| COMPLEX ANALYSIS - Solved Problems 4|

Nicolae Cotfas, version 02 June 2026 (for future updates see

PROBLEMS

B Problem 1 Compute:

(1=30)% 4+ (T=20) + {5 +i7 +[5—12i|.

T el cos(2i).

(z*+ 2% —sinz?+ze

log(2+2v/21).

B Problem 2 Expand the function
FO\{0,1}5C,  f(2)=325

in a power series around zp=0 (series of powers of z),

2iz)/.

B Problem 3

By using the definiton of the complex integral, compute
I=[2.dz,

where -~ is the circle {z | lz=1=31}

B Problem 3
Compute the residues of the functions

F:C\{Li, -} =C,  [(2)= e
g:C\{0} = C,
h:C\{0}—C,

at the corresponding singular points.

9(2)= 5z

h(z)=23e* cos 1

B Problem 5
Compute the integrals

27
Ia:Of (2+cgst)2dt'

— 00

in a power series around zy =1 (series of powers of (z—1i)).

SOME DEFINITIONS AND THEOREMS
D1 | Definition

(1 +y1i) (2 +y2l) = (122 —y1y2) + (T 1Y2 +T2y1)i
r+yi=z—yi,

lz+yi| = v/2?+ 9,

|21 — 22| = distance between z; and zs,

|z| = distance between z and 0,

it def ..
el ' = cost+isint (Euler’s formula),
e ¥ =e® cosy+ie® siny,

z=|z|el¥& % where — 7 <argz <,
cosz=1(e* +e71%),
—e )
log z=In|z|+iarg z,
@ Definition Let D CC be an open set, and zp € D.

A function f:D—C is there exists and is finite
complex-differentiable PN / def 13 L) =F(z0)
(C-differentiable) at zg f'(z0) ot —z0

Definition

f:D—C defined on an open
set D is called C-differentiable if
(or holomorphic function)

: _ 1,z
sinz =5 (e

log;, z=1In|z|+i(arg z+2k™).

f is C-differentiable
at any point zg € D.
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Theorem

(f+9)'=Ff+d (") = nz"™ '
(f9)l = f'g+ fd' (e7) =
f _fg fg (sin )_cosz
g
(f(e(2)) = f’( (2)) ¢'(2) (cosz)’ = —sinz.
Theorem 1 5, 3
o =1+z+2% 427+ . for [z <1
ezz1+%+§+§+... for any z

Definition ¢ D CC be an open set,

f:D—C be a continuous function,
7v:la,b]— D be a path of class C*.

2 d= [ Fo(8) 7 ()t

The complex line . ¥
integral of f along

Theorem

g:D—C is a primitive of f
(that is ¢'=f) = f S

) dz=g(v(b)) —g(v(a))

If f:D—C admits a primitive and v is closed, then [ f(z)dz=0.
v

Definition Let D be an open set and f: D — C holomorphic.

. an isolated .. there exists r >0 such that
2€C\D is singular point £ {z| 0<]z—20|<r}cC D.
s azero of f(z0)=1"(z ): =% (20)=0
€D is multiplicity k if and f(k)(zo) #0.
20€C\D is or%le%ofce gfff if zg is a zero of multiplicity k of %

Theorem Let D be an open set and f: D — C holomorphic.

there exists a unique Laurent
series such that

zp is a an isolated
singular point and =
{z| 0<|z—2|<r}c D

o)
Z (07 (Z_ZO)na

n=—oo

flz)=

for z satisfying 0<|z—zo| <.

The number Reszofdéfct1 is the residue of f in zg.

Theorem

If zg pole of order k, then around zy the function f
admits an expansion of the form

f(z)= (z(::)’“ +..+ (S:ZE) +ag+ai(z—20)+ ...

hm ((z—20)F f(z))(

)- z—z

and k1)

Res,, f=

Definition (Indez of a point zp with respect to a path).
For a closed path v not passing through z,

shows how many turns
around zg, v makes.

Definition. Let D be an open set .

A closed path v : [a,b] = D is called homotopic to zero in D if

~ can be continuosly deformed inside D up to a constant path
(a path having as image just a point).

Theorem of Residues. For an open set D C C:

f: D —C holomorphic function fvf(z)dz =
S set of isolatefi singular.points = =271 3 n(z,7)Res. f
~ path homotopic to zero in DUS 2€8

def 71 1
)_% v 220

n(zo,7y

Lemma 1. For v, :[a, 8| = C, ~.(t ):reit
lim z f(z) =0|= hrnf f(z
z—r00

T—00




Bl SOLUTIONS
B Problem 1
By using D1, we get

(1-3i)?=1-6i — 9=—8—6i,
(1-21)=1+2i,

1o (=D? _a-2ie1_
1-+i (1-1)(1+1) — 2 - )

iT=i*i2i=1(-1)i=—i,

|5—12i|=v/52+122 =13,
whence

(1-30)2+(1-20)+ 15

By using D1, we get

L+i7+|5—12i] =6 — 6i.

3 .
el'f =cos 4 T+ sin 3T = ?—l—gl,
el =ee™=e (cosm+isinm)=—e,
A 2i2 | 22 2, 2
cos(2i) = —t— =2t
whence
37 H . .
et et L cos(2i) = —et & +e §+§1.

By using D1 and T1, we obtain

(2% + % —sin 224 ze%2) =423 — % — 2z cos 2%+ €7 + 2ize?*

By using D1, we get log(2+2v/21i) =
=1In|2+2v/2i|+iarg(2+2v/3i) =In(2v/3)+iarctan v/2.

B Problem 2

By using T2, around zp =0, we get

f(Z) = 2—122 = % liz

=1(14z+22+234 ) =14 1+2+422423+ . for |2] < 1.
By using T2, around z; =i, we get
f(6)=Zm=terk and
=g s iy = ey = i) P (-
=—i+(z—i)+i(z—i)%+ ... for |z—i|<]1,
1 1 _ 1 1 1 1 _14i 1
T =T (e T3 1-i2 T3 —THET 2 -5
i . 1+H)? .
= LH 4 H i)+ T (2 -i)2+ ]
=L %y AT 2y

2
or |4

B Problem 3

By using the definition D4 and the parametrization

v [0,27r]—>(C\{1}, v(t)=1+1e'

we get f?e,f - (1+3e") dt
¥ (U
2 27
B Problem 4 = Of %ﬁu 1ielt dt=2i { dt =4ri.

We use D1, D5, T5. The singular points are 1, i and —i.

The point z5=1 is a pole of order 2, and consequently

]

. / . !
Res, f= 4 lim (== 1)2/(2))' = lim ((~1)? cpyebzmry )

—2__ -1

lim (ZZ_H)QZ =

z—1

!
—1i _1
= lim (47) =

The points z; 9 =i are poles of order 1, and consequently

Resy;f= é lim (zFi) f(2)
z.—>:|:1 ) L ) 1
= lim (2F1) e nem = 1. e

1

T ED2(EE)

=z sinz, and

We use D1, D5, T5. Since —L

li 12
(ﬁ) =sin z+2z cos z, (ﬁ) =2cosz—z sin z,

ﬁ:(ﬁy\z:ozov (g(z ) l2=0=2#0,

the point 0 is a pole of order 2, and consequently

N

17 : 2_ 1 N _1; z \/
ReS(]g— 1! ;I_IP(Z g( )) *ll_I}r(l)(Z z sinz) 7’11_1%(smz)
. .3 _ . . —iz3+iz5— —Zz 1—7z + 24—
= ]jm Sinz—zcosz hm 31 51 ( e il ) = 0.
z—0 sm® 2 2—0 (z—g32%+52° =)

We use T2 and T4. The only singular point 0 is not a pole.
So, we have to use the Laurent series of h around 0,
hMz)=22(14+fi+ g5 +3=+ -1

=@+ttt )l-gEtaa g

=..+ (35— ++5)L=.. Consequently Resph=—

11
g tiw g

1
6.
B Problem 5

We use D1, D4, T5, T6. By using D1, the expression

27
I= ‘Of (2+C%)S t)2 dt

can be written as 27 1
=] et
or 2m )
I= [ Grarieme e () dt.
0

This formula, written as

= L ey dt.

eit

I=—4 f (z2+4zz+1)2
v

—4f m
is the complex integral
that is ds
along the circular path v:[0,27] - C, ~(t)=e"
It can be computed by using the theorem T6. Since
244z 4+1=(242)% - (V3)2=(2—21)(2—22),
the singular points are z; = —2++/3 and zo=—2—1+/3,
but only z; is inside the domain with the frontier ~.
The point 27 is a pole of order 2, and by using T5,
Res., G

/ ’
z . 2 z 13 z
i (=) ) <l ()
(2=22)%—22(2—22) _ _ 2v3—-2(—24+v3) _ 1

(z=22)* - (2v3)3 T V3

Z17Z27221
(21—22)3

=lim
zZ—r2z1

Therefore,

— : 3 z _ 8T __
I=—4i27iRes,, iy

4r
3v3’

—1)\ <1, that is |z—i]<v/2. In view of T6, for r>1, by 1ntegrat1ng the function

f D= (C\{Zla Z2}_> C, f( ) 1+z+z2 = (zle)l(zfﬁ)
where = —5 + f 13

iand zp=—5—%%
along the closed path obtained by composing the paths
Y110, = D, 7.(t)=re’ and
’YZ[—T,T]—) D7 ’Y(t):ta

we get the relation

[ = dz —l—f Tz de =2niRes., 2 (%)
v

The point z; is a pole of order 1, and by using T5,

1
Reszl 1+z + T+z+22 _zlgnl (Z Zl) (z—21) (2—22)

1 1 _ N |
Z1—%22 i\/g

= lim =
Z—Z2

zZ—rz1
By using the relations

|z+2'| <|z|+|7'| and
satisfied for any z, 2z’ €C, we get

73

|z =12" [ <[2=2]

TN D T 12

0 e | = e = ) S il
2| El 1 lElzee

~ TP 1T = P11 = TR 0

By using T7, we get hm f 1+Z+22 d =0, and

r—r
consequently7 for r — oo, the relatlon (*) becomes
27

0+f md$:2ﬂ'lReszlm:ﬁ.
—00



