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Hilbert space L*(R)

e With the integral in Lebesgue sense,
#®)={v:r—C | [ w@rdr<oo
is a vector space, and
L2 (R)x L2(R) — C :
(. 1) = (o, ¥) = [ w(q) ¥(q) dg,

—00

satisfies the relations

(0, ) =(, 9},
(0, b1+ B 1) = alp, Y1)+ B{p, P2),

but is not a scalar product since

(Y, 9)=0 7% =0

The relation o
p~y e [ |ple)—¥(g)|dg=0.

is an equivalence relation on £2(R), and
p@)={viroc | [ poPd<o |/~

is a Hilbert space. Each element of L*(R) is
an infinite class of equivalent functions.
e All the functions of the form

« for g=qy,
v(@)={ . 2
gze 7 for q#q,

represent the same element of L*(R).

e The Hermite-Gauss functions ¥, ¥y, Uy, ...
2

9
2

\Ijn(Q) = mHn(Q)e )

form an orthonormal basis in L*(R).Writing

{ |v) instead of 1,

In) instead of W,
we have (n|k)=0d,,and

) = ZO n)(nly), forall [¢)) € L2(R),
that is, the resolution of the identity

H:§2MMM.

Hilbert space C? (odd d=2j+1)

e In the case of C?, the scalar product

Yo
d-1 o ) n
<$7y>zzl‘nyn:(l‘o Xy - xd—l) .
n=0 :
Ya—1
can be written as
(z,y)=(z|y)
by using the Dirac notations
Yo
_ _ U1
(Z|=(To 21 -+ Ta1),  |y)=| "
Ya—1
e If we consider
( :L'O )
T
Ci={ |z)= ! xo, L1, ... Tg—1€C }
\ Ld—1 y,

then (a| can be regarded as the linear map
C!— C: |2) — (a|x)

and |a)(b| as the linear operator
Cl — C?: |x) > |a)(b|z).

o If {|ey),le1), ..., |eq—1)} is an orthonormal
basis, then we have
<€n|€k> :571167

d—1
1) =" len)(en|r), for all |2) € CY,
n=0
that is, the resolution of the identity

d—1
H:Z()\en><en|.

e In the case of canonical basis from C2 :

(é?>=<é>(1m+<?>(on.



Hilbert space L*(R) Hilbert space C¢ (odd d=2;+1)

e We get the relation
S(R) c L*(R) c S'(R)

rapidly decreasing tempered
(test) functions distributions
by identifying ¢ € L?*(R) with the distribution
S(R) C. (o) 70 (@) 0(q)d e Consider C? as the space of functions
2 — L, ¥, = wlq q)aq, . . . .
Y Cd:{w{_]?_]—’_la73_17]}—>(C}7

Two equivalent functions ¢ ~ 1 define the

with the scalar product
satne distribution ¢ = ¢ in §'(R). proe

i
e The definition of Dirac distribution (o, )= > p(n)p(n).
00t S(R)— C, {30, 9)) =9(a), B
fi 11 licall i
can be ororzla y (symbolically) written as o The functions
f dq5(q—a) ¢(Q) :77/1(@) 6—]7 6—j+1a RS 6] : {_]? _]+17 7]_17]} _>(C7
or 00 1 for k=m,
J dad(a—a) vla)=t(a) MBI =00 tor k.
or 00 form an orthonormal basis :
f dq 5(](@) 77/}<Q) :¢(G) <5m7 5n> - 5mn7
o ]
or 00 Y= > 1(m)oy, forall.
= [dg(a) o () : )m=2j >
. —00 o e Since (m) = (d,,, 1), by writing
e Since ¢(q) = (04, %), by writing ) instead of 1,
[4) .mstead of ¢, { 7;m) instead of o,
|¢) instead of J,, I
we have

the relation (*) becomes

w)= J dala)ale)

oo

and the system {|q)}o2_ satisfies the
formal (symbolical) relation

(s mljsn) = Gmn,
J
(W)= 22 [5m){Gimly),  for all [¢),

m=—j

that is, the resolution of the identity

H:_}OdC]|Q><Q\- H:m;_j i m i

e Here, (g| represents the linear functional
C'(R) — C: [¢) = (al¥)=1(q).
e Formally, we have
{(alby = §(a—0b) for any a,beR.



Hilbert space L*(R)

e Fourier transform of a function
Vv:R— C

is the function F[¢]:R — C,

Fl(p) = 7= [ e 4(q) dg
(if it exists !). The transform
F:S(R) — S(R)

is one-to-one and F~'=F7* that is
FUl(p) = o= [ e™4(q) dg.

e Particularly, ¢ = F1[F[¢]], that is
W(a) = o= [ e FlY](p) dp.

e Fourier transform of a distribution
P:S(R) — C
F[y]:S(R) — C,

(F[Y], 0) = (¥, Fle]).

is the distribution

The transform
F:S8(R) — S'(R)
is one-to-one, and

(F~' [, @) = (b, F~'[e]).

e The Hermite-Gauss functions ¥y, Wy, Vs, ...
2

9
2

U,(q) = \/mHn(Q)e )

are eigenfunctions of the Fourier transform:
F[V,] = (=1)"¥,.

Writting |n) instead of W,, we have
Fln) = (~i)"|n).

e Fourier transform F':[?(R) — L*(R)
F =2, ()" n]

e Fractional Fourier transform

oo

Fe = 3~ (—i)™n) (n].

n=0

Hilbert space C? (odd d=2j+1)

e We identify the space

Cl={y:{~j,—j+1,....j—1.j}—C}
with the space of periodic functions

{V:Z—C | Y(n)=v(n+d), Vn}
that is, we consider
CdEEQ(Zd)Z{l/JIZd—HC } ,
Z4 = set of classes modulo d.

We use the scalar product

(o, )= 2 p(n)(n),

nely
the canonical basis {|j; m) = 6., }nez,, Where

5. (n) 514 {1 for n=m (mod d),
m\") =0mn=

where

0 for n#m (mod d),

e Finite Fourier transform of a function

¢1Zd—>c
is the function Fly|:Z;—C,
Flol(h) = 77 2 e Tk (n).
NELq

The transform
F:EQ(Zd) — EQ(Zd)

is one-to-one and F~!'=F7, that is

P = & 3 eFun).
n d

e Particularly, ¢ = F~}[F[]], that is
(n)=— z%;d [](k)

e Finite fractional Fourier transform

d—1

F =3 (=1)"|¢hn) (¢n]

n=0
is defined by using a finite counterpart
{1, }=} of the Hermite-Gauss functions,
defined as the eigenfunctions of a Fourier
invariant Hamiltonian (finite oscillator).



Hilbert space L*(R)

e Position and momentum operators

Y= Qi (QY)(q) = q¥(q)
Y Py, (PY)(q) = —ihE(q)

admit the extensions
Q:5'(R) — S'(R) : ¢ = q ¢,
P:S'R) — S'(R) : ¢ — —ihy)',
satisfying the relation
P=F"1QF,
which for ¢ € S(R) becomes

(PY)(q) = 525 Jgo T4 ¥(q — y)da dy.
e We have 0, — ad,.
that is
Qla) = ala).
e rom the relation
(F0], ) = (0, F o) = F '] ()
\/ﬁ f ei )dq_\/%@hpq,@
it follows that ) L
F=H6,) = N enld,

e The distribution
) =F~"p)=F""[0,]

satisfies the relations

Plp)=p|p),
and formally: (a|b))

H=_?O dq |q)(al,

Qz}odqqm(q

(glp) = 7 €
=d(a—0),
I= [ dplp){pl.

ﬁlh 1l er(@=Dagy = 5(a—D).

e We have
@, P] = ihl

Hilbert space C? (odd d=2j+1)

P= [ dpplp) (s,

e We consider C/=(?(Z,) =
where

{ ¢ Ly — C } ,
Zq = set of classes modulo d,
and use the scalar product

(o, )= 2 ¢(n)d(n),
nely
the canonical basis {|j;m) = 0., }nez,, Where

5..(n) 514 {1 for n=m (mod d),
m 1) = O0mn =

0 for n#m (mod d),

and the Fourier transform F*':C% — C¢,

FH[)(k) = & 3 70 g(n).

e Position and momentum operators are

Q:C'—C’%  (QY)(n)=n(n),
Where ﬁE{—j, _j+17aj_17j}7
is the representative mod(d) of n, and
P:C!—CY, P=F'QF,
that is j L
Pun)=) 3 keFHmiin—m).
km=—j
e We have Qb — 1,
that is . -
Qlj; m) = m|j;m).
e The function
g5 k) =F g k) =F 1[0
satisfies the relations
Pljs k) =k |js k), {Jsmlj; k) = L o%hm
and
j . . ] . .
I= 3> lism)(Giml,  I= X2 |5 k) (s Kl
m=—j m*—j

P= 3 klji k) (i bl

J
= 2 mljsm)(j;ml,

m=—j k=—j
e We have
[Q.Ply(n)=3 > mkeTm y(n—m)



Hilbert space L*(R)

e Position and momentum operators

Y= QU (QY)(q) = q¥(q)
Y — Py, P= —mdiq = FIQF.

e Translation operators. For any ¢,peR,

e (g) = (1+ 520+ 4B Q7 +...) v(g)

= (Lt B+ F %+ )la) =eh p(o),

e h1Py(a)=(1 + 3+ 5 d; Jola)
=(a) =g+ 5 — = (a—q),
that is
e 4(q) =) (g),
e P4 (a) = (a—q).
e We have e 177|a)=|a+q),
ei?@|q) = erPe|q)
eiPQ o 74P — o7Pd o= 54P 03PQ

and

e wtl = FlemwiQF

= FentQ p-!
e Displacement operators

D(q’p) — e*%(qP*pQ)
— o3Pl oiPQ o~ 74P

— ol o 34P 03PQ
satisfy the relations:
D*(q,p) = D(—q,—p) = D~ (¢, p),
D(q,p)¥(a) = e i ¢h(a—q),
(alD(q, p)[b) =) §(a—b—q),
and
D(a,b) = e~ an(ab-pa)

D(q+a,p+Db).

D(q,p)

Hilbert space C? (odd d=2j+1)

e Position and momentum operators are

Q:C!'—C'  (QY)(n) =ny(n),
P:C!—CY, P=F'QF
where n is the representative of n satistying
fie{—j,—j+1,...i-1,5}.
e Translation operators. For any n,k€Z,
e T (n) = T4 (n),
e i"P = F-lg I "QF = Fe i "QF -1
satisfy the relations

2my,

S d P¢(m>:¢(m_n>a
e‘gglnpb my=|j; m+n),
e T Qi m) =e TF| jim),

2mi _2mi 2mi _2mi 2mi
edee an:ednke anedsz’

e Displacement operators
D(n, k) = ¢ a" i kQ e 1P
ﬂ"lnk 727r1 Pe2l7j”kQ7

— oF
where

(n, k)e{—j, —j+1,...

satisfy the relations:
D (n, k) =D(~n, —k) =D (n. k).
D(n, k)(m) = e #* 4 h(m—n)
(j;m|D(n, k)|j; ) =eTkm+0 5
tr(D*(n, k) D(m, £))

i D(n, k)=

aj}x{_j? _]+17 "'7]}7

m,l+n

=d 6nm 51%

S 1; ) —nl

nk=—j n=——j
and
D(n, k) D(m, () = e~ ant=km)
D(n+m, k+?).
D(n, k) is not modulo d invariant:
D(n+d, k)=(-1)*D(n, k),
D(n,k+d)=(—1)"D(n, k).



Hilbert space L*(R)

e By writing
|4b) instead of 1,
|q) instead of the distribution 4,

In) instead of Hermite-Gauss function ¥,

= i n){ni),

we have

= [ dala)lglv),  [0)

I= [ dqlg){dl, L= 32 |n{nl.
o If A, B satisfy certain conditions, then

(A, B)=tr (A*B) = 3" (n|A* BJn)

n=0
= [ dq{qlA*Blg).
¢ Displacement operators
D(q,p)= o1 (aP—pQ) — o= 3P4 o7PQ o~ 74P

. . = el e el earll
satisfy the relations

D(q,p)ib(a) = e~ et p(a—q),
(a|D(q, p)|b) =z 5(a—b—q).

e Parity operators

M(q, p)=D(q,p) 1 D(q,p)*

Ty (q) = ¥(—q),

satisfy the relations

where

(g, p)t(a) = e 124~ y)(2g—a),
(alTI(g, p)[b) = 12(@=) 6,(2g—a)
— et §(2g—a—b).
° We have
=5 ffe 1(@=10) D (a, b) dadb.

Hilbert space C? (odd d=2j+1)

o If A, B:C?¢—C? are two operators, then

J
(A, B)= > (j;nlAlj;m) (j;n|Blj;m)
n,m=—j
j
= > (sm|AT[j;n) (jin|Blj;m)
n,m=—j
J
= > (Jim|A"Blj;m) = tr (A" B).
m=—j

e Discrete displacement operators
D(n, k) are unitary operators, and

tr(D"(n, k) D(m, €)) =d 6, O,
that is
(D(n, k), D(m, £)) =d 6 Ok
Consequently 1
{FP )}

is an orthonormal basis in d?-dimensional
complex Hilbert space of all the linear
operators C:C¢ — C?, and
S t2(CD*(n, k))
n,k=—j
e Discrete parity operators

[I(n,k)=D(n,k) 1 D(n, k)"
ip(n) = ¢p(=n),

are self-adjoint operators, and

T(n, k) (m) = e~ T 2K0=m) gy (2n—m),

D(n, k).

where

<j;CL‘H(TL, k)|]7 >_62g1k 52na+ba
tI'(H(?”L, k) (m7€)>_d6nm 51%7
that is
<H(n? k)? H(m7 €)> :dénm 6/<:€-
Consequently

{%H(n, k)}
is an orthonormal basis in d?-dimensional

real Hilbert space of all the self-adjoint
operators A:C? — C¢, and

J
:é kz .tr(AH(n, k))
n,Kn=-—7
e We have

II(n, k):%

II(n, k).

j 27i
S e T MEEID (m, 0).

maﬂz_j



Hilbert space L*(R)

e We have: .
(g, p)¥(y) = 6%2”“3 V(2q—y),
(A, By=tr (A™B) = 7f dq (q|A* B|q).

e Wigner function of a pure state
P:R— C

with the densn:y operator ¢ = |[){¢| is

Wola.p)=54 [ dve 7 B(g=2) v(q+2)

—OO

— L | dwe P (g—a) vig+a)

—0o0

— %_}O da e~ 727 (qg—x|b) (q+x[e)

— 2 [ dee i (graludlo—a)

o0 .
:% [ dxe w7 (g+x|plq—).

We also have:

Wela,p) = mfdy e F[](p—y) F[¢](p+y).
Ww(q,p)z—h_{o dee i (q—x) ¥(g+a)
= f dy e 120 G (y) ¢ (2q—y)
:ﬁ_{)‘o dy ¢ (y) (g, p)y(y)
Z%iﬁi\ﬂ(q,p)lw,
Ww(q,p)=%{o dyd(y) (g, p)i(y)

=2 [ dylo) {pita,p)lv)

=2 [ dy (I, p)[0) ()
== tr(Ll(q, p) [¥) (V)

= tr(T1(q, p) &) = 75 tr(011(g, p)).

o Wy(q,p) =7 tr(o11(q, p))-

Hilbert space C? (odd d=2j+1)

oIn Cd—{¢'Zd—>C} we have:
[(n, k)eb(m) = e F240-m) (2 ).

)=
(A, B) = Z
z (G m|A*|jin) (G| Blj; m)

- §_<j;m|A+Bu;m> —tx (A*B).

(JinlAlj;m) (j;n|Blj;m)

o If §=[¢)(y], then
tr(04) = ([ (0] A)

= 32 Gimlu) (6] Aljim)
— 3 (] Aljs m) (s ml)

==

— (] AR,



A version of discrete Wigner function

Hilbert space L*(R)

Hilbert space C¢ (odd d=2j+1)

e Wigner function of a pure state

s Yv:R— C
Wy RxR—R,
Wy(q,p) == j"oe‘%mw(q—x) Y(q+x)dr
e We have (F []79020 < []> Flp](0)
=77 . | la ¢=7=(1,9),
whence
F[é]= \/—h, that is F~!1]=+v2rh.

From this relation, written as

o J ¢ dg=5(p)

We get -

owqp dp= 2f5

—2f5 V(g—3) P(g+3) do=

e By using the change of variables

{ qg—r=u

) Y(qg—z) Y(g+z)dx
[(q)|*.

q+r=v
we get . 5
PGP = |2 [ e i46(q) dg
_ 1 50U (1) e KDY
== [[ en?" (u) e 7" (v) dudv
R2
=L [[ e 2 (g—x) Y (q+) dudg
RQ
= [ Wy(q,p) dg.
e From
Wyq,p) =57 f e W (g—3%) P(g+3) dz
we obtain

YP(g—73) w(q+%)=}oe%p‘” Wy (g, p) dp,

whence

W)= [ b W5, p) dp.

$(0)

e Discrete Wigner function of a pure state
V:Zqg— C

Wy Zgx7Zs—R,

Wo(n,k)=1 3 e % §(n—m) d(n-+m).

MeELyg

18

We see that
Wy(n+d, k)=Wy(n, k) =Wy(n, k+d)

2
e From Y e 2" =d 5y, 0=ddm0
keZy

we get
k% W (n, k) =i(n)]*.

e We have 2
Fl(k)P=|F X e ™ y(n)

nelyg

e ()

“p(a) 9 (B).

OK,BGZd

2, ¢

a,ﬁEZd

27r1 k/’

i X eity(a)
%

Since
LgXlqg—TgXZLyq: (n,m)— (n—m,n+m)

is bijective, we get

SWy(n, k)=1 3 e T2 h(n—m) (n+m)

ne€lyq n,mEZq

5 e Ty (n—m) ¢(n+m)

mGZd
we obtain

(n—m) (ntm)=

whence

k% TN W (n, k),
SV

27i

U(2n)= = ¥ e FHW, (0, k).
mEZ

For odd d:2j+1, we have

Y(2n+1) =y (2n+1+d) =9 (2(n+j+1)).



Wigner function of a discrete Gaussian function
[N. Cotfas and D.Dragoman, J. Phys. A:Math. Theor. 45 (2012) 425305]

Hilbert space L*(R) Hilbert space C? (odd d=2j+1)
e Wigner function of a pure state e Discrete Wigner function of a pure state
¢:R — C ¢ZZd — C
18 is
W¢:RXR—>R, W¢ZZdXZd—>R,
o0 i —_—— ‘7 27i e
Wylg,p)== [ e w7 y(g—z) Y(g+x)de  Wy(n, ky=2 > 'e_T%m (n—m) Y(n+m)
—00 m=—j
eThe continuous Gaussian function eThe discrete Gaussian function
. — *%QQ 0 KT 2
9 :R— R, gs(q) = 7, g Za—R,  |gin) =3 e Fmdtn?|
where k€ (0,00), satisfies the relation m=—09
1 where k€ (0,00), satisfies the relation
Flgi] = 7 91 1
o o Flg:| = g1
o The corresponding Wigner function is e The corresponding discrete Wigner function is
— T a—KG® o= 3P’
- Wy, (q,p) = 2¢/Te ™0 e =V, W, (n.k) = 5= gan(n) g2 (k)
1 ~
Wy (a,p) = 2/% 9,.(q) 92 (p)- vz 8an(n) 82 (k)
e Since +ﬁ 8o (n) g%(k)
i p)(zom g)(q) — 575 Bau(n) &2 (K).
W (a,p) = 2\/% e w/ \P where the function

(0. ¢]
the function 8 La— R, g:(n)= > e T ((mra)en),
_ kK2 m=—oo
9r(q) = e 2 can also be regarded as a discrete Gaussian.
represents a Gaussian state of continuous ¢ proofs based on Fourier series and
variable with the covariance matrix - o (m+1)v2rd
(2 0 [ plx)de= 3 [ p(z)de,
o= <0 %) > 0. 0 m:'—oo mv2md
00 J 00
> p(m)= %, > @lmd+n),
m=—o00 n=—j m=—00

. 2
[ efte®qt= /T o,

—00

o (o] o
Yo Nom= >, Nivvi—t+ D, Nigerip—r.

n,m=—0o0 kf=—00 k{=—00

10
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Figure 1: The discrete Gaussian functions g; and g; in the case d=31.

Figure 2. The discrete Wigner function Wy, in the case d=31.

We, (n, k) (n) g2(k) +

1
= 9vord BT

L E(n) g (k)
k\T) 82 -
ov/2rg o\ B 2v/2rd

11



Finite frame quantization

[N. Cotfas, J.-P. Gazeau and A. Vourdas, J. Phys. A:Math. Theor. 44 (2011) 175303]

Hilbert space L*(R)

e The canonical coherent states

9. p) = D(q,p)|0),
where ¢, peR

D(q,p)=e" P eit@ e,

o
]
o,

q

l9) _ o) 2

0)= ol =~ o gi(g)=e"7,
satisfy the resolution of the identity

I=2L [[lg,p){g,p| dgdp
RQ

) . — a2
(qa,b)= %ﬁe_ﬁ_ﬁab it o=

and

e Canonical state quantization:

To a function
fRxR—C
we associate the operator (if it exists !)

Ay =2 [[ f(a,p) |g,p){q, p| dqdp.
RQ

e Examples:

In the case f(q,p) =q, we get

Ay =5 [[ qla.p){g,p| dgdp = Q.
RQ

In the case f(q,p) =p, we get

Ay =5 [ pla,p){q, p| dgdp = P.
RQ

e We have
P=F-1QF.

12

Hilbert space C¢ (odd d=2j+1)

e The discrete coherent states

|n7 k> - D(nv k)|0>7
where n,ke{—j,—j+1,....7—1,j},
D(n, k) = e " ThQ 1P

0) = g1) gi(n) =3 e—%(md—i—n)z’

P 4
m=—o00

and

satisfy the resolution of the identity

j
=} S )
and k==
(7;m|n, k)= HgllHe_%"ke%kmgl(m—n).

e Finite frame quantization:
To a function

f: {_ja _j+17 7]}X{_]7
we associate the operator

S F () o kY k]|

nk=—j

—j+1,..,5}—=C

1

e Examples:
In the case f(n,k)=n, we get

J
A=} 3 nhB k£ Q
nk=—]
In the case f(n,k) =k, we get
J
nk=—j
e We have
A,= F_lAqF, similar to P= F'QF,
and
Qlj;m) =m|jsm),  Agljzm) = A [j;m),
j
where A, = ||g11|| > n(gi(m—n))?.

e By using Aq, A, instead of Q, P
we get an alternative version for the
discrete phase space Zg X Zg.



Finite Fractional Fourier Transform - an alternative definition

[N. Cotfas and D. Dragoman, J. Phys. A:Math. Theor. 46 (2013) 355301]

Hilbert space L*(R)

e The harmonic oscillator Hamiltonian
H = 2dq2 +3¢°
= (F'¢F +¢)
—_1 (dq2+Fd2F )
—3t 2 JJ dqdp 5= |q,p) (g, pl-
commutes with Il§‘ourie]r transform,

HF = FH, thatis F'HF =H

and the Hermite-Gauss functions

1 e
\Pn(Q) = W

Hn(q) 67?7

denoted by |n), are common eigenfunctions:

1= i In){nl,

Hln)=(n+3)n), H= Z(?H )|y (nl;

(=1)"[n), F:;()(_l) n){nl,

e Fractional Fourier transform

(nlm) = dpm,

Fln)=

oo

P = 7;0(—1)”“|n><n\-

e We have

F=PFP—iP,— P,+iP; = ZS: (—=1)™ Py,

where "
Py=1(I+F+ F?+ F?)
Py=1(1—F+F?—F?3)
P = i(HnLiF F? —iF3)
P = i(H—1F F2+1F3)
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Hilbert space C¢ (odd d=2j+1)

e The Hamiltonian
H=—{ (D*+FDF )
where D? is the finite difference operator

D*p(n) =1p(n+1) — 2¢(n)+¢(n—1)
is Fourier invariant
HF = FH,

and its eigenfunctions (Harper functions)
h,, considered in the increasing order of
sign alternations, satisfy the relation

Fh, = (—i)"h,.

Consequently i1

F= HZZO(—i)"\hthn\-

e Finite fractional Fourier transform

d—1
B = 2, (=1)"hw) (ha
e Since F|n, k)=1|k, —n), the operator
j 2 2
Hy=-1+1 > 2 n k)(n, k|

nk=—j
defined by using finite frame quantization

1s Fourier invariant

H,F = FH;,

and its eigenfunctions f,,, considered
in the increasing order of sign
alternations, satisfy the relation

Ff, = (—i)"f,.

e New finite fractional Fourier transform

d—1

F* = Z (_i)na‘fn><fn‘ :

n=0




A discrete Wigner function [W.K. Wootters, Ann. Phys. 176(1987)1-21]

Hilbert space L*(R)

e The Gaussian function

ia

e am5(1—5)?

Ved) = 7o

is an eigenfunction of a@) + bP :
(aQ + bP)Ye = c .
e To each (q,p) e RxR we associate the
parity operator II(q,p) defined as

(g, p)i(a) = e 7200~ p(2g—a),
(a|TL(g, p)|b) =€~ 5274~ §y(2¢—a)
) §(2g—a—b).

:eihp(a

The operators I1(q, p) have the properties:

a) trll(g,p) =1

b) tr(Il(g, p) I(a, b)) =2mhd(q—a) 6(p—b)
)

c) {Il(q,p) | (¢,p) €eRxR} is a complete set

d) [ 1) (elde = 57 [ T(g, p) dgdp

1
ci<agtbp<cs

e To each density operator p: L?(R) — L*(R),

we associate the Wigner function
Wy RxR—R,
Wia, p) = g tr(pT(g, p)

satisfying the relation

ﬁsz; W;(q, p) (g, p) dgdp.

It has the properties (among many others):

1) {%f Wj(q,p) dgdp = 1

2) tr(p1 p2) = [ Wy, (q,p) Wp,(q,p) dgdp
RQ

3) probability that a@Q+bP will yield a value

between c; and ¢, in the state p is

o (ﬁ fccf |¢c><¢c|dc>:

ciagtbp<cs
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Hilbert space C% (prime d=2j+1)

[ Wi(q, p) dqdp.

e To each (n,k)€Z,xZ, we associate the
parity operator Il(n,k) defined as

T(n, k)ip(m) = e~ @ 2=m) g (2n—m),
(s a|ll(n, k)|j; b) =0 2k(n=a) §, (2 —q)
— o5 k(a—b) 52n ath-
The operators II(n, k) have the properties:

a) trll(n, k) =
b) ( (711, kl) H<n27 kQ)) :d5n1n2 5k11€2
c) {II(n,k) | (n,k)E€ZyxZy} complete set

d) For each a,b€Zy, the operators
P, = % > I(n, k)
(n,k)eX.
corresponding to the d lines
Ae={(n,k)ELyxZy | an + bk = c}
are mutually orthogonal projectors, and
> P, =1
CcELy
e To each density operator p:C? — C,
we associate the Wigner function

WpAZZdXZd—ﬂR,

Wi(n, k)=2% tr(pIl(n, k))
satisfying the relation

p= 3 Wiln,k)

n,k€Zq
It has the properties:

1) S Win k) =1

n,k€Zq
2) tr(ﬁl ﬁQ) - kZZ Wﬁ1(n7 k) Wﬁz(na k)
n,KELq

3) probability that aQ+bP will yield the
eigenvalue ¢ in the state p is

tr(pPy)= > Wp(n, k).
(n,k)EA

II(n, k).



Discrete Wigner, Husimi and Glauber-Sudarshan functions

[M.A. Marchiolli and M. Ruzzi, Journal of Russian Laser Research 32 (2011) 381]

Hilbert space L*(R)

e The canonical coherent states

lg,p) = D(q,p)|0),

where
D(q,p) = e #@" 79
—e thqeher FqP

— eg—‘hpq e—%qP e%pQ’

and L e
|0>: ||le|| :g—\/l;a 91(9) =€ 2,

satisfy the resolution of the identity
=5 fR! |9, p){q, p| dqdp.

e The parity operators satisty:
2mffe 1(@=p9) D (a, b) dadb.

e Cahill- Glauber approach:
By using the mapping kernel

T (g, p) =37 JJ e #4 D(a, b)

R ((Ola, b))~* dadb,

where the parameter s € C satisfies |s| <1,

a linear operator O can be written as

= 57 ff o

where O ).RXR — C,
O©)(g,p)=tr(O T (q,p)).

Particularly,
00 (g, p) is the Wigner function,

~)(q, p) dqdp,

Hilbert space C¢ (odd d=2j+1)

e The discrete coherent states
n, k) = D(n, k)|0),
where n, ke{—j,—j+1,...,7—1,7},
D(n, k) = e ST {27 nk} o*FRQ o= P
_ {27 nk} o2
with {27Ink} e {—j, —j+1,...,5—1,5}

the element satisfying the relation
2{27'nk} = nk (mod d)

2mi
nP o HEQ

and

0)= Bl gi(n)= Y e atmin?

m=—0oo

e The dlscrete parity operators satisfy:

j 27i

S e d (kD (m, 0).
ml=—j
e Discrete Cahill-Glauber approach:

I(n, k)==:

By using the mapping kernel

ml=—j

%’“(nf—kzm)D(m’ e)

((Ofm, €)=
where the parameter s € C satisfies |s| <1,
a linear operator O can be written as

T (n, k)=1

j
0=1 Y 0Y(q,p) T (q,p),

m7€:_.7

where OV):Z,xZ, — C,
OB (n, k) =tr(O T® (n, k))|

Particularly,

O1(q, p) is the Husimi function OO (n, k) is the discrete Wigner function,

0(1)(q p) is the Glauber-Sudarshan O(_l)(n, k) is the discrete Husimi function,
function. (’)(1)(71, k) is the discrete Glauber-Sudarshan
function.
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Wigner functions for arbitrary finite-dimensional systems

[T. Tilma, M.J. Everitt, J.H. Samson et al., Phys. Rev. Lett. 117 (18) Oct. 2016]

Hilbert space L*(R)

e Representation of Weyl-Heisenberg group
D(q’p) — e*%(qP*pQ)

— e 3P4 o7PQ g~ 14
— e2Pd o= 74P o7PQ
e Parity operators

(¢, p)=D(q,p) 11 D(¢q,p)*
:e%pQ e—ith H e%qp e_%pQ’

Ty (q) = ¥(—q),

e Phase space is the plane

R*={ Q=(¢,p) | ¢,p€R}
with measure d$2=dqdp.

where

e To each self-adjoint operator p
we associate the Wigner function

WﬁZR2 —>R,
Wy(€2) =tr(2 A(2)),

where 1

It has the properties:
1) we can reconstruct ¢ from Wy;
2) Q— W;(Q) is a real function;

3) [[ Wy(Q)dQ=try and [[ A(Q)dQ=I;

4) fo W, (€2) W5, (Q) dQ2=tr (0102);

5) ¢ invariant under unitary U, then so is Wj.
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Hilbert space C* (case of a qubit)

e Two-dimensional representation of SU(2)
D3(0, ¢, B) = 970010
(described in terms of Euler angles).
e “Parity” operators
(6, ) =D*(0, ¢, ®) 1D (6, 6, 2)*
— (i00= 00y [T o~ 100y g1

h
where M= /30..

e Phase space is the sphere
So={ Q=(0,¢) | 0€]0,7], p€[0,27) }
with Haar measure d{2=sinf dfdeo.

e To each self-adjoint operator p
we associate the Wigner function

Wﬁ o)) —>R,
Wy(0, ¢) =tr(0 A6, ¢))
A(0, ¢)=311(0, ).

It has some similar properties

where



A Wigner function defined by using R® as a phase space

[N.M. Atakishiyev, S.M. Chumakov, K.B. Wolf, J. Math. Phys. 39 (1998) 6247]

Hilbert space L*(R)

e Representation of Weyl-Heisenberg group

1

D(q,p)= e~ 7 (aP—pQ) — o—35P4 o5PQ o= 74P
— e3Pl o= 74P o5PQ
e Parity operators

II(q,p)=D(q,p) 11 D(q, p)*
Iy (q) = ¥(—q),

satisfy the relation

(q,p) =5t [[ dedy e #9—P9) D(z, y).
RQ

where

e To each self-adjoint operator p we
associate the Wigner function

WﬁZR2 —>R,
Wi(q,p) == tr(011(q, p)).
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Hilbert space C¥+1

e (2j+1)-dimensional representation of SU(2)
Dj[y] . (C2j+1 — (C2j+1
in the polar parametrization
g[y] _ e—iy-J — e—in(v1J1+v2J2+v3J3)
where y =n(v1, v9,v3) with

0<n<Air

(v1, V9, v3) = (sin @ sin ¢, sin 6 cos ¢, cos 6)
is the rotation axis,

is the rotation angle,

and
dgly] = % sin® sinf dndfde
is the invariant measure.

e For each x€R? we define
I(x) = fSU(Q) dgly] ey DJ ly]
e To each self-adjoint operator
5 CUH _y CUH
we associate the Wigner function
W;:R?—R,
Wy(x) =tr(o11(x)) |




The space C¥*! regarded as a space of tempered distributions

[J. Kijowski et al., Wigner function of a qubit, arXiv:1512.02867v1, 9 Dec 2015]
Hilbert space L*(R)

e Periodic distributions with
periodic Fourier transform.
If ¢:S(R)—C is periodic, that is

Hilbert space C!  (d=2j+1)

e C? can be regarded as a space of functions :

C? can be regarded as a space of distributions

v =Ty, by identifying the function
where T, is the distribution vA{—j,—j+1,...7—-1,7} —C :n—,
(T, 0) = (1, o(q — a)), with the pel;lOdIC dlizl"lbuthIl
then Y(x)= > ¥, > d(x—(n+Ld)h),
(Flv], ) =, Fle]) T
at is .
= (T, F J 00
T Flel) V=2 Un D Omttdh
= (¥, Flyl(g—a)) | e R
. Flekar e By relaxing the periodicity ( “not the wave
= (¢, [eh. ©l) function but the physical state must be periodic”),
= (F[¢], en®p) the authors identify  with
i, 0 J .
= (er™ F[y], ), (x)= 3 3 Py e w0 §(z—(ntLd)h),
that is . (=—o00n=—j
(1 —en®) Flp] = 0. ( ¢ is a constant) that is, with the distribution
J 00 .
Consequently, F[¢] has the form b= P T e heolntd) |
Fl] =3 ¢ (cn€C). nm) e
nez . e The embedding C?C S'(R) allows us to use the
o F[y] has the form: definitions of Fourier transform and Wigner
(8 per?od?c} function from the continuous case.
F[y] periodic Fly] Z%g Z(S (n+¢d):-| @ Phase space is the 2-dimensional sphere of
n=—j 7700

radius /7 equipped with the symplectic structure

(to be compared with Zak basis states). w=—jsind dd A dp=dyp A dE,
e The standard Wigner function where .
® i ——— =7(1—cosv)—= plays the role of “position”
1 —2px _ é ]( 2
Wq/,(q,p)—ﬁh_{oe rplg—z) Ylgte) de ¢ plays the role of “momentum”.
has the marginal properties e Discrete Wigner distribution

TWaan) o=@, Welep)=h 3 52 g e

{m=—o00on=—j

S Wolgp)da=|F[)@)P. | &= 3m) 6o — o — G0)
—00 as some interesting properties.
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Finite fractional Fourier-Kravchuk transform

Hilbert space L*(R)

e By orthogonalizing
L, ¢ ¢ ¢, ..
with respect to the scalar product

(o) = [ e 7 p(q)(q) dg
we get the Hermite polynomials
H07 H17 H27 H37
where

H(g) = (~1)"et" i (e
They satisfy the relation

f e ¢ H,(q) Hr(q) dg = 2" n! \/7 0.

e The Hermite-Gauss functions
‘]1:]07 \Illa \1127 ‘]1:]37
where

[}

q

U,(q) = \/2”1”7'\5 H,(q)e =

satisfy the orthogonality relation

f U, (q) Uyn(q) dg = Oppm,

that is
<\Ijn‘\11m> — 5nm7
and the completitude relation

H=§O\wn><wn\.

e Fourier transform:

F = 3 ()10,

e Fractional Fourier transform :

Fo = 3 (=) 0,) (0.

n=0

19

Hilbert space C¥+!

e By orthogonalizing
17 k? k27 kg?
with respect to the scalar product

J A
(. 0) = > O o(k) (k)
n=—j
we get the Kravchuk polynomials
K_j, K_j+1, Kj—l, Kj,
where ,
s +n—m
K (k) = Z_O( ™ C’]ﬁij :

They satisfy the relation
J .
w5 2 C5)" Kulk) Kon(k)
=—j

e The Kravchuk functions
-ﬁf]ﬁ ﬁ*j+17 : ﬁj*h ﬁ]’

where

N

falk) = 5 Cm - K (k)
satisfy the orthogonality relation
J
k=
that is
(RulBin) = O,

and the completitude relation

I= 3 |R.)(R

n=—j

In addition,
R (k) = Ri(n).
e Finite Fourier-Kravchuk transform:

Fr = 3 (—i)7|R,) (R,

=
e Finite fractional Fourier-Kravchuk :

Fip = 30 ()08, (8|

n=-—j




Finite Wigner-Kravchuk function

[T. Hakioglu and K. Wolf, J. Phys. A: Math. Gen. 33 (2000) 3313]

Hilbert space L*(R)

e Fractional Fourier transform :
0

P = ZO(—i)ml‘Ian‘I’nl
satisfies the relations:
FA=I, F?2 =11
where  I1¥(q) = ¢(—q).
e Elementary translation operators:
U = en?
V=c#'=FUF!

e Displacement operators
D(q,p)=e 7479
— e 27l e7PQ o= 74P — o= 3rPI [JP 1/ 4
— el o= 74P g7PQ —e3rPI VA [P
e Parity operators

H(q,p)ZD(q p) HD(q p)"
27rh ff e

e Wigner functlon

Wy(q,p) =75 (@|T(g, p) [¥),
Wi(g,p) =75 tr(011(g, p)).

#(@=r0) D (q, b) dadb.
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Hilbert space C¥+!

e Fractional Fourier-Kravchuk transform

J .
Fip = >0 (—1)V°8,) (8|
n=—j
satisfies the relations:
Fi =1, F2 =11

where Ii(n) = (—n).
e Kravchuk translation operators:

Uy = F}.

Vi = FUKFil.

e Kravchuk displacement operators

Dy (n, k)=e 7 UL VE.

e Kravchuk parity operators

g (n, k)= z z e (k0D (0, m).
677‘7 m=—j
e Finite Wigner-Kravchuk function
Wi [¥](n, k) = (¢ [Uk (n, k)|¢)
corresponding to a function 2,
Wi [0](n, k) =tr(0 Ik (n, k))

corresponding to a self-adjoint operator o.




Bases and frames in the continuous case

{wa’a mb>}f,mEZ

{la;p)}q.per

{l9)}qer

’
. i’ {wnm}n,mEZ

{

[P }per

{|Qap>z}(q,p)6’R,i

Figure 3: Bases and frames (R =[5, 5) %[~ T, T)).
. o o, ¢
e Hermite-Gauss functions: W, (q) = T H,(q)e =, 1
2ri — f <
Wavelets: Upm () == ™ h(x—nk), zb(x)z{ (\)/E fZi i ¢ {
Eigenbasis of @ lq) =6
Eigenbasis of P: p) = \/_ enPi,
Coherent states: lq,p) = D(q,p)|0)
Zak basis states: ¢, ). = /5= > €™ |g+nk)
nez
o (VW) = G, o I=2, W) (¥,
<¢nm|¢k€> = 5nk5m€7 I= _Z_ _Z_ |wnm><wnm‘7
(alb) = 8(a—0), I= [ dqla)(al,
(alb)) =d(a—=b), I= | dplp) ol
(¢,pla,b) = ... (non-orthogonal) ff |9, p){q, p| dqdp,

£q,pla,b), = 6(q —a) d(p — b).
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ff
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dqdp|q, p).{q, p|.
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Q= 3 nljin)(Ginl

\

P=FQF /

. j
i Pl V=e TP=FUF'= Y |jin+1){jin| \
. 3 n=—j
Pure states = Z“J§—”><J§”‘ ! l
n=-Jj 1 j .

1 — 2T . 1

o(n, k F=—= > e a™[j;k){j;n|
o k) H(mk):D(n,k)HD(n,kﬁ‘\ Vi, (2 /

PDensity operators
(convex set)

N\ D(n, k)=cink VrUk=c~ank UkV" ,
Self —adjoint operators A:C% —; C? S ) /’
S Unitary operators s

(real Hilbert space) S o (unitary group U(d) y -,

Linear operators A:C?—C?
(complex Hilbert space)
e L(C?) = space of all the linear operators A : C? —s C? with the scalar product
(A, B) = tr(A"B)
is a complex Hilbert space, and {%D(n, k)} is an orthonormal basis.
e A(C?) = space of the self-adjoint operators A : C¢ — C¢ with the scalar product
(A, B) = tr(AB)
is a real Hilbert space, and ﬁl’[(n, k;)} is an orthonormal basis.

e S(C%) = set of all the density operators ¢ :C? — C? is a convex set.

e Given |0,0) € C?, the vectors in, k)=D(n, k)|0,0)
form a system of coherent states:
1

e Given a densitﬁfl’%pera‘cor 0(0,0), the operators
6(n, k)=D(n, k)4(0,0)D(n, k)"
form a system of coherent density operators:

1
H=52é(n, k), D(m.{)o(n, k)D(m, ()" =o(n+m, k+{).
n,k
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