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Abstract
A remarkable discrete counterpart of the Gaussian function of one continuous variable can be defined by
using a Jacobi theta function, that is, as the sum of a convergent series. We extend this approach to Gaussian
functions of two variables, and investigate the Fourier transform and Wigner function of the functions of

discrete variable defined in this way.
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I. INTRODUCTION

The Gaussian functions play a fundamental role in mathematics and its applications. By using

the (non-normalized) Gaussian function of continuous variable g : R — R,
_K2 .
gx(q) =e 27, where k € (0,00) is a parameter, (1)

one defines [1-5] the periodic Gaussian function (Fig. 1) of discrete variable g, : Z — R,
ge(n)= ¥ g« (<n+ad>\/ %) = Yy e flradr 2)
Of=—o0 Of=—o0
The function gy, obtained by using a method similar to Weil [6] or Zak [7] transform, is a gener-
alization of Mehta’s function fj [1]. In this article, we investigate only the case when d =2j+1 is

a positive odd integer. The function g, can be written as

1 n i
gK(n):\/—K_de3 (Eaﬁ) ) (3)

where 03 is the Jacobi function

)

63 (Z, T) — Z ei?t‘wtz eZn’iOCZ (4)

o=—o0

having several remarkable properties among which we mention

0y(z,it) = e 0 (2,1 (5)
3Z7 _\/E 3 iT’T .

In the continuous case, the Fourier transform of g, computed with the usual definition

Z(p) = —= [ e y(q)dgq (6)

satisfies the relation

J[g,c]:ﬁg,(l (7)
The discrete Fourier transform of g, , computed by using the definition
R0 % L Y e iy ®)
\/E n:—j ,
satisfies a similar relation, namely [3, 5]
1
Flgy] = )

ﬁg,(_l.
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FIG. 1. The functions g, g and Wg,_ in the case k= %, d=31.

The Wigner function of g,, computed with the usual definition

def 1

Pula.p) [ 27 ylg=x) wg+x)dx,

—o00

is a product of Gaussian functions,

e (q,p)= \/% 82x(q) 821 (P)-

The discrete Wigner function of g,, computed [5] by using the definition [8]

is a sum of four products of Gaussian like functions (Fig 1)

We (1K) = A= g2xc(n) |2t ()85, ()

+\/21ﬁg;<(n) [gZK*I(k)_g;K*I(k)]’
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where the periodic function of discrete variable g7 : Z — R,

si= £ (e a5 )= § oo ”

Of=—o0 Of=—o0

is a kind of translated Gaussian function (Fig. 1). The relation (13) can be written as

Welnk)=Ce £ (-1 4, (o) P (B9 ). (1s)

a,ﬁzfoo

where C 1s a constant. Thus, there exists a simple relation between the discrete Wigner function
W, of a Gaussian function gy of discrete variable and the Wigner function %%, of the correspond-
ing Gaussian function g of continuous variable.

Our purpose is to present a version for functions of two variables of these results.

II. GAUSSIAN FUNCTIONS OF TWO DISCRETE VARIABLES

c

b .. .
Leto= (Z ) be a matrix with real entries and such that o > 0.

By using the Gaussian function of two continuous variables g5 :RxR — R,

1 ab
—2(a qz)< ) < >
solang)=e  \0 o) \e) —emlainaen) (16)
we define the periodic Gaussian function of two discrete variables go:7Z <7 — R,
oo —%(nﬁ-ald nyt+opd) (Z IZ) (:lizlj>
gs(ni,m)= Y e e (17)
,0=—0°

and other three complementary periodic Gaussian like functions

1
it —2(mHou+3)d nytond) (a b) (”1+(O‘1+z)d>
g—'d—o(nhnZ): Y € b c m+ond ,
o ,0p=—o0
ab ni+oud
w  —g(mtond nyH(aatz)d
gOﬂL(n1 m)= Y e E(nitoud nyHon+5) )<b C> <n2+(a2+;)d> (18)
o ) 7
o ,0p=—0°
a b n 1 d
oo —T(mH o +1)d nyH(op+1)d) ‘ IHOHT)
g§+(n17n2): Z e b ¢ n2+(a2+§)d .
o ,0p—=—00
III. DISCRETE FOURIER TRANSFORM
In the continuous case, by using the definition
def 1 [ f i(p1g1+p292)
ZWl(p1,p2) = % e v(q1,q2)dqidgs, (19)

4



we get the known relation

~a1 @)o (ql) 1 —3(p1 p)o l(?)
F e 2 , e 2/, 20
(pl PZ) \/m ( )
that is, we have
1
Flgs]= \/Wgo I (21
In the discrete case, the Fourier transform is usually defined as
Fly] (k1. k) & L Z Z e & mHkas) yy () ), (22)
nlf—j’lzf—j
Lemma 1. We have
Flaolth k)= s £ g (i) /3 a1 5 )
[,P2=—°
Flaglt k)=t £ (1P e (i) . o) ).
1,P2=—°
o (23)
k)= G F g (08101 e 5 ).
[sP2=—°
Flgg (ki k) = S Y (~DftPg, (ki+Bid)\/ 2F, (ka+Bad)\/3F ) .
c ) Vdeto B oo c d> d
Proof. The periodic function of two continuous variables
Y5(q1,92) = i o~ 1 (alq1+01d)*+2b(q1+oud)(g2+0ad)+c(ga+aad)?) (24)
a1,0p=—
can be expended into a Fourier series
%G(qhqz) — Z Amymy € d (mqu-Mqu) (25)
mip,my=-—o°
where
gy = // — i (miq1+mqy) Z o i (algi+aud) +2b(‘]1+051d)(‘]2+<X2d)+c(112+052d)2)dq1dqz.
dz Qp,0p=—00
By using (20) and the change of variables g =y / —od, =y —opd, we get

w  (o+1)V271d (0p+1)V271d i
_ 1 (m1 (v14/ s2—oud)+ma(y2 1/ s=—0rd)) 3 (ay3+2by1y2+c
mymy =555 L / / e 2\ DT yZ)d)’IdyZ
AL,®==" o \/21d o\ 2nd

T -1 (M
0o oo d d 1( 2 2 —alm m)o
_ 1 B miy1y/ S5 tmaya[ 55) o~ (@R +2byiyr+end —_1 m
= 2nd f f e e 3l )dy]dyz_d\/detde :
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Consequently, we have

- *E(ml mz)O'_] (Im)
%(6]1,612)2 ! ) eT(mICI1+m2612)e ¢ my (26)

)

and the relation

m
o —Z(m m2)01< ]>
e%(mlnﬂrmznz) e )

golnim) =5 ¥

my,my=—oo
[ ki +Bid
j —2(ki+Bid ko+pod)c 1( )

i e%((kﬁ‘ﬁld)nl+(k2+ﬁzd)n2) e ky + Bod

ki ky==] B1,fa=—co
J 27i
e (kini+kany) g5 1 (k1,ky) = dletGFil [gG—IKI’lI;nZ)

=1 y
dv/deto ki e

_ 1
" dvdeto

equivalent to Flgs] (ki k2) = ‘/Wﬁ Z g(,1((k1+[31d)\/%7”,(k2+[32d)\/%7”).

The other three relations can be obtalned in a similar way. For details see [9, 10]. U

Theorem 1. The discrete Fourier transform of gs satisfies the relation

1

Flg,| = "y 27
g5] N (27)

Proof. This is just the first relation from Lemma 1, written in a different way. [

Lemma 2. We have

Flg20)(2k1,2k2) = Jge?(gwl(khkz)+g;§,l<k1,kz)+g3 (ki ko) +83 0 (ki,ka) )




Proof. The relations

Fg26](2k1,2ky) = ZW E‘,_ 8(26)-! <(2k1+[51d)\/?7ﬂ, (Zkz—f—ﬁzd)\/%),

BiBr=—eo
Flg;1(2k1,2k:) = 2Mﬁ [5_ (1P g ((2k1+ﬁ1d)\/%, (2k2+ﬁ2d)\/%),
FlglsI2h 2) = s B (1P ey (i) 3 ke o) ).

Flg} ) (2ki,2k) = 51—

B ﬁi (—1)ﬁ1+ﬁ2 8(20)! ((2k1+ﬁ1d)\/?7”,(2k2+52d)\/%>

can be written as

F[gz“](zkl’zkz):z\/ﬁﬁ S ((k1+ﬁ1%’)\/ 2 (ka+B2%)y/ 27”) :
1,P2=—"°°

Flgso)(2k1,2k2) = NcF i (=DM g6 <(k1+ﬁ1%)\/%a(k2+52%)\/%),

Bi,Ba=—ee
FlgsIh 2o =she £ (0% s (04D F oy F ),
[,P2=—°

Flg) t](2ki,2ky) =

B Bf__ (1) g ((kﬁﬁl%)\/%”, (k2+[32%)\/§”).

By separating the even case from the odd one for ; and f3;, we get (28). [

2\/ det o

IV. DISCRETE WIGNER FUNCTION

The Wigner function of g5, computed by using the formula

&

1 oo oo
Yy(q1,92,P1,D2) 2;//6 Pty (g1 —x1,qa—x2) W(gq1+x1, g2 +x2) dxidxa,  (29)

is a product of Gaussian functions,

1

W ) ) 9 Y 9 - 9 . 30
20 (q1,92,P1,D2) nmgzo(m 92) 826-1(P1,D2) (30)

Lemma 3. If the function f:R — [0,00) is such that the series are convergent, then

I S@P= © flernpem+ Lo fusnleen. o



Proof. After separating the sum as

Y flap)= Y flap)+ ) flap) (32)
Op=—ee o.p op
both even one even
or and
both odd other odd

we use the substitutions (¢, )= (u+n,u—n) and (0, f)=(u+n+1,u—n). O

In the discrete case, we use for the Wigner function the definition

1 J
Wy (n1,m2, k1, k) & Z Z e @ m ) G iy my—ma) (i my o +ma). (33)

=—jmy=—j
Theorem 2. The Wigner function W, of 8¢ is an algebraic sum of 16 products of Gaussian like

functions, namely

ng(nl7n27k17k2)
= W g20(n1,1m2) |:g20*1(k17k2)+g3_(§-)—1(k17k2) +800 (ki ko) + g0 (kl,kz)]

+ 570k 8¢ (n1,m2) [gzg—l(kl,kz)+g2+£_1(k1,k2) — g0t (ki ko) — g5t (ko)

+W g1 (n1,n2) [gchl(klakZ) — g0 (ki ko) + &) (ki ko) — g (ki ko }

_I_

ST &0 (n1,m2) [gm—l(kl,kz) —g 0 (ki ko) — gt (kl,k2)+g2+;1(k1,k2)] :
(34)

Proof. By using Lemma 3, we obtain

J 4mi
= — 37 (kymy +k
Wga(n17n27klak2> = h e d (kymy+kymy)
my,my=

—J
x ¥ o~ F(m=—mi+01d)? o= 2 (n1—mi+ond) (my-mo+Pid) o — 5 (na—matpid)>

o, fr=—c0
% y e—%(nl—i-ml-ﬁ-azd)z e—ZbTE(nH-mH-Otzd) (npt+ma+Pord) e—% (natmy+PBad)?
0, fr=—c0
j oo o0
_ diz y e—@(klmﬁ-kzmz) y y e—%(nl—ml—&-ald)z e—%(n1+m1+a2d)2
my,my=-j &p,00=—c° B fr=—co

Xe_ZbTﬂ(nl_mH‘ald) (ny—mytPid) o — 2T (ny+my+end) (npy+my+Bod) e~ 7 (nz—mz+ﬁ1d) — < (nytmy+Bord)?



oo

j 4 o

:d% y ef%(klmﬁkzmz) y y ef%(nrmﬁ(uﬁrm)d)z e*%("ﬁmﬁr(ul —n1)d)?
2=—] Up,Mp=—o0 lp,Mr=—o0

o~ ZE (m=mi+(1+11)d) (na—maH(pa+12)d) o — 2 (nitmiH(ty =M )d) (ntmaH(pa —12)d)

mi,m

o~ T (m=myH(ta+12)d)* o= F (natmot(pa—12)d)?

j . oo (oo}
+dL2 y e_%(klml‘i‘kZmZ) y y e~ T (n=miH(p+m+1)d)* o= (nitmiH( —m1)d)*
my,np=—j Hp,Mi=—0° Up,My=—0°

o~ 7 (mi=miH (11 +1)d) (na=moH(H2+12)d) o= 25 (ni-tmiH(p —11)d) (natma (2 —12)d)

e~ T (mmyt(io+m)d)? o= F (ntmat(po—12)d)?

j . oo (oo}
_|_sz y e—%(hmﬁkzm) y y e~ TG (m=—miH(p+m)d)* o= 4 (ntmiH( —m)d)?
my,my=-—j Hi,Mi=—00 Up,Mr=—0°
e~ 2 (m=mi(p +11)d) (na=moH(Ha+Ma+1)d) =2 (nitmiH(p —11)d) (natmo( o —12)d)
e~ T (n—mat(1p+m+1 )d)? e T (notmat(ta—12)d)?
_|_dL2 y e—d (kimi+kymy) y y e 9 (m=miH (M +1)d)? o =G (nmi+(w —n1)d)?
my,my=—Jj HiMm=—co lp,Mr=—c°
e~ — 2T (ny—myH( +m1+1)d ) (ma=ma+(ip+1M2+1)d) o — 2% (ny+my (g — 11 )d) (notmoH o — 12 )d)
e—%(nZ—m2+(u2+n2+l)d)2 e~ F (natmat(pa—m2)d)?
j oo oo
:% Y e — 38 (kymy+kyms) y Y e — 2 (mtud)? o= 24 (mi—n1d)*
my,my=—j Hp,Mi=—0° Hp,Mp=—0°
o T (it d) (nytad) o= 25 (mi—m1d) (ma—1>d)
e~ 2T (nytupd)? *T”(mrnzd)z
J 4mi hd hd 2ax 2an 1\ 7\2
+d]_2 Yy e d kimithm) oy y o A (miH(p+5)d)? o= 24F (=143 )d)
my,my=—j My, M=—0° Up,Mp=—0°
o E(mH(p+5)d) (natad) o — 257 (m (1145 )d) (my—11pd)
o 7 (notind)? o =2 (my—mpd)?
j (oo} (oo}
+L ¥ e~ 7 (kimy+komy) y Y e =2 (nd)? o= 24 (mi—mid)?
my,my=-—j Hp,M=—0° Up,Mr=—00
o FE(mHud) (naH(pat5)d) o — 2 (mi—11d) (ma—(na+-5 )d)
e—sz'”(nz-ir(Mz-ir%)d)z 6—2‘7'”("12—(7724-%)61)2
j . [oe] oo
+Loy T lamtem) v Y e (mHpi)d)? o= 3 m—(n143)d)’
d my,my=—j Up,M=—00 Up,Mp=—0°

o ZE(m+(pi+3)d) (naH(pa+5)d) o= 2 (mi—(mi+3)d) (ma—(n+3)d)

e 2T (nyH1pt+y)d)* e~ 2 (m—(not5)d)?



= L85 (n1,m) Flgas)(2ky,2ks) + Sg32 (n1,n2) Flgio](2k1,2k>)
+ g0t (n1,mp) Flgdt)(2k1,2ko) + Sed ot (n1,m2) Flgyt](2k1,2k2).

By using Lemma 2, we get (34). [J

V. CONTINUOUS-DISCRETE CORRESPONDENCE

The function g4 corresponds to g4, namely

go(n1,nm2)= E gc((n1+oc1d) %7”,(”2+0‘2d)\/%)- (35)

ap,0p=—0°

The relation (27) can be written as

Flgol(ho)= £ Pleol (i) o) ). 36)
1,P2=—°

that is, the discrete Fourier transform F|[g| of g5 is the Gaussian function of two discrete variables
corresponding to the continuous Fourier transform .% [g4| of g¢.

By using (17), (18) and (30), the relation (34) can be written as

oo oo

W, (n1,n2,ki,ky)=Cs % y (_1)0¢1B1+az[32

o1, 00== By, fy=—co
XWso ((m-l—al%l)\/%ﬂ,(nz-l—az%). [2Z (ki +Br)\ /22, (ka+Bod) /%Tn) ’
37)
where C; is a constant. Thus, the discrete Wigner function Wy of g5 can be obtained directly

from the corresponding continuous Wigner function %, of g5.

VI. CONCLUDING REMARKS

Some remarkable discrete versions of the Gaussian functions, the corresponding Fourier trans-
form and Wigner function can be defined as the sum of a convergent series involving the continu-
ous counterpart. We have investigated the Gaussian functions of two variables, but the definitions

and the obtained results can easily be extended to three or more variables.
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