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GAUSSIAN FUNCTIONS OF CONTINUOUS VARIABLE GAUSSIAN FUNCTIONS OF DISCRETE VARIABLE
(d=2j+1 is a positive odd integer)

Gaussian functions of one continuous variable Gaussian functions of one discrete variable

For κ∈(0,∞), we define gκ(q)
def
= e−

κ
2 q

2

Fourier transform. By using the definition

F [ψ](p)
def
= 1√

2π

∞∫
−∞

e−ipq ψ(q) dq we get F [gκ]= 1√
κ
gκ−1

Wigner function. By using the definition

Wψ(q, p)
def
= 1

π

∞∫
−∞

e−2ipx ψ(q−x) ψ(q+x) dx

we get Wgκ(q, p)= 1√
κπ
g2κ(q) g2κ−1(p)

For κ∈(0,∞),we define gκ(n)
def
=

∞∑
α=−∞

e−
κπ
d
(n+αd)2

and g+
κ (n)

def
=

∞∑
α=−∞

e−
κπ
d (n+(α+ 1

2 )d)
2

Discrete Fourier transform. By using the definition

F[ψ](k)
def
= 1√

d

j∑
n=−j

e−
2πi
d kn ψ(n) we get F[gκ]= 1√

κ
gκ−1

Discrete Wigner function. By using the definition

Wψ(n, k)
def
= 1

d

j∑
m=−j

e−
4πi
d km ψ(n−m) ψ(n+m)

we get
[arXiv:1205.6302]

Wgκ(n, k)= 1√
2κd

g2κ(n)
[
g2κ−1(k)+g+

2κ−1(k)
]

+ 1√
2κd

g+
2κ(n)

[
g2κ−1(k)−g+

2κ−1(k)
]

Gaussian functions of two continuous variables Gaussian functions of two discrete variables

For σ=

(
a b
b c

)
>0, gσ(q1, q2)

def
= e
− 1

2 (q1 q2)

(
a b
b c

)(
q1
q2

)

that is

gσ(q1, q2)=e−
1
2 (aq

2
1+2bq1 q2+cq

2
2) =e−

a
2 q

2
1 e−bq1q2 e−

c
2 q

2
2 .

Fourier transform. By using the definition

F [ψ](p1, p2)
def
= 1

2π

∞∫
−∞

∞∫
−∞

e−i(p1q1+p2q2) ψ(q1, q2) dq1dq2

we get F [gσ]= 1√
detσ

gσ−1

Wigner function. By using the definition

Wψ(q1, q2, p1, p2)
def
= 1
π2

∞∫
−∞

∞∫
−∞

e−2i(p1x1+p2x2)

×ψ(q1−x1, q2−x2)ψ(q1+x1, q2+x2) dx1dx2

we get

Wgσ (q1, q2, p1, p2)= 1
π
√
detσ

g2σ(q1, q2) g2σ−1(p1, p2)

gσ(n1, n2)
def
=

∞∑
α1,α2=−∞

e
−πd (n1+α1d n2+α2d)

(
a b
b c

)(
n1+α1d
n2+α2d

)
and

g+0
σ (n1, n2)

def
=

∞∑
α1,α2=−∞

e
−πd (n1+(α1+

1
2 )d n2+α2d)

(
a b
b c

)(
n1+(α1 + 1

2 )d
n2+α2d

)
,

g0+
σ (n1, n2)

def
=

∞∑
α1,α2=−∞

e
−πd (n1+α1d n2+(α2+

1
2 )d)

(
a b
b c

)(
n1+α1d

n2+(α2+
1
2 )d

)
,

g++
σ (n1, n2)

def
=

∞∑
α1,α2=−∞

e
−πd (n1+(α1+

1
2 )d n2+(α2+

1
2 )d)

(
a b
b c

)(
n1+(α1+

1
2 )d

n2+(α2+
1
2 )d

)
.

Discrete Fourier transform. By using the definition

F[ψ](k1, k2)
def
= 1

d

j∑
n1=−j

j∑
n2=−j

e−
2πi
d (k1n1+k2n2) ψ(n1, n2)

we get F[gσ]= 1√
detσ

gσ−1

Discrete Wigner function. By using the definition

Wψ(n1, n2, k1, k2)
def
= 1

d2

j∑
m1=−j

j∑
m2=−j

e−
4πi
d (k1m1+k2m2)

×ψ(n1−m1, n2−m2)ψ(n1+m1, n2+m2)
we get [arXiv:1912.01998]

Wgσ (n1, n2, k1, k2)
= 1

2d
√
detσ

g2σ(n1, n2)
[
g2σ−1(k1, k2) + g+0

2σ−1(k1, k2) + g0+
2σ−1(k1, k2) + g++

2σ−1(k1, k2)
]

+ 1
2d
√
detσ

g+0
2σ (n1, n2)

[
g2σ−1(k1, k2)− g+0

2σ−1(k1, k2) + g0+
2σ−1(k1, k2)− g++

2σ−1(k1, k2)
]

+ 1
2d
√
detσ

g0+
2σ (n1, n2)

[
g2σ−1(k1, k2) + g+0

2σ−1(k1, k2)− g0+
2σ−1(k1, k2)− g++

2σ−1(k1, k2)
]

+ 1
2d
√
detσ

g++
2σ (n1, n2)

[
g2σ−1(k1, k2)− g+0

2σ−1(k1, k2)− g0+
2σ−1(k1, k2) + g++

2σ−1(k1, k2)
]
.

CONTINUOUS-DISCRETE CORRESPONDENCE (Cκ and Cσ are constants) [arXiv:1912.01998]

gκ(n)=
∞∑

α=−∞
gκ

(
(n+αd)

√
2π
d

)
F[gκ](k)=

∞∑
β=−∞
F [gκ]

(
(k+βd)

√
2π
d

)
Wgκ(n, k)=Cκ

∞∑
α,β=−∞

(−1)αβWgκ

(
(n+αd2 )

√
2π
d , (k+β d2 )

√
2π
d

)

gσ(n1, n2)=
∞∑

α1,α2=−∞
gσ

(
(n1+α1d)

√
2π
d , (n2+α2d)

√
2π
d

)
F[gσ](k1, k2)=

∞∑
β1,β2=−∞

F [gσ]
(

(k1+β1d)
√

2π
d , (k2+β2d)

√
2π
d

)

Wgσ (n1, n2, k1, k2)=Cσ
∞∑

α1,α2=−∞

∞∑
β1,β2=−∞

(−1)α1β1+α2β2Wgσ

(
(n1+α1

d
2 )
√

2π
d , (n2+α2

d
2 )
√

2π
d , (k1+β1

d
2 )
√

2π
d , (k2+β2

d
2 )
√

2π
d

)

1


