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EXERCISES T4 | Theorem ( Euler’s equation).
B = ise 1 (n) change linear equation with
TXCLCISE 2 . . ’ aoa"y™ + ... +an-12y +any =0 ‘ constant coefficients
Find the general solution of the equations:
' — 4y + 3y = 0. Theorem (Primitives of a continuous function)
We h
y' 4y +4y =0. Primitives of f are: %/(z?vv)e:f(m)’
y// _ 4y/ _|_ 5y — 0 F:(CL, b)*)R7 that iS
fi(a,0)—R N P
1" _ . — z
y" +y" —6y=0. continuous F(z) —x{ f)dt+C ddz<ff(t) da =f(z)
B Exercise 2 xo € (a,b) is fixed
Solve the equations for any z € (a,b).
Yy =—y. Theorem (Separable equations).
@ y = —y+ze=® + 1. The solution y(z) of Ly DL C
22 y'=f(z)g(y) | is defined by y{ g M= f F(8) dt+
// + $y —y=0.
X0, Yo constants, g(yo)#0.
B Exercise 3 Linear equation.
Solve the equations y'= f(x)y| has the general solution |y(z) —C el FB

(x + 2y)dz + 2zdy = 0.
9] (1+2%)da + 2dy = 0.

B Exercise 4
Solve the sytem of differential equations

T8 | Method of the variation of parameter.

dmit ticul T f(t)dt
@] A SRR (@)= Cla) e SO

Linear non-homogeneous equation.

Yy =3y1 — Y2 general solution of _ general solution of 4| partlcular solution of
Yo = Y1 + Yo Y =f(x)y+g(x) y'=f(z)y y'=f(@)y+g(x)
B Exercise 5 Theorem (Ezact equations).
Find the eigenfunctions of the differential operator The function F:D—R,
A=—igz+1 Q=2 F(z,y)= [, Pdz+Qdy,
ding to the eigenvalues AeR Lo Y . T :
corresponding 1€ C1ge A in a simply | _, | where v:[a,b] =D is an arbitrary path
that is, solve the differential equation connected connecting a fixed point (g, yo) with (z,y),
Y=A0, domain D defines a function satisfying the relation
by looking for complex functions as solutions. P(x,y)dz+Q(z,y)dy=dF

B Exercise 6
Exercise 6 (73] Remark.

Eir}lld th? E?ear sfe{:icgnd—ordel.r giﬁezenti}iﬂ ?uatif)n In D, the equation P(z,y)dz+Q(z,y)dy=0 can be written as
with variable coefficients satistied by the function dF=0, and its solution is described implicitly by F(z,y)=C.

Y(z)=e"37" '
Remark. By denoting Y(z)= (Z/l («’L’)) A— (1111 a12)

Y2 (iﬂ) Q21 Qa22
SOME DEFINITIONS, THEOREMS and REMARKS

!/
. . ) } Y1 =anyitaizyz .
Theorem (Linear equations with constant coefficients). { yé — o111+ 220 can be written as

The space of all the real solutions of Theorem.

(n) (n=1) 4 ... / -
doy Fary Tty +any=0 . (1) . The space of all the real solutions of Y’'=AY,
where ay,...,a, €R, is a real vector space of dimension n. where a. €R. is a real vector s £ di ion 2
ij €R, pace of dimension 2.

Definition. The polynomial Definition. The polynomial
— n n—1 _
. P(A)=apA +a%)\' +‘..+gn_1)\+an . PO\ = ai;—A alz)\ =2 (a11+ase)\ + ai1ass — a1aas
is called the characteristic polynomial of the equation (1). Gz1  G22— )
Theorem (Particular solutions). is called the characteristic polynomial of Y'=AY .
Theorem (Particular non-null solutions) _
’ AT : _ P(A\)=0 and
y(x)=e* is a solution of (1) |<| P(A)=0 P\ 0 _
Y(z)= e’ £ 0 satisfies Y/ =AY & p D
Definition (Complex exponential). q A ( q ) =\ < ¢ ) )
’e(o"*ﬁi)f” =e® cos Br+ie*® sin Bz ‘ Theorem. If \; and Ay are the solutions of P(\)=0, then:
e )\, eR
Theorem. General solution of  agy”’+a1y’+asy=0. pl_ ? D, AU 2o\
—a1+y/a?—4dapa T)y=X; 17 = 1T 20
P()\)zao/\Q—i-al/\—l—aQ has the roots /\1’2:$_ A ((Ij) )\] (q]') = Y(x) Cy (Ch) e +Cy (CIQ) e
General solution: linearly independent
e M #FXeR = y( )=CyeM*+Cy e/\” e )\;=)\y is a double root, then we look for solutions of the form
e A =Xr=2A\ y(z)=C1 N +Cy z e y1 () _ C1+Cox e and eliminate two constants C by
e\ o=atpi y(z)=C1 e*® cos ﬁx—l—Cg € gin Br. ya(x) C3+Cyux ’ substituting into the given system.
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SOLUTIONS
Exercise 1.
We use T2 and T3.

ANHAA+3=0 = M =1, Ay =3.

T3 = y(z)=Cre®+ Cye®
N+HAA+4=0 = M =X =2.

T3 = y(z)=C1e**+ Cyze®®
MHAA+5=0 = No=2=%1i

T3 = y(z)=Cye*® cosz+ Cye®® sinz.
(A2=2)(A2+3)=0 = A2=%V2, I34=FiV3.

T3 = y(z)=CieV2r4Che V2

. +C5 cos 3z + Cy sin /3.
Exercise 2

We use T7.
The equation can be written successively as follows:
y=—y, F=-1 (ny)=-1,

Iny=—x+InC, y=Ce™*
We use T8 and T9. Looking for a particular solution
of the form y,(x)=C(z) e~ we get successively:
C'e*—Ce*=—Ce *+re *+1, C'(z)=x+e",
Clz)=[(z+e *)dz= “"—;—i—ex, and consequently
yp(x)= x—; e ®4+1. T9 = the general solution of
Yy =—y+wze *+1 is y(x):Ce*w—l—% e 41,

We use T4, T2 and T3.

We use the change of variables:

Tt e —et7 y(x)=z2(Inz),
vz, satisfying e 1 () =y(e)
Since y'(x)=7z'(Inz)(lnz) = (lnx)
y'(x)=—2L% 2 (Inz)+ 5 2"(Inx),

in the new variables, the equation becomes
e (- z’—&—e—%t Z")+eld 2/ —2=0,
that is 2" —2z=0.
Because \2—1=0 = A2 ==1,
and consequently, T3 = z(t)=Cie'+ Cye?,
we get y(z)=z(Inz)=C; %+ Cye~1n2.

_ 1
Remark. =Cro+Cy o

The given equation can be written as
(x2 dd:c2 —|—x——1> y=0.

and by using the operatorial relation % = g—;% ze_t%,
we get the equation for z(¢),
(e2te_t detd yetetd 1) 2=0.

namely, 2”"—2z=0.

Exercise 3

The equation is exact in D=R?,
O(z+2y) _ —9_ 02
oy — oz -

By using T10, R3 and the path

v:[0,1] = R%,  ~(t)=(xt,yt)
connecting (0,0) with (x,y), we get

F({E,y):

1
=(2?+4zy) [tdt =
0

The given equation can be written as (see R3)
2
d(%5 +2zy) =0,
and its solution is described by
%2 +2zy=C,
C z

namely =1

y(x)= for z#£0.

1
[(z+2y)dz + 2xdy= [ [(xt+2yt)x + 22t y| di
0

2 2|2
x +4xy)7‘t70:%+2xy.

@ This equation can be reduced to the exact equation
by multiplying it with the integrating factor u(x)=
The two equations have the same solutions, namely

2
T +2zy=C.
B Exercise 4
The system can be written as Y’ =AY, where.

v-(1)-2=(1 1)

=0 = A=X=2.

In this case,
3—-\ -1
1 1—A
We look for a solution of the form
(yl (x) ) _ (Cl +02$> 20
yo2(z) ) \ C3+Cyx ’
y1(z)=C1 e** +Cy xe®*
yo(2) =C3e?* +Cy ze®
By substituting into system, we get
20 €24+ C4 27420, er”” 30, 27430, xe®*—Cy e2*—C, xe
2053 €2 +Cy e**4+2C, 26> =C1 e +Cy 1e?* +(C3 2+ Cy ze?®
that is, the relations

2C1+C542C5x=3C14+3C x—C3—Cy ,
203+ C44+2C,2=C1+Cox+C3+Cy x,

that is

leading to
2C1+Cy=3C1—Cs3,
2Cy=3C5—Cy,
203+Cy=C1+Cs,
20, =Cs+Cy,
and finaly to
03101 702, 04:(;’2, and
y1(2)=C1 e** +Cy xe®*
yo(2)=C1 ** —Cy(1—x)e®®

B Exercise 5.

The equation can be written successively as follows:

—1'=(A-1)¢,

W:i(A_l)%

Y i)

w( ) Cel ()\—l)w.

P(z)=C cos(A\—1)x +iC sin(A—1)z.

B Exercise 6.

Because
Y(z)=em 5,

Y (z)=—e" 2% 4 g2em2 "
the function v satisfies the equation
— "+ 2% =1p.
Remark.
The last equation written in the form
-3+t =1y,
shows that ¢ is an eigenfunction of the Hamiltonian
H=—}i+3a?
of the quantum harmonic oscillator
corresponding to the eigenvalue FEj :%
Normalized as
b(w) =
it describes the ground state of the harmonic oscillator.
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e 2% |



