[LINEAR ALGEBRA - Solved Exercises 6|

(Real and complex finite-dimensional vector spaces)
Nicolae Cotfas, version 26 Jan. 2026 (for future updates see https://unibuc.ro/user/nicolae.cotfas/ )

PARTIAL EVALUATION A

|B| PARTIAL EVALUATION B

u 7Ex.ercise 1. ) B Exercise 1
Find a basis B,, in the subspace Find orthonormal bases in the Hilbert spaces:
W={z = (z1,22,23) | z1+iva—23=0} Hi={z = (z1,22,23) | x1+$2+$3=0}CR3.
of C3 and indicate the dimension dimcW. Ho={ ( )] . 0}c c3
={z= (21,29, T —xo—iwz= .
Extend B, up to a basis B of C* and find 2 b 32’ ’ jr 2
the coordinates of z=(3,—1i,2) in the basis 5. Hs —{ A= <m1 f?@ :c14x;x2> o, T1, T2 ER}
B Execrcise 2
Prove that B={v; =(1,1), vo=(1,—2)} is a basis of R?. B Exercise 2 with {4, B) =tr(AB).
Find a basis B'={v},v5} of R? such that the change of The Hadamard operator is H:C? —C?,
. . y
. ba51s.matrlx from B to B’ to be _<1 11> . H(zo,21)= (%xO“F%xl, %%*%%) )
Exercise 3 B Prove that H is a self-adjoint and unitary operator.
Let A: (C2 — (CQ, A(xl,xg) = (.’L‘Q, —xl). Compute H2.
Find the eigenvalues of A. .
) ) ) B Exercise 3
Describe the corresponding eigenspaces. Find o and 8 such that A:C2—C2,
Indicate the diagonal form of A and the used eigenbasis. A2y, 22) = (214 (0 +31) 22, (2+B1)21+72)
B Exercise 4 to be a self-adjoint operator.
Consider the vector space of polynomials B Exercise 4
V={p=ao+a1X+axX? | ao, a1, ag€R} Let H be the complex Hilbert space of all the functions
and the linear operator (derivative with respect to X) ¥ :{0,1,2}—C
D:V—V, D(a+aX+asX?)=a;+2a:X. with the scalar product 2
Describe the subspaces Ker D and Im D. (¥, ) :kgow(k) (k)
Find the eigenvalues and the corresponding eigenspaces. and let IT: H—H : ¢ — 1Iyp, be the linear operator
B b s (116) () = (2—).
DXEICISe o Prove that II is a self-adjoint and unitary operator.
Prove that . .
B:R2 — R B(z1,22)=(a1+22, 22) Find the eigenvalues of II.
is not a linear operator. Find the corresponding eigenspaces of 1I.
Find the linear operator C' : R?> — R? with the B Exercise 5
eigenvalues \; =6, Ao=9 and the eigenspaces Prove that
{(z1,22) | C(z1,22)=6(z1,22) }={a(1,2) | a€R} X 1 ) 0 ) 2
{(21,22) | Cz1,22)=9 (21, 22) }={a(l,-1) | «€R} |€0>:ﬁ 1], |€1>:ﬁ -1, |€2>:% -1
. 1 1 -1
4
h{l (R ’ COHSIde; t|h26 subspac(e)s 0 is an orthonormal basis of C3.
1=1(71, 72,3, T4 r1—22=0, w3+x4=0}, : : 3 3
B11| Find th 1 f th tor U:C C
Wy —span{uwn = (1, 1,1, 1), wp = (0, 1,-2,0), w3 = (2,3,0,2) }. ind the eigenvalues o . e operator —C7,
Find a basis in Wi;NW, and a basis in W; +W. U=leo)(eo| +iler) (ex]—[e2)ea]-
Prove that U is a unitary operator.
B Some definitions, notations and results
@ Definition Norm of a vector |||z||=+/(x, z)
Definition. In a vector space over the field K=R or C, - ’

Theorem In a Hilbert space H, if v1, vy are linearly indep.,

then wy; =v; and w2:U2_<('u117,v2)

spanf{vy, va, ..., U } dof {aqvi +agve+...+a,v, | ap €K}

w; | are orhogonal.

w1, w1 )
Definition. In the case of vector space over K=R or C, Theorem In a complex Hilbert space A :
A is an eigenvalue of a linear operator A:V—V if A€eK _ - its matrix in an orthonormal
and there exists a non-null vector x €V such that | Ax=Ax AH—H s self-adjoint < basis is Hermitian (AT = A).
The eigenspace corresponding to A is [{x | Az=Ax } | A:H—H is unitary N its H.la’FriX i.Il an orthonormal
. —. basis is unitary (ATA=T).
The complex-conjugate transpose (also called the adjoint) of ., .o 5
411 @1 - - G1in G11 Go1 - - B @ Dirac’s notation in C*. If to each z=(x1,22) €C?, we
A—| @2 a2 - aan | g qi_ gr_ | Ga2 @22 - ana | associate the matrices |z)= <2 , (z|=(21 Z2),
@nt @n2 77 Gnn G1n G2n *** Gnn then (wlyy=(21 22) (7 ) =21y +T20=(,y).
The usual inner product (also called scalar product) : Y2
In R3 (1,22, 3), (Y1, Y2, Y3)) = T1Y1 +Toya +23Ys For a= (a1, az) and bz(bl27 ba), tth formula A=a)(b| .
In C2 (1, 22), (Y1, Y2)) =T1y1 +Tays. defines the operator A:C* — C?, Alz)= |a>6<b|x> V;;Ilth
Orthogonal projection of x on w#0is Pyr= ésﬁw the matrix A=|a)(b[= <Z; (b1 b2)= Zigi Z;B; .



Bl SOLUTIONS for PARTIAL EVALUATION A
We have W={(x1,z2,23) | x1+ize—23=0}
:{($1,$2,$1+ix2) ‘ X1, xQER}
={21(1,0,1)422(0,1,i) | =1, z2€R}
=span{ (1,0,1), (0,1,i)}
But, «(1,0,1)4+5(0,1,i)=(0,0,0) = «a=3=0.
Consequently, {(1,0,1), (0,1,1)} is a basis and dim¢W=2.
We have to add a vector which does not belong to W.
For example, {(1,0,1), (0,1,1), (1,0,0)} is a basis and
a(1,0,1)4+6(0,1,i)+~(1,0,0)=(3, —i, 2)
= a=1, f=—i, v=2. The coordinates of x are 1, —i, 2.
Any (z1,22) €R? is a linear combination of v; and wvy:
(z1,22)=(1,1)+B(1,-2) for a=32EtE2 g itz
The vectors v; and vs are liearly independent:
a(l,1)+8(1,-2)=(0,0) = a=p=0.
By definition, S is a matrix
S= (O‘i O‘é) such that U} =0v1toTvs
a0 v2—a2v1 +a2v2
In our case: v]i=vi+v2=(2,-1), vh=v1—v2=(0,3).
In the canonical basis {(1,0),(0,1)}, the matrix of A is

a0 1 00—\ 1 A1 =i,
“\-1 0/ | -1 0=\ Ao =—

The corresponding eigenspaces are:
{ (21, 22) | A(21,22) =1(21,22) } = {a(L,i) | a€R}
{(x1,22) | A(z1,22)=—1(21,22) } = {(1,—1) | a€R}.
The linear operator has the diagonal matrix

=0 = AM+1=0 =

A’:(i 0.) in the eigenbasis B = {v}| = (1,1), vh= (1, —i)}.

0 —i
Ker D={p | Dp =0} ={ap+a1 X +aX? | a1+2a2 X =0}
={ap | ap€R }=space of constant polynomials.
ImD={Dp | peV}i={a1+2a:X | a1, az€R}
= space of polynomials of degree less than or equal to 1.
In the canonical basis {1, X, X2}, the matrix of D is

0 1 0 -2 1 0
A=[0 0 2.1 0 =X 2 |=X = \=)X=)3=0.
0 0 0 0 0 =X

The eigenspace corresponding to the eigenvalue 0 is
{p | Dp=0p}={ao+arX+asX?| a1+2a,X=0}

={ap| ap€R}={apl| apeR}. A basisis {1}.

Since B(a(x1,x2)) = B(az1, aze) = (az +aws, a?z3),
a B(z1,z2) =a(x +2, 23) = (az1 +axs, a23),
the relation B(a(x1,z2))=
Any linear operator C : R?2 — R? has the form
C(ry,22) = (a1171+a122, a2171+0a2222).
But, 0(1,2):6(1,2) = (a11+2a12, CL21+2G22) ( 2)

C(l,—l)zg(l,—l) = (au—alg, a21—a22> 9 )
a11+ga12—(152 ai1=38 )
a21+2 a2 = G12=—
and a11—ai2=9 as1 = —
az1—ag=-9 as=".
Consequently, C(x1,x2)=(8x1—x2, —2x1+7Tx2).

Since Wy ={ (1, 221, x3,—x3) | =1, x3€R},
the set {v1=(1,2,0,0),v2=(0,0,1,—1)} is a basis of W;.
Since ws=2w;+ws, we have Wy =span{wy, ws}, and

the set {w;=(1,1,1,1), wa=(0,1,-2,0)} is a basis of Ws.

The vector =caw; +pws = (a, a+ 5, a—23, ) from Wy

2a—(a+p5)=0

belongs to W; & (a—28)+a=0

< a=p. We get

WinWh={«a(1,2,-1,1) | «eR } with the basis {(1,2,—-1,1)}.

Wi +Ws ={(av; + Bve)+ (ywi +dws) | o, B,7v,0€R}.
Since we =v1 —v2 —wy we get Wi +Ws =span{vy, ve, w1 }
A Dbasis of Wy +Ws is {vy, v9, w1 }.

a B(z1,22) is not satisfied.

B SOLUTIONS for PARTIAL EVALUATION B

Hy={ (21,22, —21—22) | 21, 22 €R}
={21(1,0,-1)+x2(0,1,-1) | 1,22 €R} =
{v1=(1,0,-1), v2=(0,1,—1)} is a basis of H;.
By using | 7| (particular case of Gram-Schmidt), we get
the orthogonal basis {w;, ws}, where w1 =(1,0,—1),and

we = (0,1, —1)—%(1, 0, —1):( 35,1 —7) Consequently,

— w1 _ 1 wp __(_1 2 _ 1
{““Hwiu* 7205 ==~ % \/6)}

is an orthonormal basis of H;.
The method used in the case of H; leads to

sz{l‘l(l, 1,0)—|—Z‘3(0, —i, 1) | Tr1, T3 € R},
{v1=(1,1,0), v2=(0,—1,1) } is a basis of Ha,
{wlz(l, 1,0), we= (%, -3, 1)} an orthogonal basis of Ha,
(1 1 i i2
{’U/l—(ﬁ7ﬁ70)uw2 %7_%7%
The method used in the case of H; leads to

H3={1‘0<8 2) +z1 <(1) 6)-1%2 (91 6) $0,$17$2€R}7

30 0 L 0 -
o 'R ‘g , i *65 is orthonormal basis.
05) \3 2

The matrix of H in the orthonormal basis {(1,0),(0,1)} is

1 1
H:(‘{5 */§1>andHT:<f f

V2 V2 V2 f

H is self-adjoint and unitary because H=H' and HH'=1I.
1 1 1 1
Matrixoszis<\{§ @)(‘@ @)(é (1)>
V2 V2 V2 V2
Consequently H?(xg,z1)=(z0, 1)
The matrix of A in the orthonormal basis {(1,0),(0,1)} is

(1 a+3i i 1 2-pi
A= <2+ﬁi 1 ) and A _(a—Si 1 ).We use .
We have A=A" if and only if a=2 and f=-3.

The matrix of IT in the orthonormal basis {do, 01, d2},

orthonormal basis.

. We use E

00(0)=1  §(0)=0 2(0)=0 0 0 1
5o(1)=0, &(1)=1, 52(1): isTI={0 1 0
50(2)=0  61(2)=0 &(2)= 100
1160(0)=60(2) = 0 ;xnao_050+051+152, ete.
because I1dg(1)=0d¢(1)=
I160(2) =00 (0) = We use .
I is self—adjom’c nd u 1tary because II=TII" and ITTIT =1.
| Ao=—1,
Eigenvalues: 0 1-X2 0 [=0= )\ =1
1 0 0—A Ao=1.
{v | Myp=(-1)¢} =span{typ},
E h
BN {19} =spanyn, vz}
Yo(0)=75 z/Jl(O)ZW ¥2(0)=0
1/’0(1):0 1 ) 1/}1(1):01 ) 1/)2(1):
1Z10(2)<|§ < |1/11§2)<\|@ ¥2(2)=0
eoleo) =(e1]e1) =(eales) =1
We have: {eoler) = (eolea) = {ex]ea) = O7that is (ejlex) =0;k.
Uleo) =|eo)(eoleo) +ilex) (e1]eo) —|ez2)(ezleo) =]eo)
[ B1L| From Uler) = eo){eoler) +iler) (erler) ~[e2) (exler) =iler)
Ulez) =leo)(eole2) +iler) (erle2) —[ez)(e2]e2) =—lez)
it follows that
Ao=1 is an eigenvalue of U with |eg) an eigenvector,
A1=1 is an eigenvalue of U with |e;) an eigenvector,
A2 =—1 is an eigenvalue of U with |e3) an eigenvector.
1 0 O
The matrix U= 0 i 0 of U in the orthonormal
0 0 -1

basis {|eg),|e1), |e2)} is a unitary matrix because UUT =1.



