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The usual position-momentum commutation relation plays a fundamental role in the mathematical description
of continuous-variable quantum systems. In the case of a qudit described by a Hilbert space of a high enough
dimension, there exists a discrete version of the position-momentum commutation relation satisfied with ap-
proximation of a large part of the pure quantum states. Our purpose is to explore in more details the set of
these states. We show that it contains a family of discrete-variable Gaussian states depending on a continuous
parameter and certain discrete coherent states. It also contains various discrete-variable versions of the Hermite-
Gauss states, defined either as eigenstates of certain discrete versions of the harmonic oscillator Hamiltonian or
generated by using a discrete version of the creation or annihilation operator. The presented results suggest a
possible way to experimentally obtain some of the investigated states.
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I. INTRODUCTION

The quantum systems with finite-dimensional Hilbert space [1-5] play an important role in the investigation of quantum
mechanics foundations, in Quantum Information, and in other applications. The mathematical description of these discrete-
variable systems is obtained by following, as much as possible, the analogy with the continuous-variable quantum systems. In
certain cases, the discrete-variable versions have properties very similar to those concerning the continuous systems, but this
does not happen in all the cases.

In quantum mechanics, a pair A and B of Hermitian operators on a Hilbert space is canonical if they satify the relation
[A,B] =i, where [A,B]=AB —BA, h=2n is the Plank constant, and i/ = ifil is the identity operator multiplied by i%. In the
finite-dimensional case, such a pair does not exist because the trace of the two sides of [A, B] =ifi is different. In [6], the authors
show that certain canonical pairs can be obtained by relaxing the definition, namely by imposing the relation [A,B] =if to be
satisfied only on a proper subspace of the Hilbert space. Some references concerning possible applications of this new definition
are presented in [6].

Our approach is different. We show that a discrete version of the position-momentum commutation relation [7, p] =i is
satisfied with an approximation in a proper subspace if the dimension of the Hilbert space is high enough. Among the elements
of such a subspace there are some of the most important states used in the mathematical description of qudits [7-10].

The presented results may be used as a starting point of new mathematical formalisms involving only certain particular states
of a qudit, by following, for example, the analogy with the theory of continuous-variable Gaussian states used in Quantum
Information [11-13].

II. QUANTUM SYSTEMS WITH FINITE-DIMENSIONAL HILBERT SPACE

A spinless particle with mass, in one dimension, is usually described by using the Hilbert space

LZ(R)_{‘P:R—MC ‘ / |‘P(q)|2dq<<x>} (1)
(closure of the space of square integrable functions) with

@)= [ Bq)¥(q)da @

In order to have a simple analogy, we shall consider only the case of a discrete-variable quantum system described by an odd-
dimensional (d =2s+1) Hilbert space 77 regarded as a space of functions, namely

H={y:{=s,—s+1,...s—1,s} > C} 3)
with the inner product
(olv)= ¥, 7T v @
and the norm
Wl=viw =] ¥, vl )

n=-—s

The set {—s,—s+1,...,s—1,s} contains one and only one representative of any class of remainders modulo d. Therefore, we can
identify it with Z,. The discrete 6§ functions 8_g, 8_gy1, ... , &, where &,:{—s,—s+1,...,s} —C,

1 for n=m,

5’”(")_5’””_{0 for n#m, ©)

form an orthonormal basis of 7. By using Dirac notation |m) instead of |5,,), we have

(n|m)=06uyn, and i |m){m|=1, @)

m=—s

where [: 77 — 5, Ty =y, is the identity operator.



A. Discrete Fourier transform

The usual Fourier transform W+ F'W,

2mi

(F¥)(p) =z | € 1P ¥(q)dg= g [ e FP1¥(q)dg.

is a unitary transform. Its inverse is the adjoint transform ¥+ F™\P,

27

(FI9)(p)=; | (g d

The corresponding discrete-variable version F:5¢ — ¢y — Fy,

Fp) =1 Y e Fry)

n=-—s

is also a unitary transform [2, 7]. Its inverse is the adjoint F':.¢ — 77y — Fly,

Particularly, (n|F|k)=(F&)(n)= e %1 (n|F|k)=(F&)(n)= Le*, and

Vd d
S 2mi
F=TFI=L ) lFIR) (=g & e 9 ) (K
nk=—s
) i
FI=IFI=Y;, | @Fk)k="1 ¥ e n)K.
' nk=—s

B. Discrete version of the position and momentum operators
The position operator §:D, C L*(R) —L*(R): ¥+ §'¥,
(§¥)(9)=q%¥(q),
whose domain of definition is
p={wer® | [~ lovPda<e .
admits [1, 2] the discrete-variable version q: .77 — 77y — qV,
(@y)(n)=ny(n).

The basis {|n) }$__, is an eigenbasis for §, and § admits the spectral decomposition

a= Y nlninl.

n=—s
The momentum operator p:D,CL*(R)—L*(R): ¥+ p'¥P,
A . c+ d
pY=—indw,
whose domain of definition is

p={werr® | [ wiPdg<e].

®)

©)

(10)

Y

12)

13)

(14)

5)

(16)

a7)

(18)



satisfies the relation

p=F'gF. (19)
The discrete-variable version [1, 2] of momentum is defined as p: .7 — 7,
p=F'gF. (20)
Explicitly,
A _1 5 J 27 (n—m)
Py)(n)=3 ¥ Y ked y(m), (21)

k=—sm=—s
and p admits the spectral decomposition
N
p= Y nF'ln)(nlF, (22)
n=-—s
that is {F'|n)}5___is an eigenbasis for p.

n=-—s

C. A d-dimensional version of Pauli operators

The two-dimensional Pauli operator Z : C2 — C?2,
Z|0)=10),

, 23
Zj)=—1), 29
admits [2] the general version Z:.¢ — ¢,
Zin)=e"T"|n) (24)
satisfying the relations
N N s 2mi
Z=ZI=Z7Z Y |n)(n|= ¥ Zn){n|= ¥ e’ "n)(n|,
n=-—s n=-—s n=-—s
S am 2mi
(Zy)(m)=(nlZly)= L ed™(nlm)m|y)=ed"y(n), (25)
27i & 27 o g & S 27i & S 27
Fi— T =4 ¥ ynl= ¥ FUn)in|= ¥ Fn)(n|=Z.
n=-—s n=-—s n=-—s
The two-dimensional Pauli operator X : C? — C?,
X[0)=11),
X[1)=10), 20
admits [2] the general version X:7 — J¢,
X|ny=|n+1) 27
where the addition is modulo d, and we choose n+1 € {—s,—s+1,...,s—1,s}. It has the properties
s N N
X=XI=X ¥ [n){n|= ¥ X[n){n|= ¥ [n+1){n|,
n=-—s n=—s n=-—s
(X)) = (nlX|y) = ¥ (nl+1) )= y(n=1),
_27ig _2mig _mig S _ 2z S _2nmi _ 27
e @P=F'e qu:ﬁFTe dq,,k);,se 7 kn |k><n|:ﬁFT”k§ﬂe 7k e =Tk |k (n] (28)
=Ly e THEIR =) R e POy
vd nk=—s n,k,m=—s
N N 27 s s
= Y F X e U mnl= ¥ Suanilm)(nl= ¥ |n+1)(n|=X.
nm=—s k=—s n,m=-—s n=-—s

The operators Z, X : 5 — S¢ are unitary transformations:

(Zo,Zy)= ¥ Zo(n) Zy(n)= Y, o) y(n)=(0,v), .
n:;s n:;s ( )
Xo,Xy)= Y Xo(n)Xy(n)= Y on-1)yn-1)=(p,y).

n=-—s§ n=-—s




D. A discrete version of the displacement operators

From

S i pist
ZX= Y eFn)(nm+1)m= ¥ F

n,m=—s m=—s

S i S i
XZ= Y e mtl)(mn)(n|= ¥ @™ |m+1)(m]

n,m=-—s m=-—s
it follows that
2mi
ZX=e d XZ,
and the relations
— ?nk kan _ e%ink ank
27 A 27 o

ef%ink 2”‘kqeanp:e%inke np

In the continuous-variable case, the displacement operators are defined as

Fha

i ia i A 2mi T A
D(qu):efﬁqpe%pqef%qp:e hcme h'pq(qu

By following the analogy with the continuous case, the discrete displacement operators are defined as

27 A

. . 2
= 7%'1]{ k n_— 7%”1{ mkq —d p
n, e e e

They satisfy the relations [2]

D(n,k)y(m) = e~ 8™ T y(m—n),

D(n,k)D(m, £) = T =) D(ntm,

D(n,k) D(m, €) =e’ &7 D(m, 0)
Df(n,k)=D(—n,—k) =D~ (n,k).

k+¢)
D(n,k)

D(n,k): 5 — A,

III. DISCRETE VERSION OF THE POSITION-MOMENTUM COMMUTATION RELATION

TABLE I Eigenvalues of C=[q, ] — iz in two cases.

Cased =11 Cased—31

—6.8034x 10716}

—1.28585x 107134

—1.48548x 1078 2.07899x 10715 §
7.96337x 1077 i —3.04408 x 10713 §
2.04883x 10731 3.57322x 107154
3.36098 x 10741 5.70417x 107134
3.93615x 10731 —1.12090x 10714
1

i
i
i
i
i
i
i
3.49009x 1072 1.58666x 107141
i
i
i
i
i
i
i

—0.2409391i —2.13350x 107144
1.33714i 1.13714x 107134
—5.45524i —1.41394x 107124
19.9934i 1.73886x 10~ 11§
—34.9234i —1.91428x 107194

1.9093x 10771
—1.73552x 108

1.44395%x 10774
—1.10354%x 10704
7.76978x 10701
—0.0000505151
0.0003038051
—0.001692251
0.008736141
—0.04179561
0.185225i
—0.7579411i
2.86832i
—9.80352i
31.5302i
—80.4393
214.181i
—310.677i

In the continuous case, the usual position and momentum satisfy the remarkable relation [§, p] = if, that is

=i

[6?715 lﬁ'

(30)

€1V

(32)

(33)

(34)

(35)

(36)



This means that
9(p¥) = p(q¥) =iV (37)
for any W from the subspace
{¥eD,ND, | §¥€D, and p¥ED,}. (38)

If we compare the continuous and discrete version of the Fourier transform, then we arrive at the conclusion that, in the
discrete case, the role of Planck constant is played by the dimension d of the Hilbert space. Consequently, the discrete version
of the relation (36) is

[a.p] =i (39)
One can see that this relation is not satisfied in the whole .77, but by computing the eigenvalues of the operator C:. 7 — J7,
C=[q,p] —is; (40)

with the matrix elements

(nlClm) = T Kn=m)e X0 —ife5,, @1

for different values of d, one arrives at the conclusion that the eigenvalues A with |4| < 0.001 represent 36% in the case d =11,
represent 64% in the case d =31, represent 77% in the case d =61 and 84% in the case d =101 (see Table I). So, for d large
enough, a significant part of the eigenvalues of [q,p] — izd—ﬂ are almost null.

For any € >0, there exists d¢ such that the set

Le={yeA ||lyl][=1and [[Cy||<e} (42)

is non-empty for d =dim(J#) > de. If € >0 is small enough, then we can consider that

[@.ply ~isgy for ye7. 43)
k
If the states Y, ¥, ... , W from % form an orthonormal system and Y= Y, @, W, is such that ||y||=1, then
m=1
k k k k
ICYlI={| L wCyin||< Y low| | Cwinll<e\| X loml?\| X 12<eVk, (44)
m=1 m=1 m=1 m=1
thatis y €.7, .
A. A spectral decomposition of the Fourier transform
By using the relation
AT 1 . 2—mm(kfn) 1 5 72—mm(k7n) T A A
(FGF )y (n)=- ) e my(k)=—- Y, e (=m) y(k)=—(F'GF)y(n) =—py(n)
mk=—s mk=—s

we get FGF'=—p and
F[§,p]=Fqp—Fpq=FqF'F — FF'qF §=—pqF — qFGF ' F=[q, pIF,
that is
F[4,p]=(q,p]F. (45)
From the relation

||ICFy||=[[FCy]|=|Cy]], (46)



it follows that any set .%; is Fourier invariant, that is
veY = Fyec . 47)

Let A9, Ay, ..., Ay_1 be the eigenvalues of C=[q,p] — i%, considered in the increasing order of their modulus (|Ag] < [A;] <
. <|Ag—1]), and let @y, @1, ... , @;_1 be the corresponding eigenfunctions, that is

Cor =X Q. (48)
The relation
Co=Mox = CFo=FCo=%4 Fog

and the numerical data (see Table II) suggest that the states ¢g, @i, ... , ¢;— are also eigenstates of F, namely [7, 8]

TABLEIIL Case d=11: ¢, ¢,..., @, are eigenstates of F.

k| For—ox || | Foe+ox | | For—igy || | For+igy ||
1 2.0x10°10 2 1.4142 1.4142
2 1.4142 1.4142 2 1.2x10710
3 2 6.3x10711 1.4142 1.4142
4 1.4142 1.4142 1.3x10712 2
5  27x10713 2 1.4142 1.4142
6 1.4142 1.4142 2 23%x10714
7 2 1.3x10°14 1.4142 1.4142
8 1.4142 1.4142 3.4x1071 2
9 1.0x10715 2 1.4142 1.4142
10 1.4142 1.4142 2 8.3x 10716
11 2 8.4x10716 1.4142 1.4142
F(Pn = (_i)” On- (49)

Particularly, the discrete Fourier transform admits the spectral decomposition

d—1
F= Z (_i)n |(Pn> <(Pn| (50)
n=0
For any € > 0 and d high enough, some of the states ¢g, @1, ... , ¢;—; belong to .. For example (see Table I), in the case

d =31, the states @, @1, ... , P19 belong to .7 o01-

B. A discrete version of the uncertainty relation

A direct consequence of (43) is
(wl[@,pllw)| ~ & for ye.7. (51)

From the Robertson-Schrodinger uncertainty relation, it follows that the inequality

AG Ap > w for ye.7, (52)

that is

=

AGAp > (53)

IS

T

is satisfied with approximation in .%¢. See the particular cases presented in the Tables V-XIII and Figure 3.



C. Commutation relation of discrete creation-annihilation operators

The operators

a=\/%(a+in),

can be regarded as a discrete version of the creation (also called raising) and annihilation (also called lowering) operators

a=/3(@+ip).
a'=\/5a-ip).
used in the continuous variable case. For small € >0 and any y € .7, we have [{,p]y ~ i% v = [a%,aly ~ y, that is
[4,a'1~1  in 7.

In the continuous-variable case, by using Baker—Campbell-Hausdorff formula, one gets
G.p)=iL = D(q.p) —e Rar T rie—Fab — o T (Pi—ap).
By denoting o= \/% (g+ip), this relation can be written as
D(a) :eadta&’

It is an open issue if

@.ply ~i d D(n,k)yaed ki—mb)y,
) N1— ES L

IV. SOME REMARKABLE ELEMENTS OF ., AND THEIR PROPERTIES

A. Discrete-variable Gaussian functions

04y

0.6F b

05¢F. 0.3 .

04¢f . .

0.3} O]

02 - © o1l .

0.1F ] 1.
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FIG. 1. Gaussian functions g3 and g; 3 in the case d =31.

For any x € (0, ), the Gaussian function g, : R — R,

gK'(q):eiTq )

(54)

(55)

(56)

(57)

(58)

(59)

(60)



satisfies the relation

Flgx] =7z 81/x- (61)

The corresponding discrete-variable Gaussian function gi:{—s,—s+1,....s—1,s} >R,

ox(n)= ¥ e Flrrad’, 62)
ol=—o0
satisfies the relation [2, 14]
Flox = a1/« (63)

similar to (61). It is a particular case of Jacobi 0 function [2, 7]. Because F is a unitary transform, the corresponding normalized
discrete Gaussian functions (see Figure 1)

g.c:ﬁ where [|gell=1/ ¥ (ax(n))?, (64)
K

n=-—s

satisfy the relation
Flgc] =21 /k- (65)

For d large enough and small § > 0, there exists 11 > 0 such that, for k € (% ,M), the most significant coordinates of g in the

eigenbasis {@1, 2, ..., ¢z} of C=[q,p] — izd—ﬂ are those corresponding to the functions @ with |A;| < & (see Table III). We can
consider that

[@,p] ~ist for g, with KE(%,T]) (66)
(see Tables III, IV and Figure 2). From (49), we get

[(Pnlgx) [ = (0nPalgi) [ = (FPnlgic) | = |(Pulg1/x)] (67)

in agreement with the numerical data from Table III. Since F is a unitary transform, we get

TABLE III. Case d =11: for certain k, the Gaussian g, is mainly a linear combination of @1, 2, @3, @4, @s.

k=1 K=2 Kk=1/2 k=3 k=1/3
[(@olgi)] 0.999968 0.970268 0.970268 0.926811 0.926811
1lgx)| 8.79611x 1071 8.56453x 10711 8.50632x 107! 8.19559x 10711 8.11208x10~8
®
[(@a]gk)| 3.14918x 107! 0.228139 0.228139 0.327299 0.327299
g)| 3.83482x10713  3.8548x10713  3.58495x 10713 3.74436x 10713 3.36051 x 10713
®3
[(@4]gic)| 0.00798631 0.0736351 0.0736351 0.151392 0.151392
s|gic)| 8.61761x10715  9.0834x 1071 8.25462x 10715 9.15919x 1015 8.20907x 1015
®
[(@s|gx)| 2.78121x 10713 0.0288995 0.0288995 0.0830314 0.0830314
[(@7]gx)| 1.82021x10716  1.7344x 10710 2.47453x 10716 1.32587x107'° 3.49103x 10716
[(pglgx)|  0.000416018 0.0146752 0.0146752 0.0549712 0.0549712
[(@o|gx)| 5.0058x10~17 4.89024x107'7  6.26338x107'7 4.68507x 1077 7.58437x10~17
[{pr0/gx)| 1.98563x 10710 0.00777324 0.00777324 0.0325688 0.0325688
d d d
q,plv —i— vyl =||F[q,plv —i=—Fvy|| =||[q,p|Fyv —i—Fy]|, 68
I, ply —i—— vl = |IFlaply —i-—Fyl| = ||[q,p]Fy —i-—Fy|| (68)

for any y € JZ. Particularly, we have

| Cex =1l Cgyx (69)

in agreement with the numerical data from Table I'V.
By using (45) and (65), we get

(1/x/1Q,B]lg1/x) = (Fex|Fq, p]|gx) = (gx[(@, P]|gx), (70)
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FIG. 2. Norm || ([§,p] —is% )g|| ford=11 and d=31.

TABLE IV. [q, plgi ~ i%gk is satisfied for certain gy.
k 1(1a.8]—i5% ) exll
Cased =11 Case d =31
1 0.0022697 2.68152x107°
2 0.283112 0.000670943
172 0.283112 0.000670943
3 0.0383181
1/3 0.0383181

in agreement with the numerical data from Table V.
In conclusion, if the dimension d of the Hilbert space describing the quantum system (qudit) is large enough, there exists a

family ¥5 = {gK | xe (%,n) } of discrete-variable Gaussian states g, depending on a continuous parameter k € (%,n) such
that the relations

[@.p] =i and AqAp> {7 (71)

are satisfied with approximation for any g, €¥s (See Figure 2 and Figure 3). Any desired precision can be obtained by increasing

0.20}
0.00010
0.15
0.00008
0.10f 0.00006 |
I 0.00004 |
0.05} i
i 0.00002 ;\
" " i n U R B S NS S k i i i i 1 1 1 k
05 10 15 20 25 30 35 40 05 10 15 20 25 30 35 40

FIG. 3. Modulus ||(g|[d.p]|g)| — 5% | for d=11 and d=31.

the dimension d of the Hilbert space and use of an adequate interval (%, 7). In addition, the family &5 is Fourier invariant:

g8«€9% = Flg]=81/k€%. (72)

B. Discrete version of Fock states

It is known that the Hamiltonian of the harmonic oscillator can be written as

A=d"a+-, (73)

N —
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TABLE V. |(g«|[@,D]|g«)| = % is satisfied for certain g.

K | [{ex/a.Bllgx)] — 5% |
Cased =11 Cased =31
1 1.21005x107° 8.88178x 10~ T°
2 0.00350868 2.47852x107°
12 0.00350868 2.47852x107°
3 0.0552824 7.39351x 107
173 0.0552824 7.39351x107°
4 0.204735 0.000383435
1/4 0.204735 0.000383435
5 0.00397916
1/5 0.00397916
6 0.0185731
1/6 0.0185731
7 0.0550503
177 0.0550503
8 0.122973
1/8 0.122973

and its eigenfunctions are the Fock states

1
vy, = 7 (a""w, (74)
where Wy (gq) = %ﬁe’%‘lz is the vacuum state. By following the analogy with the continuous case, we define
- (A1) (75)
Ve

where g =g is the discrete version of the vacuum state.
By direct computation, we can remark that, for small € >0 and d high enough, some of the states y¢ , belong to .. For
example (see Table VI), in the case d =31, the states Yc o, Wc 1, ... , Ye g belong to 001

TABLE VL. In the case d =31, the relations [q, p]y ~ i% v and Aq Ap > % are satisfied with approximation for certain states Y .
v H(ﬁﬁ%*%)%l (i@ pllv)| — 5% |
Vco 2.68152x107° 8.88178x 10716
Ve 3.67539x 1078 0
Ve 4.93488 <1077 5.32907x 10713
Ve 2.24984x 106 8.88178x 10~ 15
Vc4 9.70535x10~° 2.67342x 10713
ves 0.000035908 3.03935x 10712
Ve 6 0.000125868 3.62173x 1071
ve 0.000281649 1.07889x 1010
Ve 0.000740305 5.47327x10710
Ve 0.00153664 1.43238x10~°
Ve 10 0.00357292 130984 x 1010

C. Discrete version of the harmonic oscillator

The operator H:.7 — 7,

62 | a2
P a (76)
2
can be regarded as a discrete version of the Hamiltonian of the quantum harmonic oscillator
A2 4 A2
p_Pd 7
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For any small £ >0, some of the eigenstates of H belong to .. For example (see Table VII), in the case d =31, the eigenstates
V0.0, Yo,15 - » V0,7 belong to #.001- They form an orthonormal system. The relation [§, p]y ~ i%y/ is satisfied if and only if

[a,a’]y ~ . In this case 200 +q (VES] (ﬁTﬁ—l-%)y/, and the eigenvalues of ﬁTﬁ—l—% tend to be distributed equidistant,
ATat & ! atas Lyt 37
@aty)y=1y = (8%a+5 ) y=a'(a aty)+aly=(A+1)a'y. (78)

52 2
Therefore, in the bottom of the spectrum of %, the eigenvalues have an almost equidistant distribution (see Fig. 4).

- - . - - - N
5 10 15 20 25 30

FIG. 4. Eigenvalues of the Hamiltonian (76) in the case d =31.

TABLE VILI. In the case d =31, the relations [§, p]y ~ i% v and Aq Ap > ;7 are satisfied for certain states Yo x.

= 471
v (@pl-ig) vl [vlalw)l- &
Yo,0 2.73402x107° 5.32907x 10~ 1
vo.1 2.31647x1078 1.77636x 10~ 13
Yo, 3.54883% 1077 4.44089x 10715
Yo,3 4.8082% 1077 1.15463x 10~ 14
Vo4 5.27306x 1076 4.70735x 10713
Yos 0.000018252 4.30322x 10712
Yo 0.000167857 1.50534x 10710
Yo7 0.000127787 7.24515% 10710
Vo 0.0010158 1.59893% 1078
Yo.9 0.00233029 6.25305x 1078
Yo.10 0.0176262 1.48606x 106

D. Discrete coherent states

The discrete coherent states [2, 4] are

[n,k)=—=D(n.k)lg), (79)
where n,k€{—s,—s+1,...,s—1,s} and D(n,k): 7 — H,
D(n,k)y(m) = e~ 7% T4y (m—n), (80)
are the displacement operators. By using the relations
il d 2z 2
| Cln,k) ||*= Z Z Z]m Q)T im0 Tk (g )y — Znedkmg(m—n) : (81)

s | = =2
|z =z|, g(—n) =g(n) and the changes of parameters n+— —n, k— —k, m— —m, one can prove that
| Cln, k) [|=[| C| = n, k) ||=] Cln, =k} | =[| C| — n, = k)| - (82)

For any small € >0, some of the discrete coherent states |j, k) belong to .7 if the Hilbert space of the quantum system has
a dimension high enough. For example (see Table VIII), in the case d =31, the coherent states |0,0), |0,41), |0,+£2), |0,£3),
[0,£4), |£1,0), | 1,£1), |£1,42), [+ 1,£3), |£1,44), | £2,0), |£2,4+1), | £2,£2), | £2,43), | £2,44), | +3,0),
|+3,+1), | £3,4£2), | £3,£3), | +£3,14), | £4,0), | £4,+1), | £4,£2), | +4,£3), | £ 4,+4) belong to . 001 -
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TABLE VIIL In the case d =31, the relations [§, p]y ~ i% v and Aq Ap > % are satisfied with approximation for certain states |j, k).

k) (@bl =i )kl k@l =55 1 k) (@Bl =ik ) Ikl k@Bl k] - &

|0,0) 2.68152x 1077 8.88178x 10710 3,0) 8.88946x 10~° 2.70894x 1013
[0,1) 3.53522% 1078 1.77636x 101 3,1) 8.88748x 1070 2.70894x 10713
|0,2) 6.06924 x 1077 8.88178x 10716 3,2) 9.21918x107° 2.80664x 10713
[0,3) 8.88946x 10° 2.73559%x 10713 3,3) 0.000011576 5.21361x 10713
|0,4) 0.000105793 4.01679x 10711 3,4) 0.000107044 4.00791x 1071
0,5) 0.00102558 3.9099x 1077 3,5) 0.00104948 3.91981x107°
[1,0) 3.53522x 1078 8.88178x 10716 |4,0) 0.000105793 4.01696x 10!
[1,1) 3.53347x 1078 2.66454x 10713 [4,1) 0.000106023 4.01714x 1071
[1,2) 6.2644x 1077 0 4,2) 0.000106471 4.01306x 10711
1,3) 8.88748x107° 2.74447x10713 |4,3) 0.000107044 4.00791x 10!
[1,4) 0.000106023 4.01732x107 11 |4,4) 0.000186876 9.42757x 10~ !
1,5 0.00102781 3.90986x 10~° 4,5 0.00100292 3.78383x 1077
:2,02 6.06924 %1077 1.77636x 10713 :5,02 0.00102558 3.9099x 1077

[2,1) 6.2644 %1077 8.88178x 10716 5,1) 0.00102781 3.90986x 10~°
2,2) 6.28767x 1077 2.66454x 10713 5,2) 0.00103463 3.91002x10~°
2,3) 9.21918x107° 277112x10713 5,3) 0.00104948 3.91981x107°
[2,4) 0.000106471 4.01323x 10711 5,4) 0.00100292 3.78383x107°
2,5) 0.00103463 3.91002x10~° l5,5) 0.00170788 8.59234x 1077

h

TABLE IX. In the case d =31, the relations [q,p]y ~ i% v and Aq Ap > % are satisfied with approximation by certain states Wy 4.

v H([Cl,fﬂ*i%)wl\ (6, D] )| — 5% | v H([‘A]:f’}*izd_ﬂ> vl| | [(w1[@,p]|w)| — 5%
Va0 2.08125% 1077 0 VA 10 3.2588x107° 2.75335x 10" 14
Va1 2.08125x 1077 8.88178x 10716 788 0.000746798 1.2461x 10~ 11
Va2 2.08126x107° 1.77636x10~13 Va 12 0.000746798 1.2461x 10~
Va3 1.41314%1077 8.88178x 10716 Vi 13 0.000746798 1.2461x 10~ 11
vasa  141314x1077 8.88178 1071 VA 14 0.000746798 1.2461x 1071
Vas 1.41314%1077 1.77636x 10~ 13 Va1s 0.00169824 5.93746x 1077
Va6 1.41314x 1077 0 VA 16 0.00169824 5.93746x 1077
Va7 3.2588x107° 2.57572x 10714 Va 17 0.00169824 5.93746x 1077
Vas 3.2588x 1076 2.66454x 10714 Va8 0.00169824 5.93746x10~°
Va9 3.2588x 1076 2.57572x 10714 VA.19 0.0381896 2.72907x10~°

E. Eigenfunctions of discrete annihilation operator

It is known that, in the continuous-variable case, the standard coherent states |¢,p) can be defined as eigenstates of the
annihilation operator, d|o) = o] @), that is

alg p) =1/ E(a+ip)lg.p). (83)
By following the analogy, we consider the eigenstates Yy , of the discrete version
A P
d=\/ - (@+ip) (84)

of a. For any small € >0, some of the eigenfunctions yy , belong to .7 if the Hilbert space of the quantum system has a
dimension high enough. For example (see Table IX), in the case d =31, the eigenstates W 0, Ya 1, ... , Wa, 14, Where the states
have been considered in the increasing order of the number of sign oscillations, belong to .4 o1 -

F. Discrete coherent state quantization

In the continuous case the standard coherent states

lg,p)=D(q,p)lg), (85)
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where
1
8(q)=gze 21 (86)
is the vacuum state, satisfy the decomposition of the identity

2 /) |a.p){a. pldadp=T;2). &7
R

To any function f:R? — C defined on the phase space R?, and chosen such that the integral is convergent, one can associate the
operator

Af:z—lﬂfﬂgz'f(q,p)Iq,p><q,p|dqdp- 55)

The map f+ Ay is called coherent state quantization [4, 15, 16] . One can prove that [15]

Ar=q for f(q.p) =4,
Ap=p o for fa:p)=p, L (89)
Ap=5(p"+q")+5 for f(q.p) =3(p"+q°)
Because the discrete coherent states satisfy
N
Y Ik n k=T, (90)
nk=—s
by following the analogy with the continuous case, one can associate the operator A y: 77" — JZ,
S
Ar= ¥ [f(nk)[n,k)(n Kkl o1
nk=—s
to each function
fi{=s,—s+1,.. s}x{=s,—s+1,....,5} > C (92)

defined on the discrete phase space. By using the discrete coherent state quantization f+— A s, we obtain for f(n, k)= % (n>+k?)
the operator

S 2.2
Hq:_%+ y ”g" I, k) (n, k| 93)

nk=—s

which can be regarded as a discrete version of the harmonic oscillator Hamiltonian. For any small € > 0, some of the eigen-
functions yp , of H, belong to .#; if the Hilbert space of the quantum system has a dimension high enough. For example (see
Table X), in the case d =31, the states Yo, Wp,1, ... » Yo7, Where the states have been considered in the increasing order of
eigenvalues, belong to .7 gp;. One can again remark an almost equidistant distribution in the bottom of the spectrum (see Fig.
5). The Hamiltonian (93) is an other discrete version of (77), and a behavior similar to (76) is again expected to happen.

200
150
100 ¢

50 |

. * * ’ . = n
5 10 15 20 25 30

FIG. 5. Eigenvalues of the Hamiltonian (93) in the case d =31.



TABLE X. In the case d =31, the relations [q, p]y ~ i% y and Aq Ap >

15

are satisfied with approximation of certain states g 4.

d
4r
v lI(lasl-if)vl iy

[a,]lw)| — £

L /oX0]
Vo1
Vo2
Vo3
Vo4
Vo5
Yo.6
Vo7
Vo8
V0,9
Yo.10

3.95539% 1077
3.45774x 1078
5.48854x 1077
6.77894x 1077
7.94567x 1077
0.0000278873
0.00027139
0.000187143
0.00162965
0.00376062
0.0310428

1.77636x 10~ 1
2.66454x 10713
4.44089x 10~ 15
2.4869x 10~ 14
9.82325x 1013
8.32134x 10712
3.52218x 10710
1.42712x 1079
3.83563%x 1078
1.33373%x 107
4.15222%x 1070

It is known that, in the continuous-variable case, the eigenstates of the quantum harmonic oscillator A

in terms of Hermite polynomials as ¥;, : (—e0,0) = R,

and satisfy the relation

G. Mehta states

HY,=(n+5)¥,.

It is known that the Hermite-Gauss functions ¥, are also eigenfunctions of the Fourier transform, namely

F¥,=(—i)"¥,.

In his article [7], Mehta has defined the discrete version Wiy ,: {—s,—s+1,....,s} =R,

=

Yua(m)= Y Hy(m+od) ¢ 1 (mtad)?

o=—o0

of ¥,,, and proved that it is an eigenfunction of the discrete Fourier transform,

Fyin=(—1)"Yas n-

P+

can be defined

(94)

95)

(96)

o7

(98)

For any small € >0, some states Yy, belong to .%¢ if the Hilbert space of the quantum system has a dimension high enough.

For example (see Table XI), in the case d =31, the functions Wy o, Y 1, ...

TABLE XI. In the case d =31, the relations [§, p]y ~ i,

o

= 4n

L4

v/
(16l -is) vl

(i@, pllw)| — 5% |

Ym0
Y1
Ym 2
Ym 3
Y 4
Yms
Ym.6
Ym,7
VM 8
Ym9
Y, 10

2.68152x 1077
2.41961x 1078
2.98432x 1077
349482 1077
2.95378% 107
8.69175x 100

0.00005669
0.00003822

0.0002320
0.0004216
0.0022077

8.88178x 10710
0

2.66454x 10713
1.1543x 10~ 14
1.55431x 10713
9.28146x 1013
1.78559x 10~ 1!
5.83524x 10711
7.42824x 10710
2.07663x10~°
2.6385x 1078

, Wm0, after normalization, belong to - oo .

v and Aq Ap > 4 are satisfied with approximation of certain Mehta states Wy k.
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H. Harper states

In continuous-variable case, p=F Tch , and the harmonic oscillator Hamiltonian can be written as

AD A2 D A2 o f
Fp°F
p ;Lq _ Pt 2p _ 99)

ﬂ:

A discrete version of the quantum harmonic oscillator can be obtained by using for the differential operator (]‘]7 the finite-
difference version D?: % — 7,

D*y(n)=y(n—1)=2y(n)+y(n+1) (100)
and the relation
FD?Fy(n)=(2cos 22 —1) y(n). (101)

The eigenfunctions Yy »: {—s, —s+1,...,s,s+1} =R of
N 1
Hj=—3 (D*+FD’F") (102)
correspond to the normalized eigenvectors of the matrix (addition is modulo d)
(2008 22 8, — 4+ 81+ Gn1) | ks (103)
and are called Harper functions [8].
For any small € >0, some states Y, belong to .% if the Hilbert space of the quantum system has a dimension high enough.
For example (see Table XII), in the case d =31, the eigenstates Wy o, Wu,1, Yu2 , Wa 3 belong to #oor. Again, there is an

almost equidistant distribution in the lower part of the spectrum (see Fig. 6). The Hamiltonian (102) is an other discrete version
of (77), and a behavior similar to (76) is again expected to happen.

TABLE XII. In the case d =31, the relations [, p]y ~ i% v and Aq Ap > % are satisfied with approximation of certain Harper states Wy 4.

v I(@pl—ig) vl |lvlia.pllv)— &
Vi0 1.75165x10° 4.08562x 10~ 1%
Vi 1 0.0000101661 8.56204x 1013
Vi 0.000218006 1.87562x 10710
Vi 3 0.000136764 6.73229x 10710
Vi 4 0.00211415 5.87102x 1078
Vi s 0.00445289 1.51256x 1077
VH 6 0.0632087 0.0000150119
V.7 0.0187208 0.0000122191

8t
6
4t
2+
n

5 10 15 20 25 30

FIG. 6. Eigenvalues of the Hamiltonian (102) in the case d =31.
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I. Kravchuk states

The Kravchuk polynomials K, defined by

(1=X)"H*(1+X)*= Y Ku(k) X" (104)
m=—s
are
s+m
Kn(k)= Y, (=1)" Cll I3 (105)
n=0
and satisfy the relation
N
5 X G5 Knlk) Kalk) =G5 S, (106)
=—s

where

m!

0 for n¢{0,1,...,m}.
The Kravchuk functions [9, 10]

VK, —s, VK —st1s - Wkys:{—s,—s+1,..,5—1,s} =R,

1 /G
form an orthonormal basis in 7.

For any small € >0, some states Yk, belong to % if the Hilbert space of the quantum system has a dimension high enough.
For example (see Table XIII), in the case d =31, the eigenstates Wk 15, Wk —14, Yk,—13, belong to A4 1.

TABLE XIII. In the case d =31, the relations [§,p]y ~ i% v and Aq Ap > % are satisfied with approximation of certain Kravchuk states
VK k-

v I\([Q,ﬁ}*i%) vl | (wl[@pllw) — 5% |
VK 15 0.00188 3.3511x10°8
VK —14 0.010478 1.06622x10~°
VK 13 0.0435235 0.0000165

V.  SOME POSSIBLE PHYSICAL INTERPRETATIONS

We have proved, mainly numerically, that in the case of a quantum system (qudit) described by a d-dimensional Hilbert space,
a position-like operator q and a momentum-like operator q satisfy [q,p]y ~ i%y/ for certain states y if the dimension d is
high enough. A fundamental question concerns the existence of any physical interpretation for the operators q and p defined
mathematically by following the analogy with the continuous-variable case. It is known that, in the case of a quantum system
with SU(2) symmetry, the spectrum of J; has the form {—s,—s+1,..,s—1,s}. So, for example, we can choose 4 =J; and p
to be the Fourier conjugate operator. More general, any observable with equidistant eigenvalues can play the role of §. For
eigenvectors forming a basis of the Hilbert space there exists a privileged order, namely the order for which the corresponding
eigenvalues form an increasing sequence.

The appearance of quantum states which satisfy with approximation the discrete version of the position-momentum commu-
tation relation among the eigenstates with small energy of certain Hamiltonians suggests a possibility to experimentally obtain
such states. They occur naturally when we measure a discrete version of the harmonic quantum oscillator Hamiltonian.
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VI. CONCLUDING REMARKS

In the case of a continuous-variable quantum system, the canonical position-momentum commutation relation is exactly
satisfied in a subspace of the Hilbert space, and plays a fundamental role. The discrete version of this important relation is also
satisfied in a subspace, but not exactly, and this happens only if the dimension of the Hilbert space is high enough. We have
investigated the behavior with respect to this discrete version of some important states used in the mathematical description
of qudits, including discrete Gaussian states, discrete coherent states and discrete versions of the Hermite-Gauss states. Thus,
we have obtained a new property (to our knowledge) of these important quantum states. The discrete version of the position-
momentum is satisfied with approximation of certain of them if the dimension of the Hilbert space is high enough. The numerical
data presented in this article (Figs. 1-6 and Tables I-XIII) have been obtained using the computer programs presented at the end
of the preprint [17].

At this moment, there is no satisfactory mathematical explanation for the behavior of the analyzed quantum states concerning
the discrete version of the position-momentum commutation relation. Why there exist states for which the relation is satisfied
with approximation ? Why they are among the the low energy states ? Why their existence depends on the dimension of the
Hilbert space ? There seems to exist a connection between the approximate satisfaction of the position-momentum commutation
relation and the tendency of corresponding eigenvalues to be distributed equidistant.

Quantum Information uses a continuous-variable description, but it is mainly limited to a very particular class of states
(including the Gaussian states) and a very particular class of unitary transforms (including the Gaussian unitaries). The discrete-
variable version of the commutation relation of position -momentum operators is acceptable satisfied by certain particular states.
We think that, some useful models involving only such particular states, can be built in the discrete-variable case by following
the analogy with the continuous-variable case.

Qudit-based quantum computing [18] is an alternative to the conventional qubit-based quantum computing. The use of
quantum systems described by Hilbert spaces of dimension d > 2 provides a larger space to store and process information, and
the ability to do multiple control operations simultaneously. These features may allow a reduction of the circuit complexity, a
simplification of the experimental setup, and offer the possibility to use more efficient algorithms.
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The numerical data have been obtained by using the following computer programs in MATHEMATICA

B FIGURE 1
Fig.1 has been obtained by using the program:

d=31; s :=(d-1)/2 ; t=0
glalpha_, n_] :=N[Sum[Exp[-Pi alpha (m d + n + t)~2/d], {m, -Infinity, Infinity}]]
normg[alpha_] := N[Sqrt[Sum[gl[alpha, m]~2, {m, -s, s}]1]]
ggl := N[Table[ g[3, nl/normg(3], {n, -s, s}]]
gg2 := N[Table[ g[1/3, n]l/normgl1/3], {n, -s, s}]]
ListPlot[Table[{n, ggilln + s + 111}, {n, -s, s}], Filling -> Axis,
AxesLabel -> {n,}, AspectRatio -> 2/3, PlotRange -> Full]
ListPlot[Table[{n, gg2[[n + s + 111}, {n, -s, s}], Filling -> Axis,
AxesLabel -> {n,}, AspectRatio -> 2/3, PlotRange -> Full]

]

B FIGURE 2
Fig.2 has been obtained by using for d =11 and d =31 the program:

d=11; s := (d - 1)/2

glalpha_, n_] := N[Sum[Exp[-Pi alpha (m d + n)~2/d], {m, -10, 10}]]

normg[alpha_] N[Sqrt[Sum[g[alpha, m]~2, {m, -s, s}]]]

psilalpha_, n_] := glalpha, n]/normgl[alphal

gppq [kappa_] :=N[Sqrt [Sum[Abs [Sum[Sum[Exp[2 P1i I m (n-1)/d] m (n-1)
psilkappa,l]l/d4,{1,-s,s}],{m,-s,s}]-I d psilkappa,n]/(2 Pi)]~2,{n,-s,s}]1]1]

Plot[gppqlx], {x, 1/2, 2}, AxesLabel -> {k,}]

1]

B FIGURE 3
Fig.3 has been obtained by using for d =11 and d =31 the program:

d=11; s := (d - 1)/2

glalpha_, n_] := N[Sum[Exp[-Pi alpha (m d + n)~2/d], {m, -Infinity, Infinity}]]

normg[alpha_] := N[Sqrt[Sum[gl[alpha, m]~2, {m, -s, s}]1]]

mod11[kappa_]:= N[Abs[Abs[(1/(normgl[kappal ~2)) Sum[glkappa,n] Sum[Sum[Exp[2 Pi I m (n-1)/d]
m(n-1)glkappa,l]l/d,{1,-s,s}],{m,-s,s}],{n,-s,s}]1]1-d/(2 Pi)]1]

Plot[mod11[x], {x, 1/4, 4}, AxesLabel -> {k,}]

B FIGURE 4
Fig.4 has been obtained by using the program:

d=31; s :=(d-1)/2

HOscillator[n_, m_] := N[(1/2) n~2 DiscreteDeltaln - m]
+ (1/(2 4)) Sum[k~2 Exp[2 Pi I k (n - m)/d]l, {k, -s, s}]]

Osc := Table[HOscillator([n, m], {n, -s, s}, {m, -s, s}]

hh[n_] := Re[Eigenvalues[0Osc][[n]]]

ListPlot[Table[{n - 1, hh[d - n + 11}, {n, 1, d}], Filling -> Axis, AxesLabel -> {n,},
AspectRatio -> 2/3, PlotRange -> Fulll]

B FIGURE 5
Fig.5 has been obtained by using the program:

d=231; s := (- 1)/2

vlk_] := N[Sum[Exp[-Pi (a 4 + k)~2/d], {a, -10, 10}]1]

wlk_] := N[v[k]/Sqrt[Sum[v[n]~2, {n, 0, d - 1}]1]

Q0scillator[n_, k_] := (1/(2 d4)) Sum[(a~2+b~2) Exp[2 Pi I b (un-k)/d] wla+n] wla+tk],{a,-s,s},{b,-s,s}]

Q0sc := Table[QOscillator[n, k], {n, -s, s}, {k, -s, s}]

ReEigVal = Re[Eigenvalues[QOsc]]

hh[n_] := ReEigVal[[n]]

ListPlot[Table[{n - 1, ReEigVal[[d - n + 111}, {n, 1, d}], Filling -> Axis, AxesLabel -> {n,},
AspectRatio -> 2/3, PlotRange -> Fulll



B FIGURE 6
Fig.6 has been obtained by using the program:

d=231; s :=( - 1)/2

HOscillator[n_, m_]:=-N[2 (N[Cos[2 Pi n/d]]-2) DiscreteDelta[n-m]+ DiscreteDeltal[n-m-1]
+DiscreteDelta[n-m+1]+DiscreteDelta[n-m-2 s]+DiscreteDelta[n-m+2 s]]

HOsc := Table[HOscillator[n, m], {n, -s, s}, {m, -s, s}]

hh(n_] := Rel[Eigenvalues[HOsc] [[n]]]

ListPlot[Table[{n - 1, hh[d - n + 11}, {n, 1, d}], Filling -> Axis, AxesLabel -> {n,},
AspectRatio -> 2/3, PlotRange -> Full]

B TABLEI

Table I has been obtained by using for d =11 and d =31 the program:

d=11; s = (@@ - 1)/2

QQ := Table[n DiscreteDelta[Mod[n - k, d]l], {n, -s, s}, {k, -s, s}]

FF := Table[N[(1/Sqrt[d]) Exp[-2 Pi I n k/d]]1, {n, -s, s}, {k, -s, s}]
PP := ConjugateTranspose[FF] . QQ. FF

DD := Table[DiscreteDeltaln - k], {n, -s, s}, {k, -s, s}]

EE QQ.PP - PP.QQ - I (d/(2 Pi)) DD

Reverse[Im[Elgenvalues[EE]]]

I

I

Il

H TABLEII
Table II has been obtained by using the program:

d=11; s := (d - 1)/2

QQ := Table[j DiscreteDelta[Mod[j - k, d11, {j, -s, s}, {k, -s, s}]
FF := Table[N[(1/Sqrt[d]) Exp[-2 Pi I j k/dl1, {j, -s, s}, {k, -s, s}]
PP := ConjugateTranspose[FF] . QQ. FF

DD := Table[DiscreteDeltalj - k1, {j, -s, s}, {k, -s, s}]

EE := QQ.PP - PP.QQ - I (d4/(2 Pi)) DD

phi[k_] := Eigenvectors[EE][[d - k + 1]]

Table [Norm[FF.phi[kk] - philkk]], {kk, 1, d}]

Table [Norm[FF.phi[kk] + philkk]], {kk, 1, d}]

Table [Norm[FF.phi[kk] - I phil[kk]], {kk, 1, d}]

Table [Norm[FF.phi[kk] + I philkk]], {kk, 1, d}]

I

H TABLE III
Table III has been obtained by using for k=1, k=2, k=1/2, k=3 and K =1/3 the program:

kappa = 1; d = 11; s := (d - 1)/2

glalpha_, n_] := N[Sum[Exp[-Pi alpha (m d + n)~2/d], {m, -Infinity, Infinity}]]
normg[alpha_] N[Sqrt[Sum[g[alpha, m]~2, {m, -s, s}]1]]

gamma := Table[ glkappa, nl/normglkappal, {n, -s, s}]

QQ := Table[j DiscreteDelta[Mod[j - k, d11, {j, -s, s}, {k, -s, s}]

FF := Table[N[(1/Sqrt[d]) Exp[-2 Pi I j k/dl1, {j, -s, s}, {k, -s, s}]
PP := ConjugateTranspose[FF] . QQ. FF

DD := Table[DiscreteDeltalj - kI, {j, -s, s}, {k, -s, s}]

EE := QQ.PP - PP.QQ - I (d/(2 Pi)) DD

phi[k_] := Eigenvectors[EE][[d - k + 1]]

N[Table[Abs[gamma .Transpose[{phi[k]}]], {k, 1, d}]]

H TABLEIV
Table IV has been obtained by using ford=11,d =31 and k=1, k=2, ... k=1/3 the program:

kappa=1; d = 11; s:=(d-1)/2

glalpha_, n_] := N[Sum[Exp[-Pi alpha (m d + n)~2/d], {m, -Infinity, Infinity}]]

normg [alpha_] N[Sqrt[Sum[g[alpha, m]~2, {m, -s, s}]]]

N[(1/normg[kappal) Sqrt[Sum[Abs[Sum[Sum[Exp[2 Pi I m (n-1)/d] m (n-1) glkappa,ll/d,
{1,-s,s}], {m,-s,s}]-I d glkappa,n]/(2 Pi)]1~2,{n,-s,s}]1]]

1]



B TABLE V

Table V has been obtained by using ford=11,d=31and k=1, k=2, ... k= 1/8 the program:

kappa=1; d=11; s:=(d-1)/2

glalpha_, n_] N[Sum[Exp[-Pi alpha (m d + n)~2/d], {m, -Infinity, Infinity}]]

normg[alpha_] := N[Sqrt[Sum[gl[alpha, m]~2, {m, -s, s}]1]]

N[Abs[(1/ (normgl[kappal~2)) Sum[glkappa, n] Sum[Sum[Exp[2 Pi I m (n-1) /d] m (n-1)
glkappa, 11/d,{1,-s,s}],{m,-s,s}],{n,-s,s}]1]1-d/(2 Pi)]

1]

H TABLE VI

Table VI has been obtained by using for k=0, k=1, ... , k=10 the program:

k=2;d=231; s := (- 1)/2

gn_] := N[Sum[Exp[-Pi (m 4 + n)~2/d], {m, -Infinity, Infinity}]]

normg := N[Sqrt[Sum[g[m]~2, {m, -s, s}]1]1]

gg := Tablel[g[nl/normg, {n, -s, s}]

QQ := Table[j DiscreteDelta[Mod[j - m, d11, {j, -s, s}, {m, -s, s}]

FF := Table[N[(1/Sqrt[d]) Exp[-2 Pi I j m/dll, {j, -s, s}, {m, -s, s}]

PP := ConjugateTranspose[FF].QQ.FF

CC := Sqrt[Pi/d] (QQ - I PP)

phi := MatrixPower[CC, k].gg

psi = phi/Norm[phi]

N[Sqrt[Sum[Abs[Sum[Sum[Exp[2 Pi I m (j-1)/d] m (j-1) psil[1l+s+1]]1/4,{1,-s,s}],{m,-s,s}]-

Idopsillj + s + 111/(2 Pi)]1~2, {j, -s, s}1]1]

N[Abs [Abs [Sum[Conjugate[psi[[j+s+1]1]1]1Sum[Sum[Exp[2 Pi I m (j-1)/d] m (j-1)psil[[l+s+11]1/d,

{1, -s, s}, {m, -s, s}, {j, -s, s}] - 4 /(2 Pi)]]

H TABLE VII

We firstly obtain the matrix EigVect containing as rows the eigenvectors of $) by using the program:

d=231; s :=(d - 1)/2
HOscillator[n_, m_] := N[(1/2) n~2 DiscreteDeltaln - m]

+ (1/(2 d)) Sum[k~2 Exp[2 Pi I k (n - m)/d]l, {k, -s, s}]]
Osc := Table[HOscillator[n, m], {n, -s, s}, {m, -s, s}]
EigVect = Reverse[Re[Eigenvectors[0sc]]]

Next, we Copy/Paste the matrix EigVect in the following program and consider k=0, k=1, ..., k=10,

k=0; d :=31; s := (d - 1)/2
EigVect := ..............
EigVk:=EigVect [[k]]
N[Sqrt [Sum[Abs [Sum[Sum[Exp[2 Pi I m (j - 1)/d]l m (j - 1) EigVk[[1l + s + 111/
d, {1, -s, s}, {m, -s, s}] - I d EigVk[[j + s + 111/(2 Pi)]1~2, {j, -s, s}1]]
N[Abs [Abs [Sum[Conjugate[EigVk[[j + s + 1]]] Sum[ Sum[Exp[2 Pi I m (j - 1)/d]
m (j - 1) EigVk[[1 + s + 111/ 4, {1, -s, s}], {m, -s, s}, {j, -s, s}]1] - 4/(2 Pi)]1]

H TABLE VIII

Table VIII has been obtained by using forn=0,n=1, ... ,n=5and k=0, k=1, ... , k=5 the program:

n=0; k=1;d=31; s :=(d - 1)/2

glm_] := N[Sum[Exp[-Pi (a d + m)~2/d], {a, -10, 10}]]

phi[m_] := N[Exp[-Pi I n k/d] Exp[2 Pi I k m/d] glm - n]]

nphi := N[Sqrt[Sum[Abs[phi[m]]~2, {m, -s, s}]1]]

psilm_] := N[(1/nphi) phil[m]]

N[Sqrt [Sum[Abs [Sum[Sum[Exp[2 Pi I m (j-1) /d]l m (j-1) psilll/d,{1,-s, s}],
{m,-s,s}]1-I d psiljl1/(2 P1)1~2,{j,-s,s}]11]

N[Abs [Abs [Sum[Conjugate [psi[j]l] Sum[Sum[Exp[2 Pi I m (j-1)/d] m (j-1) psilll/d,
{1,-s, s}],{m,-s,s}],{j,-s,s}H]1-d /(2 Pi)]]

B TABLE IX

We firstly obtain the matrix EigVect containing as rows the eigenvectors of a by using the program:
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d=231; s := (- 1)/2

Annihilation[n_, m_]:= N[n DiscreteDelta[n-m]+I/d Sum[k Exp[2 Pi I k (n-m)/d],{k,-s,s}]]
Annih := Table[Annihilation[n, m], {n, -s, s}, {m, -s, s}]

EigVec = Reverse[Eigenvectors[Annih]]

Next, we Copy/Paste the matrix EigVect in the following program and consider k=0, k=1, ..., k=19,

k=0; d :=31; s := (d - 1)/2
EigVect := ..............
EigVk:=EigVect [[k+1]]
N[Sqrt [Sum[Abs [Sum[Sum[Exp[2 Pi T m (j - 1)/d] m (j - 1) EigVk[[1 + s + 111/
d, {1, -s, s}], {m, -s, s}] - I d EigVk[[j + s + 111/(2 P1)]1~2, {j, -s, s}]]1]
N[Abs [Abs [Sum[Conjugate [EigVk[[j + s + 11]1] Sum[ Sum[Exp[2 Pi I m (j - 1)/d]
m (j - 1) EigVk[[1l + s + 111/ d, {1, -s, s}], {m, -s, s}, {j, -s, s} - d/(2 Pi)]]

B TABLE X

I

We firstly obtain the matrix EigVect containing as rows the eigenvectors of ), by using the program:

d=31; s := (- 1)/2

v[k_] := N[Sum[Exp[-Pi (a d + k)~2/d], {a, -10, 10}]]

wlk_] := N[v[k]/Sqrt[Sum[v[n]~2, {n, 0, 4 - 1}]1]1]

Q0scillator[n_, k_]1 := (1/(2 d4)) Sum[(a~2+b~2) Exp[2 Pi I b (n-k)/d] wla+n] wla+tk],{a,-s,s},{b,-s,s}]
Q0sc := Table[QOscillator[n, k], {n, -s, s}, {k, -s, s}]

EigVec = Reverse[Re[Eigenvectors[QOsc]]]

Next, we Copy/Paste the matrix EigVect in the following program and consider k=0, k=1, ..., k=10,

k=0; d :=31; s := (d - 1)/2
EigVect := ..............
EigVk:=EigVect [[k+1]]
N[Sqrt [Sum[Abs [Sum[Sum[Exp[2 Pi I m (j - 1)/d] m (j - 1) EigVk[[1 + s + 111/
d, {1, -s, s}], {m, -s, s}] - I d EigVk[[j + s + 111/(2 P1)]1~2, {j, -s, s}]]1]
N[Abs [Abs [Sum[Conjugate [EigVk[[j + s + 1111 Sum[ Sum[Exp[2 Pi I m (j - 1)/d]
m (j - 1) EigVk[[1l + s + 111/ d, {1, -s, s}], {m, -s, s}, {j, -s, s}1 - d/(2 Pi)]]

B TABLE XI

I

Table XTI has been obtained by using for k=0, k=1, ... , k=10 the program:

k=0;d=231; s :=(d-1)/2

phi[n_] :=N[Sum[HermiteH[k, a d + n] Exp[-Pi (a d + n)~2/d], {a, -10, 103}]1]

nphi := N[Sqrt[Sum[phi[n]~2, {n, -s, s}]1]]

psik = N[Tablel[ philn]/nphi, {n, -s, s}]]

N[Sqrt[Sum[Abs[Sum[Sum[Exp[2 Pi I m (n-1)/d] m (n-1) psik[[1l+s+1]1]1/4d,
{1,-s,s}], {m,-s,s}]- I 4 psik[[n+s+1]1]1/(2 Pi)]~2,{n,-s,s}]]1]

N[Abs [Abs [Sum[Conjugate [psik[[j+s+1]1]] Sum[Sum[Exp[2 Pi I m(j-1)/dlm(j-1)
psik[[1+s+1]11/d,{1,-s,s}],{m,-s,s}],{j,-s,s}11- d/(2 Pi)1]

B TABLE XII

We firstly obtain the matrix EigVect containing as rows the eigenvectors of a by using the program:

d=31; s :=(d-1)/2

HOscillator[n_, m_]:=-N[2 (N[Cos[2 Pi n/d]]-2) DiscreteDelta[n-m]+ DiscreteDeltal[n-m-1]
+DiscreteDelta[n-m+1]+DiscreteDelta[n-m-2 s]+DiscreteDelta[n-m+2 s]]

HOsc := Table[HOscillator[n, m], {n, -s, s}, {m, -s, s}]

EigVect = Reverse[Eigenvectors[HOsc]]

Next, we Copy/Paste the matrix EigVect in the following program and consider k=0, k=1, ..., k=19,

k=0; d :=31; s := (d - 1)/2

EigVect = ..............

EigVk:=EigVect [[k+1]]

N[Sqrt[Sum[Abs [Sum[Sum[Exp[2 Pi I m (j - 1)/d]l m (j - 1) EigVk[[1 + s + 111/

I



d, {l’ -8, S}], {m, -S, S}] - I d Elng[[J + s + 1]]/(2 Pl)]AQy {J: -S, S}]]]
N[Abs [Abs [Sum[Conjugate [EigVk[[j + s + 1111 Sum[ Sum[Exp[2 Pi I m (j - 1)/d]
m (j - 1) EigVk[[1 + s + 111/ 4, {1, -s, s}], {m, -s, s}], {j, -s, s} - d/(2 Pi)]]

B TABLE XIII

Table XIII has been obtained by using for k=0, k=1, k=3 the program:

k=0;d=231; s :=(d-1)/2

Klm_, 1_] := (1/2"s) Sqrt[Binomial[2 s,s+1]/ Binomial[2 s, s+m]] Sum[(-1)~"n Binomial[s+1,n]
Binomial[s-11,s+m-n],{n,0,s+m}]

KK := N[Tablel[ K[k - s, n], {n, -s, s}]]

N[Sqrt[Sum[Abs[Sum[Sum[Exp[2 Pi I m (n-1)/d] m(n-1) KK[[1+j+1]1]/d,{1,-s,s}],{m,-s,s}]
-I d KK[[n+j+111/(2 Pi)]1~2,{n,-s,s}1]]

N[Abs [Abs [Sum[Conjugate [KK[[j+s+1]1]] Sum[Sum[Exp[2 Pi I m(j-1)/d] m(j-1) KK[[1+s+1]1/d,
{1,-s,s}] ,{m,-s,s}1,{j,-s,s}11-d4/(2 Pi)]]
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