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where ~ is the path
from the figure above.

Solution.By using the theorem of residues, we get

Compute the integral fv @ dz

@ Fundamental definitions and results

(21 +y11) (r2+y2i) = (T122 —y1y2) + (T1y2+ 2201 )i fv #_Z) dz = 27i (2Rezof + Rez f) = 2.
—.7 e o 2 2 _ _
vtyi=z—yl, |r4yil=vai+y? d(a,2)=|a -2 Compute the residue of f(z):zei at the singular point z0:0
1?1Z:1+z+z2+23+ .. for |z| <1 Solution. f(z)= Jr31| 7l +§;+1+Z for any z = Resof=
2 3
e =1+5+%5+%+ ... for any 2 Problems

R3|In the neighbourhood of a pole zy of order k
f( ) (Z—Z )k+ +(Z Z0)+ao+a1(z Z())+
and Res;, f=a_1=7 1), hm ((z—20)" f(2))

R4 | Complex integral of f:D—C along v:[a,b]— D is

Compute the residues of | f(z) =22e77 | at the singular point zp=1.
ooy | Hint. f()=((z=12+2(~1)+1) (1+1, Dbttt ) .
Compute the integrals | [, = OQW 2+cost dt|and |l = OQW 2+;nt dt |.

Solution. By using the path 7 [0, 27] —> C, v(t) = €', we get
27 1

b 2m i
[ F(z)dz=] f(2(8) 7 (1)t 1= Jo i e e ()
vy a . 1 2
=—if[ 12 q,=-i Py dz=2mRes ﬁ L
Theorem of Residues. For an open set D C C: v Z Aty VOO2+4 +12 2;\/5 2+i RVE
- - Compute the 1ntegrals fO md:ﬁ s fO md:ﬁ
f:D — C holomorphic function f f(2)dz= ' ) ) - - — T
S set of isolated Singular points = ;27_‘_1 Z TL(Z7 ’)/)Reszf m The lntegral 1S COnvergentf at lnﬁnlty 7(12+1)(122+4) ~ 2z
~ path homotopic to zero in DUS z€8 By using 7,:[0, 7] — C, 7,.(t) = re'* and f(z) = T Ve get
Lemma 1. For v,:[a, 8| = C, y.(t)=re' f% flaydz + fgg f(@)dz =2mi(Rem/ + Rezaf), wheneo
lim = £(2) = 0] = [ im . f(z)d==10 i, Mt [ e =27 (Remf + Resaf),
Iz — 00 T—>00
, Since |2 f(2)] = =2l > =5 < GESTRE
. it [224+1[-[224H4] — [22=(=1)]-]z2=(=4)] [12]2=1]-[|z]>—4]"
Lemma 2 (Jordan). For :(0, 7| =G, 'yr(t)fre we have lim,_, zf( )=0 and in view of lemma 1, lim f% f(z)dz=0.
Zlggo f(z)=0]|= TILH}O f f(z)e*dz=0 Consequently, fo z)dr = 7i (Rez; f + Rezyi f)=%.
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Problems _ E Prove that | [~ #2£ =7 | (Poisson’s integral).
(1-2i)3=7, ﬁ =7, e’ =7, d(14i,2—1)=?, Solution.Let 0<7 < R and yg,:[0,7] = C, yr(t)=Re', 7,.(t)=rel(™=1.
(2 sinz) =7, (e*) =2, lim <n+1 41 1) —7 From the re&due theorem (r1ght hand glde of fig.) it follows the relation
. . nTreo J derf dz+f d Jrf = dr =0, that is
Expand in a power series of z the functlons TRz = R -
2 1 e T—e
fi)=e?, ple)=zet,  fale)=zln Jin 55 2 *f L] dz =0,
Solution. va — —dz+f er=1 —1 dz+21fR SInT gy = 0.
Z2 zZ ZG
HE)=1+5+5+5+ . for any 2. If g is an antlderlvatlve of f(z) = 5 1dz = —ri, we get

_ 11,11 11,11 is ;
fz(Z)—z (Itqztamtamt)=tgmtgs+ltsfor[2[>0. Jon S dz =i+ (g(r) — g(—7)) + 21 [ 522 dz = 0.
f3(2)=% (1+2+22+23+ ) = Z%—l—z%—l—%—i—l—i—z—i—... for 0<|z| < 1.
Compute the residues of | f(z)= w
Hint. 0 is a pole of order 3 and +i are poles of order 2. . Find the holomorphic function f:C— C with

But, in view of Jordan’s lemma limg_, va <=0,

and for R — oo and r — 0 we get 21fOo 2t dr = i
Jmf(x+yi)=2zy—2z,

f(i)=0.
@ For z0#0, expand f:C*—C, f(z)=1 in a power series of (z—z).
Problems Solution. We have
1|Prove that f:C—C, f(z2)=1+2% is not C-differentiable. 1 1 1 1 ( 1 1 9 )
) = = = == (1—=—(z — =(z — — ...
Hint. Use the Cauchy-Riemann theorem. /@) Zotz—zo  z01-2Z30 20 %o (2 = 20)+ (= = =) ’
For v:[0, 7] — C, ~(t)=e'*, compute f7(2+i) dz. for |Z*ZO2|< |z0l;
Hint. Use the definiton of the complex line integral. flz)= ZOJF;ZU = ZEZO — 1,20 = ZEZO (17 (Zf“ZO) + (ngo)Q - ) ,

z—2zQ
for |z—zo| > |z0].

J Expand in a power series of (z—i) the functions:
f\ 1 fl(Z):%, fQ(Z):ﬁa fS( ):% %
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