FOURIER ANALYSIS — Programs in Mathematica‘

Nicolae Cotfas, version 07 May 2020 (for future updates see https://unibuc.ro/user/nicolae.cotfas/ )
B TRIGONOMETRIC FOURIER SERIES with period 27

EXte%Sfi(;nngclggliloCtl;c:i[tfw‘ivjrt)hﬁ%)d 2m) i ’ 0:R—C, ¢(t)=f((t+m) (modulo 27)—m) ‘

00 k
S(t)=2ao+Y" (an cosnt+b, sinnt) o(t)~Skp(t)=1ag+ (an cosnt+b, sinnt)
n=1

n=1

a, LI™ o(t) cosntdt

b, L™ (t) sinnt dt

In[1]= k:=3; flt_1:=t"2/7+Cos[t]-1/2; phi[t_]:=f [Mod[t+Pi,2 Pi]-Pi]
a[n_]:=(1/Pi) Integrate[phi[t] Cos[n t],{t,-Pi,Pi}]
b[n_]:=(1/Pi) Integrate[phi[t] Sin[n t],{t,-Pi,Pi}]
Sk[t_]=a[0]/2+Sum[a[n] Cos[n t]l+b[n] Sin[n t],{n,1,k}]
Plot [Mod[t+Pi,2 Pi]-Pi, {t, -3 Pi, 3 Pi}, AspectRatio -> 0.2]
Plot[phi[t],{t,-3 Pi,3 Pi}, AspectRatio -> 0.3]
Plot[Sk[t], {t,-3 Pi,3 Pi}, AspectRatio -> 0.3]
Show [{%0, %%}]
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B TRIGONOMETRIC FOURIER SERIES with period T'

Extension by periodicity with

period 1" of a function is ’ ©0:R—C, ()= f(t(modulo T)) ‘
f:0,7)—C
def o (T o

an= = [1p(t) cos ZEnt dt o0 k

v T S(t)= %ao +>_ (an cos Z%nt—&—bn sin 2%nt) o(t) = Sk(t)=Fao+>_ (a, cos 2%”75+bn sin 2%”75)

def o (T .o n—1 n=1
bn= # [,(t) sin ZFnt dt

In[1]l= k:=2; f[t_1:=Sin[t]; T:=5; philt_]:=f[Mod[t,T]]

a[n_]1:=(2/T) Integrate[phil[t] Cos[2 Pi n t/T],{t,0,T}]

bln_]:=(2/T) Integrate[phil[t] Sin[2 Pi n t/T],{t,0,T}]
Sk[t_]=al[0]/2+Sum[a[n] Cos[2 Pi n t/T]+b[n] Sin[2 Pi n t/T],{n,1,k}]
Plot [Mod[t,T], {t,-T, 2 T}, AspectRatio -> 0.3]

Plot[philt],{t,-T,2 T}, AspectRatio -> 0.3]

Plot[Sk[t], {t,-T, 2 T}, AspectRatio -> 0.3]

Show [{%0, %%}]




B FOURIER SERIES with period 27w

e Do ity W Petod 2T i [o:R—C, ()= f((t+) (modulo 2m)—7)|

o0 ) k )
LI e [S(= X cne™| |p(H)mSt)= 3 cne™

2 n=-—oo n=—k

In[1]= k:=5; flt_]:=-t; phil[t_]:=f[Mod[t+Pi,2 Pi]-Pi]
cln_1:=(1/(2 Pi)) Integrate[Exp[-I n t] £[t],{t,-Pi,Pi}]
Sk[t_]=Sum[c[n] Exp[I n t],{n,-k,k}]

Plot [Mod[t+Pi,2 Pi]-Pi,{t,-3 Pi,3 Pi}, AspectRatio -> 0.2]
Plot[phil[t],{t,-3 Pi,3 Pi}, AspectRatio -> 0.3]

Plot [Sk([t],{t,-3 Pi,3 Pi}, AspectRatio -> 0.3]

show [{%, %%}
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B FOURIER SERIES with period T

Extension by periodicity with period T=b—a | ._ . —
of an arbitrary function f:[a,b)—C 18 ’ p:R—C, ¢(t)=/((t—a) (modulo T)+a) ‘

i &> 27i k 2mi
QL pt)e Frd | SM)= X e p()mSk(t)= 3 eneT

= =
TJa n=—oo n=—k

In[1]= k:=5; flt_]:=t"2; a:=-1; b:=2; T:=b-a; phil[t_]:=f[Mod[t-a,T]+al
c[n_]:=(1/T) Integrate[Exp[-2 Pi I n t/T] £[t],{t,a,b}]
Sk[t_]=Sum[c[n] Exp[2 Pi I n t/T],{n,-k,k}]
Plot [Mod[t-a,T]+a,{t,a-T,b+T}, AspectRatio -> 0.2]
Plot[phi[t],{t,a-T,b+T}, AspectRatio -> 0.3]
Plot[Sk[t],{t,a-T,b+T}, AspectRatio -> 0.3]

show [{%, % %11
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B DISCRETE (FINITE) FOURIER TRANSFORM
B Extension by periodicity of a function

Extension by periodicity with period No of the . . —
function f:{0,1,..., No—1)—C, f(n)=n 18 ’ $:Z—C, ¢(n)=n(modulo NO)‘

Extension by periodicity with period No=n;—ng+1] . . _
of the function f:{ng,no+1,...,n1}—C, f(n)=n|" ’ $:Z—C, ¢(n)=(n—no) (modulo No)+ng ‘

Extension b iodicity with iod No=n;— 1.
O}E ggsgggitgalp}fl%ﬁ)négoﬁ V?:{Tg)e,rrlloo+1,(.)..,7?11} EE is ’ 0:Z—C, o(n)=f(1(n)) ‘ where (n)=(n—ng) (modulo No)+mng

In[1]= £[n_]1:=n"2/100; n0:=-10; n1:=10; No:=nl-n0+1; psi[n_]:=Mod[n-n0,No]+n0O; phil[n_]:=f[psiln]]
ListPlot[Table[{n,Mod[n,No]},{n,n0-No,n1+No}] ,Filling->Axis,PlotStyle->PointSize [Medium],
PlotRange->All,AspectRatio->0.3]
ListPlot[Table[{n,psi[n]},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize [Medium],
PlotRange->All,AspectRatio->0.3]
ListPlot[Table[{n,phi[n]l},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->Al1l,AspectRatio->0.3]
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B Approximation of a periodic function ¢:Z — C by using only a part of the values of its Fourier transform
Remark. If you use an older version of Mathematica, write Cos[t]+I Sin[t] instead of Expl[t].

Notations and formulas

In[1]=

In[1]=

In[1]=

f: {no,n0+1, ey 1’L1} —C

No=ni—no+1 def <& —2mi oy

Y:Z—C, (n)=(n—np) (modulo No)+ng Flel(k) = k;"()e No "o(n)
e:Z—C, p(n)=f(¢(n))

psi =

phi=¢ _ 1 & 27 nk prol(k
Fphi = F[y)] Papproz(n) = 75 2 €N [P)()
phiapprox = @approz

m:=2; f[n_]:=n"2/100; n0:=-10; =nl:=10; No:=n1-nO0+1; psil[n_]:=Mod[n-n0,No]l+n0; philn_]:=f[psiln]]

Fphi[k_] := Sum[Exp[-2 Pi I k n/No] philnl, {n, n0, ni}]

phiapprox[n_,m_1=(1/No) Sum[Exp[2 Pi I k n/No]l Fphilk],{k, -m, m}]

ListPlot[Table[{n, phi[n]l},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->Al1l,AspectRatio->0.3]

ListPlot[Table[{n, phiapprox[n,m]},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->All,AspectRatio->0.3]

[ ]

[ ]

[ ]
[ ]
[ ]
[ ]
()

‘ L

-30 -20

m:=4; f[n_]:=n"2/100; n0:=-8; nl1:=12; No:=nl1-n0+1; psi[n_]:=Mod[n-n0,No]J+nO; phil[n_]:=f[psiln]]

Fphi[k_] := Sum[Exp[-2 Pi I k n/No] phil[n]l, {n, nO, ni}]

phiapprox[n_,m_]=(1/No) Sum[Exp[2 Pi I k n/No] Fphilk],{k, -m, m}]

ListPlot[Table[{n, phil[nl},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->All,AspectRatio->0.3]

ListPlot[Table[{n, phiapprox[n,m]},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->All,AspectRatio->0.3]

m:=4; f[n_]:=n"2/100; n0:=-5; mnl1:=15; No:=n1-n0+1; psil[n_]:=Mod[n-n0,No]J+n0; phil[n_]:=f[psiln]]

Fphilk_] := Sum[Exp[-2 Pi I k n/No] phil[n], {n, nO, ni}]

phiapprox[n_,m_]1=(1/No) Sum[Exp[2 Pi I k n/No] Fphilk],{k, -m, m}]

ListPlot[Table[{n, philn]l},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->All,AspectRatio—>0.3]

ListPlot[Table[{n, phiapprox[n,m]},{n,n0-No,n1+No}],Filling->Axis,PlotStyle->PointSize[Medium],
PlotRange->Al1l,AspectRatio->0.3]




B TWO-DIMENSIONAL DISCRETE (FINITE) FOURIER TRANSFORM

B Extension by periodicity of a function

Formulas and notations

phi = ¢

f{no,no+1,...,n1} x {mo,mo+1,..., m1}—C, 22 i Z(l)
Ny=n1—ng+1, Ny=mi1—mo+1, m0 = mo

¢:ZxZ—C, p(n,m)=f((n—no) (modulo Nz)+ng, (m—mg) (modulo Ny)+myg) ;}1( i xi
Ny = Ny

In[1]= mn0:=-3; n1:=3; m0:=-4; mil=4; f[n_, m_]:=N[Exp[-(n~2+m"~2)/4]]
Nx:=n1-n0+1; Ny:=m1-mO+1; philn_, m_]:=f[Mod[n-n0,Nx]+n0,Mod [m-mO,Ny]+mO]
DiscretePlot3D[f[n,m], {n,n0,n1},{m,m0,m1}, ExtentSize ->0.7, AxesLabel -> Automatic, AspectRatio ->1.5]
DiscretePlot3D[phi[n,m],{n,n0-Nx,n1+Nx},{m,m0-Ny,m1+Ny}, ExtentSize -> 0.7, AxesLabel -> Automatic, AspectRatio -> 0.7]
Image[Table[f [n,m],{n,n0,n1},{m,m0,m1}]]
Image [Table[phi[n,m],{n,n0-Nx,n1+Nx},{m,m0-Ny, mi1+Ny}1]




B Function reconstruction by using only a part of the values of its Fourier transform

Formulas and notations

p:{no,no+1,...,n1} x {mo,mo+1, ..., m1} —C,
Nz=n1—ng+1, Ny=mi1—mo+1,
Flgl:Z x Z—C,  F[g|(k, €)= F[g](k+ Nz, £+ Ny) 0 = ng
. ; 1=n
def DL M1 _2mig,, 2wy n 1
Flgle, 0% 3 3 o N e N o(n,m) m0 = mo
n=ng m=mgq

ml =my

Nx = N,

_ def i 2zi
Pk 0 i 3 8 oM Ene N My, m) Ny = N,
n=0 m=0 hi= o
phi =
Ny—1Ny—1 o Fphi = F[¢]

—p-1 __1 2in X m
p=F"1[F[]] = p(n,m)=g=r- 2. > eNe"Tev T Fp](k, () phiapprox = Qappros

%kn %Zm
2 20 eN= et U F[p(k, 0)

1
$approx(n, m) = No. N
T p=—at=—b

In[1]= a:=2; b:=2; n0:=-3; n1:=3; m0:=-4; ml =4; Nx:=n1-nO+1; Ny:=m1-mO+1; philn_, m_] := N[Abs[Sin[(n + m)/5]]]
Fphilk_, 1_] :=N[Sum[Exp[2 Pi I k n/Nx] Exp[2 Pi I 1 m/Ny] phi[n,m], {n,n0,n1}, {m,m0, m1}]]
phiapprox[n_,m_]:=N[Re[(1/(Nx Ny))Sum[ Exp[-2 Pi I k n/Nx]Exp[-2 Pi I 1 m/Ny] Fphilk,1], {k,-a,a},{1,-b,b}]11]
DiscretePlot3D[phi[n,m],{n,n0,n1},{m,m0,m1},ExtentSize -> 0.7, AxesLabel -> Automatic, AspectRatio -> 0.7]
DiscretePlot3D[phiapprox[n,m],{n,n0,n1},{m,m0,m1}, ExtentSize -> 0.7, AxesLabel -> Automatic, AspectRatio -> 0.7]
ImageRotate [Image[Table[phi[n, m], {n, n0, ni1}, {m, mO0, m1}]],Right]

ImageRotate [Image [Table[phiapprox[n, m], {n, n0, ni1}, {m, m0, m1}]],Right]




B Fourier transform in Image processing

In[1]l=

fi[n_,m_]:
f2[n_,m_]:
£f3[n_,m_]:

n0=-5; nil=

5; m0=-5; m1=5

=Mod [Sin[n m],1]
=Mod[(n/10)"2 - (m/10)"°2,1]
=Mod [n m/100,1]

ImageRotate [Image [Table[{f1[n,m]},{n,n0,n1}, {m, mO,m1}]1],Left]
ImageRotate[Image[Table [{f1[n,m],0,0},{n,n0,n1}, {m, mO,m1}]],Left]
Image[Table [{f1[n,m],f2[n,m],f3[n,m]}, {n,n0,n1}, {m,m0,m1}]]

In[1]= foto := Import["C:\\Users\\Apus-de-soare.jpg"]

Show[foto]

ImageRotate [Image [Table [PixelValue[foto, {n,k}], {n,100,120}, {k,180,260}]], Left]

MatrixForm[Table[PixelValue[foto,

{n,k}], {n,100,103}, {k,180,183}]1]

MatrixForm[Table[PixelValue[foto, {n,k}][[1]], {n,100,103}, {k,180,183}]]
MatrixForm[Table[PixelValue[foto, {n,k}][[2]], {n,100,103}, {k,180,183}]1]
MatrixForm[Table [PixelValue[foto, {n,k}][[3]], {n,100,103}, {k,180,183}]]
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B FOURIER TRANSFORM OF FUNCTIONS

B Fourier transform of functions

Fourier transform

Original function def °°
e .
p:R—C ~ Flgl:R—C, Flpl(p) = [ e p(x)da

In[1]= phi[x_] := If[Abs[x] <= 0.5, 1, 0]
Fphil[p_] := Integrate[Exp[I p x] phi[x], {x, -Infinity, Infinity}]
Plot[phi[x], {x, -3, 3}]
Plot [Fphil[pl, {p, -30, 30}, PlotRange -> All]
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In[1]= ©philx_] := If[Abs[x] <= 1, 1-Abs[x], 0]
Fphilp_] := Integrate[Exp[I p x] philx], {x, -Infinity, Infinity}]
Plot[philx], {x, -3, 3}]
Plot[Fphilpl, {p, -30, 30}, PlotRange -> All]

104

In[1]= philx_] := Exp[-x"2]
Fphil[p_] := Integrate[Exp[I p x] phil[x], {x, -Infinity, Infinity}]
Plot[philx], {x, -3, 3}]
Plot[Fphilpl, {p, -30, 30}, PlotRange -> All]
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B Description of the difraction

Screen transparency Diffraction pattern
—
o R—[0,1] [[FI¢]*R— [0,00) |

In[1]= philx_] := If[Abs[x] <= 1, 1, 0]
ParametricPlot [{phi[x], x}, {x, -3, 3}]
Plot[phil[x], {x, -3, 3}]
ParametricPlot [{Abs [FourierTransform([phi[x],x,p]]1"2,p}, {p,-10,10}, PlotRange -> All, Exclusions -> None, AspectRatio -> 0.5]
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In[1]l= philx_] := If[Abs[x-1] <=0.2, 1, O]+If[Abs[x+1] <=0.2, 1, 0]
ParametricPlot [{phi[x], x}, {x, -3, 3}]
Plot[phil[x], {x, -3, 3}]
ParametricPlot [{Abs [FourierTransform([phi[x],x,p]]1"2,p}, {p,-20,20}, PlotRange -> All, Exclusions -> None, AspectRatio -> 0.5]
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In[1]= philx_] :=If[Abs[x - 1.5] <= 0.5, 1 - 2 Abs[x - 1.5], 0] +If[Abs[x + 1.5] <= 0.5, (2 Abs[x + 1.5])"2, 0]
ParametricPlot [{phi[x], x}, {x, -3, 3}]
Plot[phil[x], {x, -3, 3}]
ParametricPlot [{Abs[FourierTransform[phi[x],x,p]]1"2,p}, {p,-15,15}, PlotRange -> All, Exclusions -> None, AspectRatio -> 0.5]
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