[LINEAR ALGEBRA - Solved Exercises 5|

(Real and complex finite-dimensional vector spaces)

Nicolae Cotfas, version 28 Jan. 2025 (for future updates see

PARTIAL EVALUATION A

B Exercise 1
Let Wi={x = (z1,22,73) € R® | 1—23—23=0}
Wo :Span{ (1,—1, O)7 (2,—27 O), (1, 1, 1), (3, 1, 2) }
Find the dimension of W;.
Find the dimension of Ws.

Find the dimension of Wi NW.

B Exercise 2
Find the matrices of the Pauli operators
o1:C2 — C?, oy(x1,22) = (22,71),
09 :C2 — C?, oy(x1,70) = (—ixe,izy),
03:C? — C?, o3(z1,22) = (71, —12)
in the canonical basis.

Compute

2 2
01 02,

B Exercise 3
Let A:R?2 — R2,  A(xy,72) = (271,71 + T2)
BZRS *)R:s, B(I’l, T, £E3) = (2%1, x2+x3, $27£Z?3).
Find eigenvalues of A and the corresp. eigenspaces.
Find eigenvalues of B and the corresp. eigenspaces.

B Exercise 4
In C2, find the change of basis matrix
from B={v1=(1,0), v2=(0,1)}
to B'={vi=(1,-1), v4=(1,0)},
and its inverse.
Find the coordinates of x = (1,1) with respect
to the two bases.
B Exercise 5
Find the operator A : C? — C? satisfying
A(1,0,0) = (i, 0,0),
A(0,1,1) = (0,1,1),
A(0,1,—1) = (0, —1,1).
Indicate two 2-dimensional subspaces Vi, V, C R3
such that Vi NVs ={ (o, 20,3a) | a € R}.

Prove that the linear operator B : R* — R*,
B(r1, 29, 73,24) = (21,73 + T4, T2 + T4, T2 + 73)
is diagonalizable.

O’%, 0109 —i03, 0903—i0oy, 0301—i09.

M Some definitions, notations and results
Definition. In a vector space over the field K=R or C,

span{vy, va, ..., Un } def {a1v1+agva+...+a,v, | ap €K}

Theorem. In the case of vector space over K=R or C,

e \cK and
\is : 1 e ) is a root of the equation
is an eigenvalue JE R R
of a linear operator| < L, 0 2)\ n
A:V—Y @ eTA T e g
at ay  coooar—A

The eigenspace corresponding to A is | {z | Az=Az } |

The usual inner product (also called scalar product) :
InR®:  ((x1,22,73), (Y1, Y2, Y3)) = T1Y1 +Taya +T3Y3
In C2: ((z1,22), (Y1,92)) =T1y1 +T2Y2.

Orthogonal projection of x on w#0 is

(w,w)

Pyx= w2y,
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|B| PARTIAL EVALUATION B

B Exercise 1

B1| In R3, compute ((1,2,3),(1,0,—1)).

B2| In C?, compute ((1—1i,2+3i), (142i,3—1)).

B3| In R3, find the orthogonal projection P, of
r=(1,3,-2) on w=(1,1,0).

In R3, find an orthonormal basis in the subspace
H={z=(x1,22,23) | 11—222+25=0}.

B4

B5 | Describe the orthogonal complement H+ of H

by indicating an orthonormal basis.

B Excrcise 2
Find the orthogonal projectors P, P :R3 —R3
corresponding to H and H* from Exercise 1.

B7
B8

Prove that P and Pt are self-adjoint.

Prove that P+P+=I, where I:R®—R3, Iz=zx.
Prove that P?=P and (P+)?=P~.

Prove that PP+=0, where 0:R3—R3, 0x=0.

B Exercise 3

Prove that
A:C? —>(C2, A($1,$2)2(1‘1+2$2,21‘1—$2)
is self-adjoint operator.

Find the eigenvalues of A.
Find an orthonormal eigenbasis of A.
Describe the spectral resolution of A, and check it.
B Exercise 4
Prove that
U:C?—C?, U(xy,x0)= (%$1+%1‘2, %xl—%m)
is a unitary operator.
Find the eigenvalues of U.
Find an orthonormal eigenbasis of U.
Describe the spectral resolution of U, and check it.
B Excrcise 5

Prove that
0:C* — C?  o(x1,22)= (%331 —iﬂcz, —ixl—&—%:@)
is a density operator, that is, p is self-adjoint, its

eigenvalues are greater than or equal to 0, and tr p=1.

@ Theorem In a complex Hilbert space H :

. . its matrix in an orthonormal
ArH—=H s self-adjoint < basis is Hermitian (AT = A).

its matrix in an orthonormal
basis is unitary (ATA=T).
Dirac’s notation in C2. If to each x=(x1,z2) € C?, we

associate the matrices |z)= (2) , A{x|=(Z21 Z2),

A:H—H is unitary &

then (xly)=(Z1 Z2) =T1y1+T2y2= (T, 9).

For a=(a1,az2) and b=(b1,b2), the formula A=|a)(b|
defines the operator A:C* — C?, Alx)=|a)(b|lz) with

the matrix A:|a>(b|:(Z;>(51 Eﬂ:(ilii Z;%z )



B SOLUTIONS for PARTIAL EVALUATION A

(AL, —¢

(x1, 22, 21—x2) | 1,22 €R}

B SOLUTIONS for PARTIAL EVALUATION B
((1,2,3),(1,0,—1))=1-1+2-0+3- (~1)=—2

= {931(1,0,1)%’1‘2(0,1,71”171, T2 ER} :span{(l,O,l),(O,l,—l)}. <(1,i7 2+3i),(1+2i, 371)> = (E)(l+2l)+(ﬂ)(371)

Since (1,0,1) and (0,1, —1

0,1 ) are linearly indep., it follows
that {(1,0,1), (0,1,—1
0)

)} is a basis and dim Wy = 2.

=92 7 170
(1,-1 0)+%(1 1,1) }i {(1,-1,0),(1,1,1)}
is a basis in Wy = dim W, = 2.

Wa={a(1,~1,0)+8(1,1,1) | a, BER}
={(a+p8,—a+B,B) | ,BER}. But

& [f=2a. Consequently,

[42] (5,2,

(3, 1,2)

WiNnWe={(8a,,2a) | aeR} = {(3,1,2)} is a basis.

A4l (01 (0 —i (1 0
1={1 0) 27\i o) 7 o -1/

010’2—i03 = 0'20'3—101 = 0'301—10'2:

(A5]  , (0 1\[/0 1\ (1 0 s o (10
9T=\1 oJ\1 0)7\o 1) 270 1)
00)

0 0
In the canonical basis {(1,0),(0,1)}, the matrix of A is
(20 2-X 0 | . n=l
A_(l 1>‘ ‘ 1 1—/\’_0:> Ao =2.

{(z1,22) | A(z1,22) =1 (21,22) } = {(0,0) | €€R}
{ (@1, 22) | A(21,22) =2 (21,22) } = { (e, @) | €€R}
In the canonical basis {(1,0,0),(0,1,0), (0,0,1)},

2.0 0 2-X 0 0 )
B=[{0o11],]0 1-Xx 1 |[=0= 1=2
01 -1 0 1 —1-A Naa=VE,

{z=(x1,22,23) | Bt=22} = {(,0,0) | «€R}
{z| Bt=+v22}={(0,0,(£vV2—1)a) | a€R}
I 1 2 1 2 1 i
= + , o o« i
{heantede o os=(0 0 )=(] )
Vg =3 V1 + Q5 V2, as a3 450

Transpose of S is ST = and det S=-1.

i

G-1_ 1 (=D™ro (=DM [0 i
CdetS {(—1)2 (=) (-2 ) A 1)

det S
[49] z=(1,1)=21(1,0)+22(0,1) = a1 =1, zp=i.

r=(1,1)=21(1, —1)+25(,0) = z}=-1, ab=-2i

B'={v}=(1,0,0),05=(0,1,i),v5=(0, 1, )}

is a basis of C3 containing only eigenvectors of A,

Avi=ivy, Avh=1v}, Avi=-1v}.
Matrix of A in the canonical basis, obtained from
i 0 0 1 1 0
S~1A4S=|0 1 0 |, where S=[0 1 1 |,
i 00 -1 0 i —i
i 0 0 i 0 0
A=S(0 1 0 |S~'=(0 0 —i],
0 0 -1 0 i 0

that is A:C3 — C3, A(x1,22,23)=(ir1, —ixs, i12).

V1 =span{(1,2,3), (1,0,0)}, Va=span{(1,2,3),(0,1,0)}.

A2 11X 0 0 0 A =1,
0 7)\ 1 1 _ A2:27
0 1 2 1797 =1,
0 1 1 =\ A=—1,

{zeR* | Br=12} = {(,0,0,0) | a€R},

{zeR* | Bxr=22}={(0,a,0,a) | a€R},

{zeR* | Br=—-12}={(0,0,8,—a — B) | a, BER}.
B'={(1,0,0,0),(0,1,1,1),(0,1,0,—1),(0,0,1,—1)}

is a basis of R* containing only eigenvectors of B.

= (144) (14-2i)+(2—3i)(3—i) =2 —8i.
Pyr={yhw= {5500 (1,1,0)=(2,2,0)
H= {(l‘l,l‘g, l'1+2l‘2)| .Z‘l,J?QER}

2{1‘1(1 0, —1)—|—Z‘2(0,1,2) | X1, T ER} =
{v1=(1,0,-1), v2=(0,1,2)} is a basis in H.
By using Gram-Schmidt, we obtain the orthogonal basis
{w;=(1,0,-1), we =vy— Py,va=(1,1,1)}. Consequently,
{U _wi _(L 0 _L) Uy = —W2 _(L 1 L)}
P o] = \V22 0~ v2 ) 2 T Theell — \VB7 V32 VB
is an orthonormal basis of H.
1_ <{E,1)1>:0 _
" _{x o }_{m,zz,xg)
—{(.1‘1,—2.%'1,.%‘1) | xleR} {

xq (
Consequently, {us= H(l _2 1)‘ <\/6’ % }
is an orthonormal basis of HL.

5 2 -1
P=|U1><u1|+|uz><u2|=é< 2 2 g) (%)

N . 1 -2 1
P Z‘U3><U3|:g —% _421 —% . (**)

(J2)(y))t =|y) (2] = P'=P and (P+)f=P*.
{u1,us,u3} orthonormal basis of R3 . PipL_T.
[ug) (ua|+|ug) (ug|+[us) (us| =1 See (*),(**).

B9—-10 (uj|uk>:5jk :>1{:)2:P7 (PL)2:PL, PP+ =0.

These relations also follow from (*) and (**).
In the canonical basis {(1,0),(0,1)}, the matrix of A is

A(; _1)AT @ = A is self-adjoint.
B12| |1-x 2 |_ A= V5,
1|77 =

2
{z=(21,22) | Az=+V62}={(2,+V5-1) | acR}.
{v1=(2,v/5—1),v2=(2, —/5—1)} satisfy (vy,v2)=0.
{m— (2,v/5-1)
V10-2v35’

Spectral resolution is

_(2,=v51)
V10+2v5
A:)\1|U1><U1|+>\2|UQ><’U,2|.
‘We have A|'LL1> = ()\1|’LL1><U1|+)\2|U2><'LL2|)|U1> :)\1|'LL1>

Alug) = (Aru1)(ua|+A2 uz) (uz|)luz) = Az |uz).

B15| The matrix of U in the canonical basis {(1,0),(0,1)}

NG 10
U:<\@ *() satisfies UUT—(0 1).Weuse@.

2 V2

satisfy (u;,ug)=0;k.

1
V2 _ )\1: ]-7
SIS bl i W

. 2 =tlz}={a(l,£v2-1) | aeR}.

{U :(17\/§ )’U2:(17_\/§_1)} satisfy <U17'02>:0'
B CVP ) P LV ) R N T
{m \/4_2\/5,112 Jit2va satisfy (u;,ug) =20k

Spectral resolution is U =M\1|uq){ui|+Aa|us) {us|.
We have U|U1> ()\1|U1><U1‘+)\2|U2><U2|)|U1> )\1‘U1>
Uluz) = (A |ur) (ur |+ Azfuz) (uz|)[uz) = Az |uz).

)
In the canonical basis {(1,0),(0,1)}, the matrix of ¢ is

1 1 1 1 1
g:( 3 —4> 27A T3 |y M=zl

1 1) 11 _3

-1 i -3 7= Ag=72>0.
trg—%—i—%:l, and of=p"=p = p is self-adjoint.



