,,), we have
(lm)=0;m > |m)(m[=I}
m=—3s

Alternatively, we can regard it as the set
{0m:Zy4—C | meZy }, where
Sm(n) = sl _ ] 1 for nm=m mod(d),
"0 for m#Em mod(d).
Finite Fourier transform F:H—H is

VTS =L 3 e ()
F['L/)] Zqg—C B \/EnEZde | !

A density operator is

o H—H| 0>
a Hermitian operator r

satisfying |t

Mean value of an observable
Ain a state o: H—H

@ Position Q:H—H,

(A)o=tr(eA)

operator where 7 is the
’ QY(n)=np(n) ‘ representative
modulo d
Moggggggg PH S, of n satisfying
—s<n<s.
P=FIQF F=n=
ﬂ Translation w,_m% Q)

operators H—H,
(n ke Zd)

@ Displacement
operators
(=s<n,k<s)

Parity operators (n, k)=
(n, k€Za) where IIt)(n)

Yre” EnPy

D(n, k)=e~ a1k 5 hQ o= %5 0P

D(n, k)T D(n, k)T
= p(—n).
Weyl transform of A:ZyxZq—C,

a linear operator [ - def
AH—H is A(n, k) = tr(AIl(n, k))

a linear operator
AH—H is Wa(n, k) Lef1 L tr(ATI(n, k)

Wigner function of YWa:ZaxZi—C, Wa= a4
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B Remark.

The definition of D(n, k) is not modulo d invariant:
D(n+d, k)= (—1)* D(n, k),
D(n,k+d)=(—=1)" D(n, k),

but, the definition of II(n, k) is modulo d invariant.
B Lemma. For odd d=2s+1, we have:

2n=0 (modd) LgXlg—ZLigxZqg
(n,m)— (n+m,n—m)
n=0 (mod d) is a one-to-one map

1 Z ei4gikm:50(k)

MEZLq

b S e (h)

mEZLq

B Theorem.
Finite Fourier transform is a unitary transform:

FIll(h) = 5 % o4 n)
nelq

17]| P(n) =3 3 ke T FO=my(m)

k,m

—o | [ miQl=m
P || mlPl)=}

B
0O
\

O
Z[}%(ma)
%

e FFQy(n) = FFnyp(n) | | €T m)=*F ¥ m),
e *F Py (m)=1(m—n) | | e~ “FnPlm) =|m+n)
20 ezzink 72;"inP_ezg‘nk 72§inpe2§ikQ’

21 D(n,k)Ee_ﬂ"ke%er (’i”nP
_ e%‘nke— Tin P 2’“1@@

S
=
=

m) = e~ @™ *F kM ) (m—n)
_ 27

7 2k(n—m) w(Qn_m)

[\
[\

— e 0 D T, ).

[24]
25] D(n,
[26]

k)'=D(-n,—k)=D"1(n, k),
26] L(H)={Ar—H| Jnin} with (4,B)=tr(A1B)

is a d?-dimensional complex Hilbert space.
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{%H(n, k)}

are orthonormal bases in L(H).




AeL(H) = |A=SWa(n, k) I(n, k)

n,k

Ari

7 k'm<

[31] AcL(H) =

Wa(n,k)=3 ¥ e

MEZLq

n+m|Aln—m)

P tat
ui)eesHa e _lw o (n,e) =

3 e Tyt m) g(n—m)

meZq
AH—H —
linear operator n,kXe:ZJ/VA (n,k)=trA

tr(AB)= 5 ZA(n k)B (n k)
A, BeL(H) =

= %A(n LK) Wg(n, k)

=d Zk Wa(n, k) Wg(n, k)

gqpimw: tr(oyop)=d > Wy (n, k) W (n, k)
= ,

=[( )2

A = [(),=6(0A)= (W[ Aly) |
| Quk)=7 || Q=X 2 W,(n, k)
ST I M= B =k || (P), =% kW, (n, k)

38| AH)={AcL(H) | AT=A} with (A,B)=tr(AB)

is a d2-dimensional real Hilbert space.

39 {%H(m k)} is an orthonormal basis in A(H).

ACAMH) = A:ZgxTyg—R is a real function,
Wa:ZgxZq—R is a real function.
Pure state 2
41 = Wy (n, k) =|v(n
1] R Z Walm k)= ()
Pure siate o 15> Wl k) =|Flg](k)P
wGH nElq 7

13] p(n)=t(n—a)

p(n)=e"F¥y(n) = [W,(n,

’Ww(n, k)=Wy(n—a, k) ‘

S
=

k) =Wy (n, k—b) \

Pure state
veH T

>
ot

Z Ww(an)Q:é

n,k€Zq

46 Pure state

beH = Wy (n, k)| <L, for any n, k

Even state = Wd) (O, O)| =3

=] [5] [¢]
-3

Y(—n)=9(n)
0dd state 1
Bl wCm=cum = W00l==5
B Remark.
The corresponding phase space is
S={-s,—s+1,....,s—1,s}x{—s,—s+1,...,5—1,5}.

It is not ZgXxZg (see, for example, the relations 37).

AeL(H)=

DISCRETE WIGNER FUNCTION OF
THE REDUCED DENSITY MATRIX

B Definition (in a particular representaton).
The tensor product of the Hilbert spaces
={¢:Z4, —C | 9 is a function } of dim dy =2s1+1
H,={:Z4,—C | ¢ is a function } of dim dy=2s5+1
is the Hilbert space
’7—[1®"H2 ={V:Z4, xZg,—C | ¥ is a function } ‘
where
(U, )= 3 > ¥(n,m) ®(n,m) and
N€Zgy MELay
(&) (nm)=w(n) p(m) for any §ET
The canonical basis of H=H,@H,, is
{ |nm)=|n),®|m), | n€Zq,, mEZy,}

{|n), | n€Zq4,} = canonical basis of H,
{|m), | m€&Z4g,} = canonical basis of H,.

where

Parity operators (n1, k1 €Za,, n2, ke €Zay,)
[(n1, ng, k1, ko) =1 (n1, k1) @11(n2, ko)

@ Weyl transform of a linear operator A:H —H is
A:Zdl XZdz ><Zd1 XZd2 —>(C,

A(ny,na,k ko) =tr(ATI(ny, na, k1, k2))

Wigner function of a linear operator A: H—H is
Wa :Zdl XZd2 XZdl ><Zd2 —)(C,

Wa(ni,ng,ki k) = gg-tr(ATl(n1, ng, ki1, ka))

B Lemma.
tr(A® B)=trA trB,
9]  (AeB)I=AfeB!.

M Theorem.
orthonormal basis

——— II(nq,n2,k1,k2) ¢ is an in AH,0H,)
{ Vdz } and L(H,@H, ).

WA(n17n27k17k2) d1d <H(n17n27k17k2)714>

I
’ A=3"Wa(ni,no,ki,k2) I(ny,n2,k1,k2) ‘

Wigner function of A:H,QH, —>H1®H2 is

A Ty ek

ml €Zd, m2€La,
><<n1—|—m1, No+1mMo |A|n1—m1, ng—m2>

Wa(ni,ng,kiks)=

Wigner function of a pure state Ve H, @H, is

W‘l/(nthvklka) d1d2 Z Z ei%klml e*%k2m2

m1€ZLgy M2€Laq,

X U(ni+my, notms) ¥(ni—mq, no—ms)
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Figure 1: The functions g; and gfr in the case d=31.
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S
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a
7 |

|
=
S

gg%;ﬁlww&p(nl,nz,khb) =Wy (n1,k1) Wap(n27k2)‘

Partial trace VeH,0H,, o=|¥)(Y|
of a ) =§\/E|¢a>®\90a> Figure 2: The Wigner function of g1 in the case d=31.
pure state Y

(in terms of _ _
Schmidt form) 01=1tr,0 Xa: Aa [Ya) (Yl

Wigner HoH, —Q>7-l1®7-l2 Diseret . The eigenfunctions gf .
function linear operator 1scre gfversmn H:é >on ;k |n, k) (n,k|
of a Hermite-Gauss considered 1r(1nt12663 ?ncreasing order
. k)= kq k functions
partial We, (n1, k1) n kZZ We(na,nz ki ko) of the number of sign alternations.
trace 2,82€80d,
B Theorem.
Resolution
Ao T i 5 7| of the =1 [n,k) (n,k|
A® B(ny,ng, ki, k) =A(ny, k1) B(na, k2) identity ¢ 5es
’WA@B(nhnmlﬁ,kQ)ZWA(n1,k1)WB(Tl2,k2)‘ ;
o Flgsl= 7z 91
[tr(e(A@D) = tr(e1 )| ransform -
[9] Flg3,)(2k) = 7= (92 (k) — g% ()
p:H1—H1 density operator
Pug“iﬁcation T | 0= Ajlei) el decg)srﬁf)%tsri%ilon) Wi Up to a normalizing constant,
tat igner
T ) function Wi, (0 k)= g2 (n) (92 () +9L (k) )
an of O K
Wigner function Wg(nla kl) = Z]CW‘I’ (n17n27k717k2) +g;rn (n) (g% (k‘)—g%(k))
of o where o B References
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M PROOFS

A discrete Weyl-Wigner description Al8
(Qule) =2 Q¥ (n) p(n)
A14] 2n=0 (modd)
o —S AT = Q=0
Y =@
k=2m = 2n=2md (WlQ¢)
Iy PT—(FTQF)T—FTQF P
n=0 (mod d). (m|@Q|j) =Qd;(m)
o :méj(m)
Surjectivity s
n+m==k _ { n=(k+0)(—s "
. N n—ng m:(k—ﬁ)(—s). <m|P|j> (m)
Injectivity U
n+m=n’ ! 2, — ! _1 I. 2ik(m—n)(s
nem—n'—m = nZI n Ekae a (n)
2(n—n')=0 :ézk:]};e%”k(mﬂ)
R A19 |
2(“_”)§Zd e 2B Py (m) = (e~ T PT )(m)
= (e F AP )
2(n—n')=2kd S 2mi
e — (Fle= 2@ Py (m)
n=n'+kd =Fj(e’*”QF¢ (m)
§ =7 DI (e Ry (k)
=n' d(d 2mig, 2w,
e n=mn’ mo ( ) :ﬁzk:e T kme—=7 Q(Fw)(k:)
d 1 ( i%“ﬂ«)d :ﬁ Zk:ez%kme_%nk(Fw)(k)
2mi “1 oy m —\° 2m 27i
ki;éo - % %:Z e:I:Tkmzé Z_:Oei Tk :%WZO :ékzeTk(m—n)e—Tkeww)
27i 4mi 1 : 23 k(m—n—1)
= LS Mo (h) = LS e R =gy (2k) = b (k). a9,°" v()
MEZLg MmeEZgq
e a0
FIFill(n)=J2 3 e Tk Fiy)(k) i
LS a2y =¢(m—n),
=i, > e T g (m)
mer LS, (0) =6, (0 — )
1§ o ZFik(m—n) T 0 (6) =0m
m%:zd d Z% ¢(m) :5m+n(€)
I [a15 e %8 "P|m) = |m+4n)
= E:Z 5mnw(m) and
me 2mi 2mi
—(n). B0 =2 05,0)
PR =L T o Fl(k) ) = 4 m)
Vi, 4 , A20 , . . 4
=3 3 e B ym) QL P () = (o4 0P (m)
me 25 5Q (o= 2inP
1 % (n—m) ezii ( 27i dj)(m)
m%:d d XZ:: ¥(m) :62 -km( e~ 28 1Py (m)
 [a15] =e d M (m—n)
= Z mnw(m) and o 2 2 2mi
mety e 0P HFHQy (m) = (e FF 2 4Q) ) (m)
=1(n). e~ 2P (o2 4Qy) (m
Al7 =(*F k) (m—n
Pd’(n):(f;TQFW}( n) :i{gik(mrz)(w(mzn)
=FH(QF Capigy, 2
:(% 7/)2)(‘ zl(Qwa " —e—d kne Tk Y(m—n)
f Z i 27i \Ul 2 2
_ 1 Z ]; %kn(F'l/))( ) e%kQ e~ a P = oTgnk o= nP o kQ
Vi, A21 ink 2mpgQ 2@, p
=1 T ke hne— 2 hmy(m) D(n, k)=e~ank ¢*7'kQ =5
meta I [a20]
:é ke k(n— m)w( ). D(n, k):e%ink e~ 2 nP 27 kQ

ol
3
m
N
U



A23

n, k) (m) = (1l(n, k))(m
=(D(n, k) ILD(n, k)4)(m)
—e~ @k * T Fm(I1 D(n, k)T) (m—n)
—e Tk T Fm(D(n, k)T) (n—m)
=e @k *FEM(D(—n, —k)ih)(n—m)
— e fFnk %5 km o= EFk(n=m) ), (9p —n)
e %& 2k(n=m) 4 (9 —m).

(m|D(n, k)lj) = ‘7"’“62?’“"5(m n)

—e Tk F k(AN § (j4n)

=efnk e%’” O (j+n)

<m|H(n7k)\j>=e_*'2’“(" ’”)5 (2n— m)

D(n, k) D(m, j)i(£)=(D(n, k) D(m, j)¥)(€)
=D(n, k)(D(m, j)¥)(¢)
=e @™t (D(m, j)Y)((—n)
—e~ dfnk.e%km e~ T = imj ej\T:‘j(Z—fn) w(g_n_m)

A25

A26

(A,B)= Y

(n|Alm) (n|B|m)

n,m=—s

(m[AT|n) (n|B|m)

:tr(e%#kmm(m —k))
 (nt— km)trD(m n,{— k)
H(né=km) 7 (] D(m=n, {—k)|a)

Il
@

afi,

—

;LF'

%(né—km) Ze%a(é—k) (5 (a+m_n)
:e%(ne—km) Za:e2(’i”a(€—k) (5m(n)

U [a15]

=deT (kM) 5 Gk
=d mn, Oke-

(I(n, k) T(m, £))=tr(I(n, k) L(m, £

)

—Z<alﬂ(n k)[b) (BTL(m, £) a)

_Ze 25k (a— b)52 (a+b)

— 27 p(a—b) Som (a+b)

fze 278 (k—£)(a—b) 52 (a+b)5

2262; (k—£)(2a—2n) Snm

a
ami ami (.
:e—Tn(k—E) E eTa(k 0) 6nm

yomo
ief%n(

= d dnm Os-

tr(All(n, k))
(

A29

-0 d 6k€ 6nm



A30

1 .. A35
{—dH(n,k)}zorthonormal basis in L(H) t1(00.0,) = tr(|¥) (] ) (0])
] =>_(n|Y)(¥[e){¢ln)
A= (1100k).4) Jallln, ) SNl o)
—Z (II(n, k), A) I(n, k) :<<P|¢><%20|90>
l} M " =¥l .
=S Wa(n, k) I(n, k). tr(oA) = tr(|P) (Y| A)
ok = > (m|Y)(¥] Alm)
A3l m?,
Wa(n, k) =1 tr(ATI(n, k) = 2 (Wl Am){m|y)
=i 3 (el AT, )la) — (] Al
=3 ng:Z (a A[b)(b|II(n, k)|a)
b [am] | A37
=1 2 (alAp) ~Ek@) 5y (a+b) I(n, k) = tr(II(n, k))
() b:Q:-ad =tr(Il(n, k))
:é Z <a|A|2n—a>e_Tk(a n) :;<m|H(n, k)|m>
' a€lq U | 423
m=a-n = 52n 2m
=1 é (n+m|Aln—m)e="a km izn: (2m)
=1 ¥ e (nym|Aln—m) O(n, k)= tr(QTi(n, k))
meZa =tr(Il(n, k)Q)
A32 e =>_(m[l(n, k)Qlm)
AR, =5 i T (n, ) m)
W,(n, k)=1 mgde Tk (n4m|oln—m) m
UQ:WNWM :Zﬁlénm
W)=} 3 e T4 (ntmly) (wln—m) i
= L e T m)u(nm) P(n, k)=tr(PTI(n, k)
A33 :;WIPH(n»kﬂm)
> WA(n,k‘)zé D o ikm (n+m|Aln—m) W%:J(m|P|j><J‘H(n k) m)
n,k€EZq n,k€EZLg mELq ) _1 ~ (m— J)GZWkJ m) - m
- ZZ %kZZ e TR (n4m| Aln—m) dm%:’/ | - d2n(j+m)
llnd €ZLq :én%geTé(Zm 2n)e T E(2n—2m)
= % Gmo (ntml|Aln—m) =13 o4 nh-20) (2 m(2t-2k)
:nzm: Z<n‘A|n> _ mii%n@k 20) 1 Ee%nL(QE—Qk)
EZLq Y m
A U [A15
A34 =Y (e nh—20)5,
tr(AB)= (A, B) _i
| [ Aa27 133
:éZ<H(n7k)7AT><H(n’k)’B> s
U [a29 (A,B)= > (n|Am) (n[B|m)
=3 2 (I(n, k)T, A)(T(n, k), B) e
S [ ), Y[, ), B) =, 2 i) i Bim)
;Z(fi(n,)k)éin,k; — S (m|ABJm)
=3 A(n, k) Wg(n, k m=—s
=d > Wa(n, kfwB(n, k) = tr (AB).



A39

e | A27| at page 5.

A40

J

Wa(n, k) are real numbers.
A(n, k) are real numbers.
A41
> Wy (n, k)=

k€Zq

> Y e R p(ntm) (n—m)

kEZy mELy

1
d
=L 5 ¥ e FF g(ntm) h(n—m)

MEZLyg k€EZLy

A42
X Wynk)=3 ¥

n€Lq n€lLqg MELq
|3 (n,m) — (a,b)=(n+m,n—m) bijective

BY Y e ik w@@

aEZd beZq
> e i Fheg(a) Jo 3 e
f bGZd

a€Zq

=F[pl(k) Fly](k)
= [F[](k)[*.

¥(b)

A43 |
We(n,k) =143 e~ FFm o(n+m) p(n—m)
MEZLq )
— 1Y e T (et m—a) Pl—m—a)
MmeEZq

=Wy (n—a, k).

A44
Weln k)= 3 e” T p(ntm) o(n—m)

melqg .
:é Zei%km 211 p(n+m) ¢(n+m)

MEZLyg .

. e~ T1b(n—m) w(n_m)

=} S e PO ynm) pn—m)

meslq

— W, (n, k—b).

A45

Wl k)= 55 e 4 gntm) G =rm)
<<P1#P2>,
where ¢1(m)= (n m)
gm)—e TR ) (n4m)

=2 |er(m )P= 2 |p(n—
[lip2]? = leoz( )P = ZW(
But, Wy(n,k)=1{p1,¢2)

m)?=[[¢|*=1,
m)|?=||¢|*=

and |||

¢

(Wa(n, k)= 311, 02)| < glleall w2l = 3

> e R (ntm) h(n—m)

Wigner function of a reduced density operator

tr(A® B) =" (ab| A® Blab)

a,b
=> _(a|Ala) Zb:<b|3\b>
=trAtrB

(p1@Y1, (AR B) (02 ®12))

(A2 B)(p1@11), p2@12)
((Ap1)®@(Bi1), p2®1a)
(Ap1, p2) (B, 12)
2801,AT<P2><¢17BT¢2>
(

©1®11, (AT ) @ (BT1))
©1®@1, (AT@BY)(p2®12))
any 1,2 €H1, 1,92 €Ha

=g |

(nk|(A®B)tmt) = (nk|At @ Bf|mf)
(Matrices of the two operators coincide).

B10

1
did

H(n17n277€1,k2), \/dllicbﬂ(n’l,n’z, ivk’é)>

=4 d (II(ny, k1) @I(ne2, k2), IL(n}, k1) ®T1(ng, k3))
gy ((I(n1, k1) ®11(n2, k2)) (IL(ny, k) @11(ng, k3)))

d1d2 tr((H(nlv kl)H(n/lﬂ k/1)®H(n27 kQ)H(nl% kl2))
iy ((I(na, k1)I(ny, ky)) tr(I(ng, k2)II(ng, k5))

—5n1n/1 6k1k’1 (5”2”/2 6k2k’2-

¥)

B11
Wy(n1,n2,k1,k2) = ghtr(eTI(na, g, ki, k2)).

<H(n1 7n2>k1 ,kQ)a >

- d1d2
1 . orthonormal basis
{ T H(nl,ng,kl,kg)} is an in A(H,0H, ).
U
o= Y g ((nyng,ki k), 0) T(ny,ng ki ks)

ni,n2,k1,k2
- Z Wp(n17n27k17k2)

ni,na,k1,k2

H(nlanQak17k2)

B12

We(na,nz,k1,k2) = g g tr(e(n, na, k1, k2))
=i X (maslofbibe)

ai,az,b1,b2

<b1b2|H(n1, k1)®H(n2, /4;2).|a1a2>

d11d2 Z <a1a2|Q|b1b2>e_%kl(al_bl)

a1,az,b1,b2
—xi

l}bl—in a1, ba=2nz—as

d11d2 Y. (aiaz|o|2ni—a1,2ns—az)
a1,a2,b1,b2

e dr 2(az—ba)

‘U mi1=ai1—mni, M2=a2—N2
4mi 4mi
> ST e M gy e
mi1€ZLd) M2ELa,
X(ni+mi, notms|olni—my, no—ms)

d1 da

= oz (az— b2)5 ony (01401 )02, (a2 +b2)
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Z Z e—%klml e—%kﬂ?w
mM1€ZLq; Mm2€Lg,
x<n1+m1,n2+m2|g|n1—m1,ng—m2>
I o=
Wy (n1,n2,k1,k2) =

Wg(nlanQ)k1?k2) d1d2

Y Lo

ml €Zd, m2€Lay,

X \I/(n1—|—m1, ?’LQ-F’ITLQ) \P(nl—ml, ng—mg)

Bl14
Wd)@cp(nlanQaklakQ)i ) -
‘k my —32kom
d1d2 Z Z e 1 o dp K22
mi EZdl mQGZdz
x P(nitmy) p(natma) Y(ni—my) p(ng—msa)
=Wy (n1,k1) Wy (na,ks)
B15

) ="V Aal¥a) ®|0a) =5V Aa|thapa) (Schmidt form)
a \U{ a
Z\/ AaAb|VaPa) (Yo p]
—Zx/A Aol ¥a) (Vp| @ pa) (|

) (P|=

trz‘\lj><\ll| ZV/\ Ab <90b|(pa> |wa><wb|

—Z\/A Ab Oab [ta) (Wp]

—Z Aa [Ya)(Wal-

B16
H,QH, 2K QH,

linear operator
U (spectral decomposition)

0=>_p; |¥;)(¥;]
J
| (Schmidt form)

0= Zpy Z VA A [Va; Pa; ) (Vs 00, |

a;,b;

v [715]
QthTQQ:ZPj Z)‘aj |1/}aj><1/’aj|
J a;

and

0= ij Z V )\a])\b W)a]@a] ¢b ®b; |

v (@
W ij Z m Wlwa (Pa % SOb |

a;,b;

v (3]

Z Wg(n17n27k1ak2):ﬁ

ng,ka=—s2

THT VAN, LT 3 e bt
bj a; \b € €
aj,b; m1E€Lay M2ELg, n2,ka=—352

Xa; (n1+m1) Pa; (natma) Yy, (n1—m1) vy, (n2—ms)

=
R‘)_‘I

IPONCYETHD o o

a]7 j m1EZd1 na=-—=52

X1q, (n1+m1) Pa, (n2) ¥y, (R1—m1) oy, (n2)

_4mig
ZPJZV)\aJ)\b Z e 4 fam

m1€ZLg,

X1q; (na+ma) thy,; (n1—ma)

Y oe h

! <S0bj |90aj>

:dill ijz )‘U«j ‘klmlwag‘ (nl—"_ml)’l/)aj (nl_m1>
ioag

m1€ZLa,y
_ 4z
=P Ay e T e [, ) (Y, Ina—ma )
J a; m1€La,
v
=L ¥ e_%iklml(n+ -
=4 1malo, [n1—ma)
m1 €Zd,
Zng(nl,kj).
B17
—_

A® B(ni,ng, k1, ko) =tr(A® B Il(ny, ng, k1, k2))
tr A®B H(Tll, k1)®H(n2, k2))

(
(

tI‘E(AH(TLl,kl)) (B H(n271€2)))
(

ATl(ny, k1)) tr(BI(ng, ko))

tr
A nh ) (n27k2).

B18

ﬁ m(nla~n2a k17 kQ)
= dlldz A(nl, kl) B(TLQ, kg)
=Wa(ni, k1) Wa(nz, k).

Wagp(ni,ne, ki, ka) =

Proof 1.

tr(o(451) =S {ablo( A )
*Zb Zk<ab|g|nk><nk:|A®]I|ab>
=33 abllnk) (n] Al (k1)
—Z Z<ablplnb><n|A\ )
=5 (alexnin|Ala)
—>(alerla)
—tr(o1 A).

Proof 2.
tr(g(A®H)): Z Wg(nl,ng,kl,kg)A@)H(TLl,TLQ,kl,kQ)
ni,n2,k1,k2

= Z Wg(nlvnQ,klakQ) m(”lv”kalakQ)

ni,ng,ki,ka

b [or7]

= 3 Wy(ni,na, ki, ko) A(ny, k) I(ng, ko)
ni,n2,k1,ka
!

= Z Wg(n17n27k17k2) A(n17k1)

ni,na,ki,k2

=3 S W,(n1,n2, ki, k2) A(ny, ki)

ni,k1 no,ka

b [ne]

= Y Wy, (n1, k1) A(ny, k)

ni,k1

b Taod]

=tr(o1 A).
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‘Wj}Z VAjlei) ®le;)

MWW= /N Akl0i05) (Prerl
EZ VA9 (@r]@1]0) (x|

)= VA Wig ) (ol (11, 1)
Js
Wiy (ol (n2, k2)

W\Il(n17n27 kl) k?

v [
Z \/)‘ Ak W|<p7 Yok nlukl)

xtr(|wi) (exl)
*Z VA Wi, (il (11, k1)

Z W‘I/ (n17n27k1 7k2

na,ka

x{(prlp;)
—Z\//\ )\kw\% [ nl,k‘l)
X(Skj

=22 Wig)(g,1 (1, k1)
J

I o= Al el

:Wg(nl, kl)

Gaussian functions of discrete variable

For more details, alternative versions for the
discrete coordinate operator, discrete momentum
operator and discrete phase space see [5].

For more details and an application concerning
an alternative definition for the fractional discrete
Fourier transform see [7].

9=—7——a
(g1l91)
v

(aln, k) =~ F 7k %4 g(a—n)

i3
<a : I, k) (n.k| > 3 (a|n,k){n,kb)
(n,k)eS (n,k)eS
zé 623'}”g(a—n)e_%kbg(b—n)
(n,k)es
=1 ¥ M g(a—n)g(b—n)
(n,k)e6

%kz Tkt g(a—n) g(b—n)

Y
— 3 Sola—b)gla—

n—=-—s

n) a(b—n)
= S Gupgla—n) g(b—n)

n—=-—s

—0w Y. gla—n)?

n=-—s

—bw Y. g(n—a)?

n=-—s

U, n—a—m

=0ab ) g(m)2
=dap ||g]]?
:5ab

= (alI[b).

The periodic function
G.:R—=R, Gu(z) = Z e~ *F (zt+ad)®

admits the Fourier expansion

x Tl
Ge(z)= > apet®
f=—o0
with
d _2=n = 5 (VE d
ag =g fye z‘lma;me 3 (VA (ered)
& i _K 2m 2
L1 § e s (T ea) g,

a=—00

By denoting t=/2F (z+ad) and using the relation

2

7 e e~ dt = z e~
we get
- f«Ww (VE) s
_ 1 oo —ift o= 5t
_\/27rclf*0<‘fe 1 dt
__1 =02
_me d

whence, we have the relation
= 2
Gulr) = 1 S *Flret
" Vrd ,
leading to
1N 2k
gn(k):m Y, edNeTra
1

l=—o00

S 27i s x 2
Z eTk” Z e—ﬁ(n—&-ad)

a=—00

2mi
= Vkd > e kng%(n)

The periodic function
Ga. R—R,  Gf (z)=

admits the Fourier expansion

G(7) =

$ o2 (o (ot h)a)?

ax=—00

[ee]

S e ol

{=—00

1ot ioj e*“(@(“(°‘+%)d))2dx

:é Z f 2m£z n(\/?(m+(a+%)d))2dx.

By denoting t=,/ —” (x—i— (a—i— ) d) and using the relation
ffooo i€t g—at® gt — \/g e’g

we get
1 & (a+1/2)V2rd —2mig(t %—(O“i‘l)d —kt?
U= Jand 2 f(a71/2)\/2ﬂ‘de ! ( ’ ’ )e dt
_ (D' S (a+1/2>¢2wd N
V2rd Z f(a 1/2)V/2 ‘e dt
_ —1’Zf<>0 —ilty/ZE —nt? gy
(\;ﬁe*ﬁﬁ
whence



G (z) = i Hitw (_1) o=l
21\ T ored , e (§] .
=—o0

Particularly, we have

me (=1 e o

)= G m) = b 3 o
- 21Nd Z Z_

e%m(nJrad) ( )(nJrad)efz:ﬁ(nJrad)?

s n 00 R
B Vl& ;_ e \/% a;@(—l)o‘e o3 (ntad)
whence
1\ o0 . ,
Flg3,)(n) = (& _Z (—1)@ e~ zxa (ntad)
and we get
Flg3,.](2k)= é :z_:oo( 1) ez (2k+ad)?
1 ] 2k+2ad)2 1 00 (2 2at))?
_ﬁ Z ﬁ Oé;ooe 2kd
—_1 sy P (k+ad)2 1 [e'e] 7§l(k+ad+é)2
,mag_:ooe % \/ﬂa;we . 2
= A= (92 ()95 (1))
C10
By using v 7 the relation
00 . 2
:ﬁ agme oiq (2k+ad)
_1 i e Tnd (2k+2ad)2 1 i e~ LT (2k+(204+1)d)2
T Ve \/ﬂ Iy
_ 1 ey —2% (ktad)® | _1_ 00 o i d)?
T V2k Oé=2—:ooe d 4 oo a:X_:me - 4

(g2 (F) + g3 (k)
and the formula

o0
Y. FEap= > FEap+ > FEap

a,f=—o0 a, B a, B
both even one eyen
or an
both odd other odd

o0 o0
= Z E/Hn,u*n"‘ Z Eu+n+1,u*m

f1,m=—00 n=—00
we get (up to a normalizing multiplicative constant)
Wg (n, k):é i: e i km § e*%(nfm+ad)2 — 5% (n4m+pd)>
m=—s a,ﬂ:_oo

S . oo -
=iy e~ fFkm S o= 5F (n=meA(utn)d)’ o= 5F (nfmt (u—m)d)®

m=—s e, =—00

s . [e%s) 3 X
g e Fkm N o= 5F (nemeA (uAnt1)d)? = 5F (ntmot (u—n)d)®
m=

~s Hym=—00
1 X 2k D2 = dmip, & 2km )2
=1 3 e T (ntud) S o= km §n o= T (mmdnd)
pn=—00 m=—s n=—o00
s
,M 47r|
+d Z e (n+ +ud Z e km Z e~ d m+ +7]d)
p=—00 m=—s n=—00

= 2=020(n) Flg2:)(2k) + 2= 3. (n) Flg3, ] (2k)

= o) (92 (F) + g5 (0)) + o g () (02 (B)—g3(R))



