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A PARTIAL EVALUATION A

Exercise 1
Let W1 ={x = (x1, x2, x3) ∈ R3 | x1−x2−x3 =0 }

W2 =span{ (1,−1, 0), (2,−2, 0), (1, 1, 1), (3, 1, 2) }.
A1 Find the dimension of W1.

A2 Find the dimension of W2.

A3 Find the dimension of W1∩W2.

Exercise 2

A4 Find the matrices of the Pauli operators
σ1 : C2 −→ C2, σ1(x1, x2) = (x2, x1),
σ2 : C2 −→ C2, σ2(x1, x2) = (−ix2, ix1),
σ3 : C2 −→ C2, σ3(x1, x2) = (x1,−x2)

in the canonical basis.

A5 Compute
σ2
1 , σ2

2 , σ2
3 , σ1σ2−iσ3, σ2σ3−iσ1, σ3σ1−iσ2.

Exercise 3
Let A : R2 −→ R2, A(x1, x2) = (2x1, x1 + x2)

B :R3→R3, B(x1, x2, x3)=(2x1, x2+x3, x2−x3).

A6 Find eigenvalues of A and the corresp. eigenspaces.

A7 Find eigenvalues of B and the corresp. eigenspaces.

Exercise 4

A8 In C2, find the change of basis matrix
from B={v1 =(1, 0), v2 =(0, 1)}
to B′={v′1 =(1,−i), v′2 =(i, 0)},
and its inverse.

A9 Find the coordinates of x = (1, i) with respect
to the two bases.

Exercise 5

A10 Find the operator A : C3 −→ C3 satisfying

A(1, 0, 0) = (i, 0, 0),
A(0, 1, i) = (0, 1, i),
A(0, 1,−i) = (0,−1, i).

A11 Indicate two 2-dimensional subspaces V1,V2 ⊂ R3

such that V1 ∩ V2 = { (α, 2α, 3α) | α ∈ R }.
A12 Prove that the linear operator B : R4 −→ R4,

B(x1, x2, x3, x4) = (x1, x3 + x4, x2 + x4, x2 + x3)
is diagonalizable.

Some definitions, notations and results

1 Definition. In a vector space over the field K=R or C,

span{v1, v2, ..., vn}
def
= {α1v1+α2v2+...+αnvn | αk∈K }

2 Theorem. In the case of vector space over K=R or C,

λ is an eigenvalue
of a linear operator

A :V→V
⇔

• λ∈K and
• λ is a root of the equation∣∣∣∣∣∣∣
a11−λ a12 · · · a1n
a21 a22−λ · · · a2n...

...
. . .

...
an1 an2 · · · ann−λ

∣∣∣∣∣∣∣=0

3 The eigenspace corresponding to λ is {x | Ax=λx } .
4 The usual inner product (also called scalar product) :

In R3 : 〈(x1, x2, x3), (y1, y2, y3)〉=x1y1+x2y2+x3y3
In C2 : 〈(x1, x2), (y1, y2)〉= x̄1y1+x̄2y2.

5 Orthogonal projection of x on w 6=0 is Pwx= 〈w,x〉
〈w,w〉w.

B PARTIAL EVALUATION B

Exercise 1

B1 In R3, compute 〈(1, 2, 3), (1, 0,−1)〉.
B2 In C2, compute 〈(1−i, 2+3i), (1+2i, 3−i)〉.
B3 In R3, find the orthogonal projection Pwx of

x=(1, 3,−2) on w=(1, 1, 0).

B4 In R3, find an orthonormal basis in the subspace
H={x=(x1, x2, x3) | x1−2x2+x3 =0 }.

B5 Describe the orthogonal complement H⊥ of H
by indicating an orthonormal basis.

Exercise 2

B6 Find the orthogonal projectors P, P⊥ :R3→R3

corresponding to H and H⊥ from Exercise 1.

B7 Prove that P and P⊥ are self-adjoint.

B8 Prove that P+P⊥=I, where I :R3→R3, Ix=x.

B9 Prove that P 2 =P and (P⊥)2 =P⊥.

B10 Prove that PP⊥=0, where 0:R3→R3, 0x=0.

Exercise 3

B11 Prove that
A :C2 −→ C2, A(x1, x2)=(x1+2x2, 2x1−x2)
is self-adjoint operator.

B12 Find the eigenvalues of A.

B13 Find an orthonormal eigenbasis of A.

B14 Describe the spectral resolution of A, and check it.

Exercise 4

B15 Prove that

U :C2→C2, U(x1, x2)=
(

1√
2
x1+ 1√

2
x2,

1√
2
x1− 1√

2
x2

)
is a unitary operator.

B16 Find the eigenvalues of U .

B17 Find an orthonormal eigenbasis of U .

B18 Describe the spectral resolution of U , and check it.

Exercise 5

B19 Prove that
% :C2 −→ C2, %(x1, x2)=

(
1
2x1−

1
4x2,−

1
4x1+ 1

2x2
)

is a density operator, that is, % is self-adjoint, its

eigenvalues are greater than or equal to 0, and tr %=1.

6 Theorem In a complex Hilbert space H :

A :H→H is self-adjoint ⇔ its matrix in an orthonormal
basis is Hermitian (A†=A).

A :H→H is unitary ⇔ its matrix in an orthonormal
basis is unitary (A†A=I).

7 Dirac’s notation in C2. If to each x=(x1, x2)∈C2, we

associate the matrices |x〉=
(
x1
x2

)
, 〈x|=( x̄1 x̄2 ),

then 〈x|y〉=( x̄1 x̄2 )

(
y1
y2

)
= x̄1y1+x̄2y2 =〈x, y〉.

For a=(a1, a2) and b=(b1, b2), the formula A= |a〉〈b|
defines the operator A :C2 −→ C2, A|x〉= |a〉〈b|x〉 with

the matrix A= |a〉〈b|=
(
a1
a2

)
( b̄1 b̄2 )=

(
a1b̄1 a1b̄2
a2b̄1 a2b̄2

)
.
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SOLUTIONS for PARTIAL EVALUATION A

A1 W1 ={(x1, x2, x1−x2) | x1, x2∈R}
={x1(1,0,1)+x2(0,1,−1)|x1, x2∈R}=span{(1,0,1),(0,1,−1)}.
Since (1, 0, 1) and (0, 1,−1) are linearly indep., it follows
that {(1, 0, 1), (0, 1,−1)} is a basis and dimW1 = 2.

A2 (2,−2, 0)=2(1,−1, 0)
(3, 1, 2)=(1,−1, 0)+2(1, 1, 1)

}
⇒ {(1,−1, 0), (1, 1, 1)}

is a basis in W2 ⇒ dimW2 = 2.

A3 W2 ={α(1,−1, 0)+β(1, 1, 1) | α, β∈R}
={(α+β,−α+β, β) | α, β∈R}. But

(α+β,−α+β, β)∈W1 ⇔ (α+β)−(−α+β)−β=0
⇔ β=2α. Consequently,
W1∩W2 ={ (3α, α, 2α) | α∈R } ⇒ {(3, 1, 2)} is a basis.

A4
σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

A5
σ2
1 =

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
, σ2

2 =σ2
3 =

(
1 0
0 1

)
.

σ1σ2−iσ3 = σ2σ3−iσ1 = σ3σ1−iσ2 =

(
0 0
0 0

)
.

A6 In the canonical basis {(1,0),(0,1)}, the matrix of A is

A=

(
2 0
1 1

)
.

∣∣∣∣ 2− λ 0
1 1− λ

∣∣∣∣=0⇒ λ1 =1,
λ2 =2.

{ (x1, x2) | A(x1, x2)=1 (x1, x2) } = { (0, α) | α∈R }
{ (x1, x2) | A(x1, x2)=2 (x1, x2) } = { (α, α) | α∈R }

A7 In the canonical basis {(1,0,0),(0,1,0), (0,0,1)},

B=

 2 0 0
0 1 1
0 1 −1

,
∣∣∣∣∣∣
2−λ 0 0

0 1−λ 1
0 1 −1−λ

∣∣∣∣∣∣=0⇒ λ1 =2,

λ2,3 =±
√

2.

{x=(x1, x2, x3) | Bx=2x } = { (α, 0, 0) | α∈R }
{x | Bx=±

√
2x } = { (0, α, (±

√
2−1)α) | α∈R }

A8

{
v′1 =α1

1 v1+α2
1 v2,

v′2 =α1
2 v1+α2

2 v2,
⇒ S=

(
α1
1 α2

1

α1
2 α2

2

)
=

(
1 i

−i 0

)
.

Transpose of S is ST =

(
1 −i

i 0

)
and detS=−1.

S−1 = 1
detS

(
(−1)1+1 0 (−1)1+2 i

(−1)2+1 (−i) (−1)2+21

)
=

(
0 i

−i −1

)
.

A9 x=(1, i)=x1(1, 0)+x2(0, 1) ⇒ x1 = 1, x2 =i.
x=(1, i)=x′1(1,−i)+x′2(i, 0) ⇒ x′1 = −1, x′2 =−2i.

A10 B′={v′1 =(1, 0, 0), v′2 =(0, 1, i), v′3 =(0, 1,−i)}
is a basis of C3 containing only eigenvectors of A,

Av′1 =i v′1, Av′2 =1 v′2, Av′3 =−1 v′3.
Matrix of A in the canonical basis, obtained from

S−1AS=

 i 0 0
0 1 0
0 0 −1

 , where S=

 1 1 0
0 1 1
0 i −i

 ,

is

A=S

 i 0 0
0 1 0
0 0 −1

S−1 =

 i 0 0
0 0 −i
0 i 0

 ,

that is A : C3 −→ C3, A(x1, x2, x3)=(ix1,−ix3, ix2).

A11 V1 =span{(1,2,3), (1,0,0)}, V2 =span{(1,2,3), (0,1,0)}.
A12 ∣∣∣∣∣∣∣∣

1−λ 0 0 0
0 −λ 1 1
0 1 −λ 1
0 1 1 −λ

∣∣∣∣∣∣∣∣=0 ⇒

λ1 =1,
λ2 =2,
λ3 =−1,
λ4 =−1,

{x∈R4 | Bx=1x } = { (α, 0, 0, 0) | α∈R },
{x∈R4 | Bx=2x } = { (0, α, α, α) | α∈R },
{x∈R4 | Bx=−1x } = { (0, α, β,−α− β) | α, β∈R }.
B′={(1, 0, 0, 0), (0, 1, 1, 1), (0, 1, 0,−1), (0, 0, 1,−1)}
is a basis of R4 containing only eigenvectors of B.

SOLUTIONS for PARTIAL EVALUATION B

B1 〈(1, 2, 3), (1, 0,−1)〉=1 · 1 + 2 · 0 + 3 · (−1)=−2

B2 〈(1−i, 2+3i),(1+2i, 3−i)〉=(1−i)(1+2i)+(2+3i)(3−i)
=(1+i)(1+2i)+(2−3i)(3−i)=2−8i.

B3 Pwx= 〈w,x〉
〈w,w〉w= 〈(1,1,0),(1,3,−2)〉〈(1,1,0),(1,1,0)〉 (1, 1, 0)=(2, 2, 0)

B4 H={ (x1, x2,−x1+2x2) | x1, x2 ∈ R }
={x1(1, 0,−1)+x2(0, 1, 2) | x1, x2 ∈ R } ⇒
{v1 =(1, 0,−1), v2 =(0, 1, 2)} is a basis in H.

By using Gram-Schmidt, we obtain the orthogonal basis
{w1 =(1, 0,−1), w2 =v2−Pw1

v2 =(1, 1, 1)}. Consequently,{
u1 = w1

||w1||=
(

1√
2
, 0,− 1√

2

)
, u2 = w2

||w2||=
(

1√
3
, 1√

3
, 1√

3

)}
is an orthonormal basis of H.

B5 H⊥=

{
x

∣∣∣∣ 〈x, v1〉=0
〈x, v2〉=0

}
=

{
(x1, x2, x3)

∣∣∣∣ x1 − x3 =0
x2+2x3 =0

}
={ (x1,−2x1, x1) | x1∈R }={x1(1,−2, 1) | x1∈R }.

Consequently, {u3 = (1,−2,1)
||(1,−2,1)||=

(
1√
6
,− 2√

6
, 1√

6

)
}

is an orthonormal basis of H⊥.

B6 P = |u1〉〈u1|+|u2〉〈u2|= 1
6

(
5 2 −1
2 2 2
−1 2 5

)
, (∗)

P⊥= |u3〉〈u3|= 1
6

(
1 −2 1
−2 4 −2

1 −2 1

)
. (∗∗)

B7 (|x〉〈y|)†= |y〉〈x| ⇒ P †=P and (P⊥)†=P⊥.

B8
{u1, u2, u3} orthonormal basis of R3

⇓
|u1〉〈u1|+|u2〉〈u2|+|u3〉〈u3|=I

Also
P+P⊥=I.
See (*),(**).

B9−10 〈uj |uk〉=δjk ⇒ P 2 =P, (P⊥)2 =P⊥, PP⊥=0.

These relations also follow from (*) and (**).

B11 In the canonical basis {(1,0),(0,1)}, the matrix of A is

A=

(
1 2
2 −1

)
=ĀT =A†. 6 ⇒ A is self-adjoint.

B12
∣∣∣∣ 1−λ 2

2 −1−λ

∣∣∣∣=0⇒ λ1 =
√

5,

λ2 =−
√

5.

B13 {x=(x1, x2) | Ax=±
√

5x }={α(2,±
√

5−1) | α∈R }.
{v1 =(2,

√
5−1), v2 =(2,−

√
5−1)} satisfy 〈v1, v2〉=0.{

u1 = (2,
√
5−1)√

10−2
√
5
, u2 = (2,−

√
5−1)√

10+2
√
5

}
satisfy 〈uj , uk〉=δjk.

B14 Spectral resolution is A=λ1|u1〉〈u1|+λ2|u2〉〈u2|.
We have A|u1〉=(λ1|u1〉〈u1|+λ2|u2〉〈u2|)|u1〉=λ1|u1〉

A|u2〉=(λ1|u1〉〈u1|+λ2|u2〉〈u2|)|u2〉=λ2|u2〉.
B15 The matrix of U in the canonical basis {(1,0),(0,1)}

U=

(
1√
2

1√
2

1√
2
− 1√

2

)
satisfies UU†=

(
1 0
0 1

)
. We use 6 .

B16
∣∣∣∣∣

1√
2
−λ 1√

2
1√
2
− 1√

2
−λ

∣∣∣∣∣=0⇒ λ1 = 1,
λ2 =−1.

B17 {x=(x1, x2) | Ux=±1x }={α(1,±
√

2−1) | α∈R }.
{v1 =(1,

√
2−1), v2 =(1,−

√
2−1)} satisfy 〈v1, v2〉=0.{

u1 = (1,
√
2−1)√

4−2
√
2
, u2 = (1,−

√
2−1)√

4+2
√
2

}
satisfy 〈uj , uk〉=δjk.

B18 Spectral resolution is U=λ1|u1〉〈u1|+λ2|u2〉〈u2|.
We have U |u1〉=(λ1|u1〉〈u1|+λ2|u2〉〈u2|)|u1〉=λ1|u1〉

U |u2〉=(λ1|u1〉〈u1|+λ2|u2〉〈u2|)|u2〉=λ2|u2〉.
B19 In the canonical basis {(1,0),(0,1)}, the matrix of % is

%=

(
1
2 − 1

4

− 1
4

1
2

)
.

∣∣∣∣∣ 12 − λ − 1
4

− 1
4

1
2 − λ

∣∣∣∣∣=0⇒
λ1 = 1

4≥0,

λ2 = 3
4≥0.

tr %= 1
2 + 1

2 =1, and %†= %̄T =% ⇒ % is self-adjoint.
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