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PROBLEMS

B Problem 1

Compute:
(2—30)% 4 (T+1) + 2 +i%+[3+4i].
el e /3 4 cos(21).
(z4+z%—cosz+z3e_iz)’.

log(2—21).

B Problem 2
Compute the residues of the functions

FiO\{0,i}5C, f(2)=1 5
g:C\[=m} =€, g(z)=(z+i)em

in the corresponding singular points.

B Problem 3
Compute the integrals

Iy= [(1-27)dz,

Yo
where 70:[0,1]=C, ~o(t)=1—t+¢i.

h=[ so2mpedz,

71

where ~;:[0,27] = C, ~1(t)=3cost+2i sint.

B Problem 4
Compute the integral f - +T2 dx

— 00
- directly,
- by using the theorem of residues.

SOME DEFINITIONS AND THEOREMS
D1 | Definition

(x14+y1i) (x2+y2l) = (122 —y1y2) +(T1Y2+T2y1 )i
r+yi=zr—yi,

lz+yil= Va2 +y?,

|21 — 22| = distance between z; and za,

|z| = distance between z and 0,

def
et = cost+isint

(Euler’s formula),
et =e” cosy+ie” siny,
z=|z|elar8z, where —7m <argz <,
__ 1,z —iz
cos z=5(e” +e7%),
1 (niz —iz
sinz= 5 (e* —e™'%),

log z=In|z|+iarg z,

log, z=In|z|+i(arg z+2k).

Definition Let D CC be an open set, and zg € D.

A function f:D—C is

(C-differentiable) at zg z—zg A0

there exists and is finite
complex-differentiable PN f/(Z())déf lim {Z)=f(z0)

Definition

f:D—C defined on an open
set D is called C-differentiable if
(or holomorphic function)

f is C-differentiable
at any point zp € D.

Theorem
(f£g)'=f x4
(fg)’ =fg+fg

Yy — fg fg

Zn)/ — nzn—l
ez)/ — ez

sin z)’ = cos z

—~ I~ I~

g

(f(p(2))" = f'( (2) ¢'(2) cosz)’ = —sinz.
Theorem L =14z2422423+ . for |2]<1
eZ:1+%+§+§+_,_ for any z

Definition. Let D CC be an open set,
f:D—C be a continuous function,
7:[a,b] — D be a path of class C*.

The complex line . b
integral ofpf along v s | [ f(z)dz= [ f(v(t)y (t)dt
Theorem
:D—C is a primitive of
’ (Izhat is g’:fJ; = | [, £(z) dz=g(7(b)) —9(+(a))

If f: D—C admits a primitive and v is closed, then [ f(z)dz=0.
¥
Definition Let D be an open set and f: D — C holomorphic.

. an isolated .. there exists >0 such that
2€C\D is singular point £ {z| 0<]z—20|<r}cC D.
is @ zero of Fz0)=f(20)= ... = f"V(20)=0
weD s multiplicity k if d f(k)(zo);éo
a pole of

20€C\D is o0 of f if 2g is a zero of multiplicity k of %
Theorem Let D be an open set and f: D — C holomorphic.

there exists a unique Laurent
zp is a an isolated series such that

singular point and = f(z)= ioj an (2—2)"
{z]| 0<|z—2|<r}cC D n=—oo
for z satisfying 0 <|z—z¢|<r.

def . . .
The number | Res., f = a_, |is the residue of f in z.

T5| Theorem

If zg pole of order k, then around zy the function f
admits an expansion of the form

f(z)* (z zo)" +.. +(z —e )+a0+a1(z Z())‘i’

Res,, f= =y 1), hm ((szO)k f(z))(

D6 | Definition (Index of a point zy with respect to a path).
For a closed path v not passing through z,

def 1 1 shows how many turns
n(20:7) = 27 fv 72%%| " around 20, v makes.

Definition. Let D be an open set .

A closed path v : [a,b] = D is called homotopic to zero in D if

7 can be continuosly deformed inside D up to a constant path
(a path having as image just a point).

Theorem of Residues. For an open set D C C:

f:D—C holomorphic function fvf(z)dz =
S set of isolateFl Singular'points = —9m S n(z,7)Res. f
~ path homotopic to zero in DUS 2€8

Lemma 1. For v, :[a, 8| = C, 7,.(¢ )—reit
lim z f(z) =0|=| lim [ f(z

z—00 r—00

and k1)




B SOLUTIONS
. Problem 1

By using D1, we get

(E’)i)2:4—12i —9=-5-12i,
(I+i)=1-1,
2-i_ (1-i)(2—i) _ 1-3

1+ (I=)(+) — 2
i2=i8i=(i*)%2i=i,
|3+4i| =+v/32+42 =5,
whence
(2=31)2+ (T+1) + 153 +i7 +|3+4i| = =70
By using D1, we get

elT =cos 4—1—1 smf_ f—i—l\f

715 =e?e 15 =e? (cos 5 —isin §) =
cos(2i)= #,
whence

B s . 2_ -
'F 402715 4 cos(2i) = Y22 e

2 +iﬁ7§2\/§.

By using D1, we obtain

(' +%— =423 — Z +sinz+32%e 77 —izle 12

By using D1, we get

log(2—21)=1In|2—2i|+iarg(2—2i)=

cos z+z3e 1)

In (2v/2)—i%
B Problem 2

We use T5 and D1. The singular points are 0 and i.

zo=0 is a pole of order 1, and consequently
11 T 1
Resof=¢; Zlgr%)zf(z)—l%zm
1 11 _
=l o = =L
z1 =1 is a pole of order 2, and consequently

!/
Resf =l ((==1)*/2) =t (e )
=lim (1)'=lim (%) =—%=1.

We use T2 and T4. The only singular point is 7.

It is not a pole. So, we have to use the Laurent series of g.

By looking for a representation of z+i of the form
z+i=a(z—7)+0
we get
z+i=(z—m)+i+m.
Resrg is the coefficient of — from the Laurent
expansion of g around the point 7.
By direct computation, we get
1
9(2) = (z+i)e=7 = [(z—)+it7]
X |:1+%ﬁ+% (zflﬂ')2 + % (Zjﬂ)d +% (zjw)4 + :|
=4 (FHi+T) 2+
Consequently, Res,g= % +m4i.

B Problem 3

By using the definition D4 of the complex integral we get
Io=[(1—-22)dz= [, [1—2(T—t+8)](1—t-+ti)dt
Yo

—1) [ (~142t+2t)dt = (i~
=(i—1)(~141+i)=—1 —i.

)(—t+t2+1%) 3

Through the identification C — R? : z+yi — (z,v),
the image of the path ~; corresponds to the ellipsis

2 2
=1
The singular points are 0 and i, but only 0 is inside

the ellipsis, and it is a pole of order 1.
By using the theorem of residues T6, we get.

Il = f de—27TIReSOW

71
12
=27 hm ZW—%U hn% o = Rk
B Problem 4
Wehave
oo
o0
I= 1%2dx—arctanx =Z—-(-3)=m
— 00
— 00

The integral is convergent: at infinity the function
T > 1+T2 has the same behaviour as x +— %
because

. 2
lim == =1.
Tr—r 00

We consider the the function

f:O\{i, =i} =C, f(2)=1
whose singular isolated points are zp=1i and z; = —i.
We use the theorem of residues T6 and the lemma T7.
By integrating the function f along the closed path
obtained by composing

100,71 —C, T,.(t) = ret

and

Vrt [—7", 7"] —C, v (t) =1,

we get for > 1 the relation
[ f(z)dz+ [" f(z)dz = 27iRes; . (%)
r

It is known that, for any complex numbers z; and za,
we have the inequality

| 21 = |22] | < [21 — 22|

From the relation
Ed |z _ |2]
0< ‘Zf( )| - \1+22| 1—(=22)] < T=T1-2211 — T1=1=]2]
and
#_

Jim = =0
it follows that

lim Zf(z):()

Z—00
and in view of lemma 1,

Jm, ] F(E)d==0

Consequently, for » — oo the relation (*) becomes

e oz dr = 27i Res; f.

The point 29 =i is a pole of order 1. By using T5, we obtain

_ 1 1 1
Res; f =Res; T = £1£2(2

—1i) Gz—1)(zF1) 21’
and

00 1 -
oo mmde = m.



