
An overview on FOURIER ANALYSIS
Nicolae Cotfas, version 25 Apr 2020 (for future updates see https://unibuc.ro/user/nicolae.cotfas/ )

TRIGONOMETRIC FOURIER SERIES with period 2π

To a periodic function
ϕ :R→C with period 2π
ϕ(t+2π)=ϕ(t), ∀t

such that
an

def
= 1

π

∫ π
−π ϕ(t) cosnt dt

bn
def
= 1

π

∫ π
−π ϕ(t) sinnt dt

exist,

we associate the trigonometric
Fourier series

1
2a0+

∞∑
n=1

(an cosnt+bn sinnt)

Depending on ϕ, Fourier
series can

{
-converge to ϕ
-converge to a different function
-be divergent.

If certain conditions are satisfied,

a partial
sum Sk(t)= 1

2a0+
k∑

n=1
(an cosnt+bn sinnt)

approximates
very well ϕ

for relatively
small k.

Thus, ϕ can be well described by the coefficients a0, a1, b1, ..., ak, bk.
Due to periodicity, we can integrate on any interval of length 2π

an= 1
π

∫ λ+2π

λ
ϕ(t) cosnt dt, bn= 1

π

∫ λ+2π

λ
ϕ(t) sinnt dt.

TRIGONOMETRIC FOURIER SERIES with period T

1
2a0+

∞∑
n=1

(
an cos 2π

T nt+bn sin 2π
T nt

)
with

an
def
= 2

T

∫ λ+T
λ

ϕ(t) cos 2π
T nt dt

bn
def
= 2

T

∫ λ+T
λ

ϕ(t) sin 2π
T nt dt

FOURIER SERIES with period 2π

Euler’s formula eit
def
== cos t+i sin t ⇔

cos t= eit+e−it

2

sin t= eit−e−it

2i

Fourier series S(t)=
∞∑

n=−∞
cn eint with cn

def
= 1

2π

λ+2π∫
λ

ϕ(t) e−int dt

If certain
conditions
are satisfied,

a partial
sum Sk(t)=

k∑
n=−k

cn eint
approximates
very well ϕ

for relatively
small |k|.

Thus, ϕ can be well described by the coefficients c−k, c−k+1, ..., ck.

FOURIER SERIES with period T (λ=arbitrary constant)

Fourier
series S(t)=

∞∑
n=−∞

cn e
2πi
T nt with cn

def
= 1

T

λ+T∫
λ

ϕ(t) e−
2πi
T nt dt.

DISCRETE (FINITE) FOURIER TRANSFORM

We regard CN as a space of periodic functions by using{
ϕ :Z→C

∣∣∣∣ ϕ(n+N)=ϕ(n)
for all n∈Z

}
→CN : ϕ 7→ (ϕ(0), ..., ϕ(N−1))

Definition.
Fourier transform

of ϕ :Z→C is F [ϕ] :Z→C, F [ϕ](k)
def
=
N−1∑
n=0

e−
2πi
N knϕ(n)

Inverse Fourier
transform

of ϕ :Z→C
is F−1[ϕ] :Z→C, F−1[ϕ](k)

def
= 1
N

N−1∑
n=0

e
2πi
N knϕ(n)

Due to periodicity,
in these definitions, we can replace

N−1∑
n=0

with
m+N−1∑
n=m

for any
m∈Z .

We have

ϕ=F [F−1[ϕ]]

ϕ=F−1[F [ϕ]]
that is

ϕ(n) =
N−1∑
k=0

e−
2πi
N nkF−1[ϕ](k),

ϕ(n) = 1
N

N−1∑
k=0

e
2πi
N nkF [ϕ](k)

If certain
conditions
are satisfied,

ϕm(n) = 1
N

m∑
k=−m

e
2πi
N nkF [ϕ](k)

approximates
very well ϕ

for relatively
small |m|.

Thus, ϕ can be obtained with a good approximation from the
values of F [ϕ] taken in relatively small neighbourhood of 0.

2D DISCRETE FOURIER TRANSFORM

F [ϕ](k, `)
def
=
Nx−1∑
n=0

Ny−1∑
m=0

e−
2πi
Nx

k ne
− 2πi
Ny

`m
ϕ(n,m)

F−1[ψ](k, `)
def
= 1
NxNy

Nx−1∑
n=0

Ny−1∑
m=0

e
2πi
Nx

k ne
2πi
Ny

`m
ϕ(n,m)

If certain conditions are satisfied,

ϕnx,ny (n,m)

= 1
NxNy

nx∑
k=−nx

ny∑
`=−ny

e
2πi
Nx

k ne
2πi
Ny

`m
F [ϕ](k, `)

approximates very well ϕ for relatively small |nx| and |ny|.
Thus, ϕ can be obtained with a good approximation from the
values of F [ϕ] taken in relatively small neighbourhood of (0, 0).

FOURIER TRANSFORM OF FUNCTIONS

Definition (F±1[ϕ] exists only if the integral is convergent).

Fourier transform
of ϕ :R→C is F [ϕ] :R→C, F [ϕ](ξ)

def
=
∞∫
−∞

ei ξxϕ(x) dx

Inverse Fourier
transform

of ϕ :R→C
is F−1[ϕ] :R→C, F−1[ϕ](ξ)

def
= 1

2π

∞∫
−∞

e−i ξxϕ(x) dx

Theorem. (F [ϕ])′=F [ixϕ] and F [ϕ′](ξ)=−iξF [ϕ]

Examples ( a∈(0,∞) is a parameter).

• F
[
e−ax

2
]

(ξ) =
√

π
a e−

ξ2

4a F [e−a|x|](ξ) = 2a
a2+ξ2

• χ[−a,a](x)=

{
1 for x∈ [−a, a]
0 for x 6∈ [−a, a]

⇒ F [χ[−a,a]](ξ) = 2
ξ sin aξ

FOURIER TRANSFORM OF DISTRIBUTIONS

Vector space of rapidly decreasing functions

S(R)=

{
ϕ :R−→C

∣∣∣∣ ϕ∈C∞(R) satisfying the relation
limx→±∞ xk ϕ(m)(x) = 0, ∀k,m∈N

}
lim
n→∞

ϕn=0
def⇔ lim

n→∞
supx∈R

∣∣∣xk ϕ(m)
n (x)

∣∣∣=0, ∀k,m∈N.
Vector space of tempered distributions

S ′(R)=

{
f :S(R)−→C :

ϕ 7→ 〈f, ϕ〉

∣∣∣∣∣ 〈f, αϕ+βψ〉=α〈f, ϕ〉+β〈f, ψ〉,
lim
n→∞

ϕn=0 ⇒ lim
n→∞

〈f, ϕn〉=0

}
When it exists, the distribution
corresponding to a usual function
f :R−→C is defined by the relation

〈f, ϕ〉def=
∞∫
−∞

f(x)ϕ(x) dx

Dirac distribution (a∈R is a parameter) 〈δa, ϕ〉
def
= ϕ(a)

Theorem. ϕ∈S(R) ⇒ F±1[ϕ]∈S(R).
Definition.
• Multiplication of a distribution f

by a function η(x) (when it exists) 〈η f, ϕ〉def= 〈f, η ϕ〉

• Derivative of a distribution f 〈f ′, ϕ〉def= −〈f, ϕ′〉

• Fourier transform of
a distribution f 〈F [f ], ϕ〉def= 〈f,F [ϕ]〉

• Inverse Fourier transform
of a distribution f 〈F−1[f ], ϕ〉def= 〈f,F−1[ϕ]〉

Theorem. (F [f ])′=F [ix f ] and F [f ′]=−iξF [f ] .

Examples ( a∈(0,∞) is a parameter).

F [δa]=eiax F [1] = 2π δ F [xk] = 2π(−i)k δ(k)

F [δ] = 1 F [δ(k)] = (−iξ)k F [cos ax]=π(δa + δ−a)

1


